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PREFACE. 


rpHIS  treatise  is  intended  to  provide  the  English  student  with 
an  intelligible  outline  of  the  Theory  of  Numbers  which  may 
serve  as  an  introduction  to  the  detailed  study  of  the  subject  at 
first  hand.  No  single  work  of  reasonable  size  could  possibly  do 
justice  to  every  part  of  the  theory ; and  in  the  choice  of  material 
it  is  not  easy  to  adopt  any  plan  which  is  likely  to  approve  itself 
to  everyone.  I have  been  guided  principally  by  a desire  to  give  a 
fairly  complete  account  of  the  theories  of  congruences  and  of 
arithmetical  forms,  so  far  as  they  have  been  developed  hitherto ; 
to  this  I hope  to  be  able  to  add  a sketch  of  the  different  complex 
and  ideal  theories.  Diophantine  analysis  proper,  and  questions  of 
pure  “ tactic,”  have  been  omitted,  except  in  so  far  as  they  have 
been  subsidiary  to  the  general  scheme. 

The  range  of  this  first  volume  is  sufficiently  indicated  by  the 
table  of  contents.  It  is  hardly  necessary  to  say  that  I have 
derived  continual  assistance  from  the  works  of  Gauss  and  Dirichlet, 
and  from  H.  J.  S.  Smith’s  invaluable  Report  on  the  Theory  of 
Numbers.  I am  also  greatly  indebted  to  Professor  Dedekind  for 
permission  to  make  free  use  of  his  edition  of  Dirichlet’s  Vor- 
lesungen  ilher  Zahlentheorie.  So  far  as  this  present  volume  is 
concerned,  the  account  of  Dirichlet’s  researches  has  been  taken 
primarily  from  his  original  memoirs;  at  the  same  time,  I owe 
much  to  the  study  of  the  Vorlesungen,  and  I hope  that  I may 
eventually  avail  myself  of  Prof.  Dedekind’s  kindness  more  directly, 
by  giving  some  account  of  his  theory  of  ideals. 
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PREFACE. 


In  the  references  at  the  ends  of  the  chapters  and  elsewhere  I 
have  done  my  best  to  indicate  fully  the  sources  from  which  I have 
derived  my  information.  No  attempt  has  been  made  to  give  an 
exhaustive  bibliography ; even  if  I had  been  equal  to  the  task  of 
compiling  it,  the  result  would  probably  be  merely  embarrassing  to 
the  beginner,  whose  attention  should  be  directed  in  the  first  place 
to  the  works  of  the  great  masters  of  the  science. 

Several  friends,  among  whom  I may  mention  Mr  H.  F.  Baker, 
of  St  John’s  College,  Cambridge,  Mr  R.  W.  Hogg,  of  Christ’s 
Hospital,  and  Mr  A.  G.  Greenhill,  have  kindly  allowed  me  to  send 
them  proof-sheets ; Mr  J.  Hammond  has  been  good  enough  to 
revise  my  account  of  Professor  Sylvester’s  researches  on  the 
distribution  of  primes ; and  I am  indebted  to  my  colleague, 
Mr  A.  Gray,  for  advice  and  assistance  in  seeing  the  book  through 
the  press.  To  all  of  these  my  best  thanks  are  due ; and  I may 
add  that  I shall  be  grateful  for  any  criticisms  or  corrections  that 
may  be  sent  to  me  by  any  of  my  readers. 


G.  B.  MATHEWS. 


University  College  of  N.  Wales, 
Bangor. 
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CORRIGENDA. 


Page  31.  The  account  of  factor-tables  requires  amendment.  Burckhardt’^ 
tables  extend  from  1 to  3,036,000 ; those  of  Dase,  continued  by  Rosenberg,  compris^ 
the  seventh,  eighth,  and  ninth  millions;  and  the  tables  for  the  fourth,  fifth,  and 
sixth  millions  have  been  published  by  J.  Glaisher.  ! 

Page  145,  line  17,  for  read  q^. 

Page  200,  line  7,  for  x = -Q,  12,  14  read  ic  = - 4,  - 6,  - 11.  1 

Page  255,  last  line,  for  2U  (1  - r^)  read  4n  (1  -r^).  \ 
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CHAPTEH  I. 

Divisibility  of  Numbers.  Elementary  Theory  of 
Congruences. 

1.  The  whole  of  arithmetic  is  based  upon  the  conception  of 
whole  numbers,  or  integers,  and  upon  the  application  to  them  of 
the  four  fundamental  processes  of  addition,  subtraction,  multi- 
plication, and  division.  The  direct  operations  of  addition  and 
multiplication  obey  the  laws  of  commutation,  association,  and 
distribution,  which  are  expressed  by  the  formulae 

n + 6 = 6 + a 
ct  + (6  + c)  = ((X  + 6)  4“  c 
ab=ha 
a .he  — ah  .c 
a (6  + c)  = a6 -f  ac 

all  of  which  may  be  verified  intuitively,  as  soon  as  the  conceptions 
of  adding  and  multiplying  whole  numbers  have  been  correctly 
acquired. 

The  inverse  process  of  subtraction  leads  to  the  enlargement 
of  the  domain  of  arithmetic  by  the  introduction  of  the  idea  of 
negative  integers,  and  the  establishing  of  the  “rules  of  sign.” 
Finally,  the  idea  of  division  is  generalized  so  as  to  give  rise  to  the 
tlieory  of  rational  fractions,  positive  and  negative. 

Strictly  speaking,  the  theory  of  numbers  has  nothing  to  do 
’kith  negative,  or  fractional,  or  irrational  quantities,  as  such.  No 
theorem  which  cannot  be  expressed  without  reference  to  these 
lotions  is  properly  arithmetical : and  no  proof  of  an  arithmetical 
theorem,  or  solution  of  an  arithmetical  problem,  can  be  considered 
finally  satisfactory  if  it  intrinsically  depends  upon  extraneous 
M.  1 
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analytical  theories.  At  the  same  time  a great  deal  is  gained  in 
simplicity  and  clearness  of  statement  by  the  admission  of  negative 
integers,  and  the  application  of  the  algebraical  rules  of  sign : so 
that  in  future  the  term  “ integer  ” or  “ whole  number  ” or  simply 
“ number  ” (where  there  is  no  risk  of  ambiguity)  will  be  used  as 
equivalent  to  “ positive  or  negative  whole  number.” 

2.  A number  a is  said  to  be  divisible  by  another  number  h 
when  a third  number  q can  be  found  such  that  a=qb:  a is  also 
said  to  be  a multiple  of  b,  and  q is  called  the  quotient  of  a by  5 ; 
finally,  b is  said  to  be  a divisor  of  a. 

If  a is  divisible  by  6,  it  is  also  divisible  by  — b.  Namely 
qb  = (—  q)  (—  b) : so  that  if  a-^b  = q,  a^{—b)  — — q.  The  divisors 
b,  — b,  are  not  considered  to  be  distinct. 

Every  number  a,  which  is  different  from  +1  or  —1,  has  at 
least  two  distinct  divisors,  namely  1 and  a.  If  it  has  no  divisors 
distinct  from  them  it  is  called  a prime  number,  or  simply  a prime : 
if  otherwise,  it  is  said  to  be  composite. 

Two  numbers  are  said  to  be  prime  to  each  other,  or  relative 
primes,  when  they  have  no  common  divisor  except  4-1  or  — I. 
For  example,  (20,  21),  (— 15,  49). 

The  product  of  two  positive  integers,  each  less  than  a given 
prime  number  p,  cannot  be  divisible  by  p. 

For  let  a be  positive  and  less  than  p,  and  suppose,  if  possible, 
that  ab,  ac,  ad,  etc.  are  divisible  by  p,  where  b,  c,  d,  etc.  are  all 
positive  and  less  than  p.  There  is  only  a finite  number  of 
integers  which  are  positive  and  less  than  p : hence  one  of  the  num- 
bers b,  c,  d...  must  be  less  than  any  of  the  rest:  let  this  be  b. 
Evidently  6 > 1 : otherwise  a would  be  a multiple  of  p,  and  at  the 
same  time  less  than  p.  Now  p being  prime  is  not  divisible  by  b : 
hence  we  may  write  p = 4-  5'  where  m,  b'  are  positive  integers 

and  b'  < b.  Since  ab  is  a multiple  of  p so  also  is  mab.  Put 
mat)  = Xp,  so  that  X is  a positive  integer.  Then 

Xp  = mab  = a .mb  = a{p  — b') 

whence  ab'  = {a  — \)p\  \ 

that  is,  ab'  is  a multiple  of  p.  But  b'  <b:  so  that  this  contradictp 
the  hypothesis,  according  to  which  b is  the  least  positive  integer 
such  that  ab  is  a multiple  of  p.  The  proposition  is  therefori 
true.  \ 
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Corollary  1.  If  a,  h are  any  numbers  not  divisible  by  p,  their 
product  is  not  divisible  by  p. 

For  we  may  always  put  a = Xp  + a,  h = fip  + /S,  where  X,  p are 
integers,  and  a,  /3  are  integers  positive  and  less  than  p.  Hence 

ah  — (Kpp  + Xy8  + /Lta)  p + a/S  : 

and  if  ah  were  divisible  by  p so  also  would  be  a^,  contrary  to  the 
proposition  just  ptoved. 

Corollary  2.  If  a,  h,  c,d...  are  all  prime  to  p,  their  product  is 
prime  to  p. 

This  is  proved  by  repeated  application  of  Cor.  I. 

3.  Every  composite  number  can  be  resolved  into  prime  factors, 
and  this  can  be  done  in  only  one  way. 

Let  ^ be  a positive  composite  number.  Then  since  it  is  com- 
posite, it  has  at  least  one  positive  divisor  m which  is  greater  than 
I and  less  than  A.  Suppose  then  that  A — mm'.  If  m and  m'  are 
both  primes,  the  resolution  has  already  been  effected : if  not,  the 
process  may  be  repeated,  viz.  either  m dr  m'  or  both  may  be 
resolved  into  two  factors,  and  so  on.  It  is  clear  that  eventually 
no  further  resolution  will  be  possible,  because  if  A could  be  re- 
solved into  the  product  of  an  infinite  number  of  integral  factors, 
each  greater  than  I,  it  would  be  infinitely  great.  Now  applying 
the  commutative  law  of  multiplication,  A is  finally  reduced  to  the 
form 

a^¥cy... 

where  a,h,  c ...  are  different  positive  primes. 

It  is  clear  that  if  two  resolutions  are  possible  the  same  prime 
factors  must  occur  in  both ; otherwise  Cor.  2 of  last  article  would 
be  contradicted : so  that  the  only  admissible  supposition  is 
A = . . . = a^'¥'c'^'. . . 

where  a,  6,  c...  are  different  positive  primes  and  the  indices  (a,  a') 
(ff,  /3')...  are  supposed  not  to  be  identical.  Let  a>(x':  then 

. h^c^. . . = h^'c^. . . 

that  is  h^'cy...  is  divisible  by  a,  contrary  to  Cor.  2.  Similarly  if 
x'  > a ; therefore  a'  = a,  and 
i ¥cy...  = h^cy... 

i A repetition  of  the  argument  gives  13  = = y,...  successively: 

'so  that  the  two  resolutions  are  identical. 
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It  should  be  observed  that  any  even  number  of  the  factors  of 
A may  have  their  sign  changed  without  altering  the  product: 
thus,  for  instance, 

60  = 22 . 3 . 5 = (-  2)2. 3 . 5 = 22.  (-  3).(-  5)  = etc. 
but  these  resolutions  are  considered  essentially  the  same,  and  this 
convention  is  understood  in  the  statement  of  the  theorem. 

Similarly  any  negative  composite  number  may  be  reduced 
to  the  form  (— 1)  where  a,  b,  c...  are  different  positive 

primes,  and  all  other  resolutions  of  the  number  into  prime  factors 
are  essentially  equivalent  to  this. 

4.  If  a,  h,  c...  are  all  prime  to  k,  their  product  is  also  prime 
to  k. 

For  no  prime  factor  contained  in  a or  6 or  c...  is  contained  in 
k\  therefore  the  product  ahc...  contains  no  prime  factor  of  k and 
is  consequently  prime  to  k. 

5.  If  a,  h,  c...  are  prime  to  each  other,  and  each  divides  k, 
then  their  product  divides  k. 

For  if  any  power  of  a prime,  say  occurs  in  the  product 
ahc...,  it  must  occur  in  one  of  the  factors,  in  a,  suppose : therefore 
k,  which  is  a multiple  of  a,  must  have  for  a factor;  and 
similarly  for  any  other  power  of  a prime  contained  in  ahc. ...  Hence 
k is  divisible  by  the  product. 

6.  If  a is  prime  to  h,  and  ak  is  divisible  by  h,  then  A?  is  a 
multiple  of  h. 

For  ak  is  divisible  by  h,  and  also  by  a : hence,  by  Art.  5,  ak  is 
divisible  by  ah,  that  is,  ^ or  ^ is  an  integer. 

The  function  </>  {n). 

7.  Let  n be  any  positive  integer,  and  let  (f>{n)  denote  the 
number  of  positive  integers,  1 included,  which  are  prime  to  n and 
not  greater  than  n. 

By  definition  0 (1)  = 1.  Also  if  n is  a prime  number 

0 (??)  =7^  — I. 

Next  suppose  n composite,  and  let  jo,  q,  r,  s...  be  the  different 
primes  which  divide  n. 
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Consider  the  series  of  integers  1,  2,  3...'^.  Of  these  the 
following  are  multiples  of  p: 

71 

p,  2p,  3p,...-.p  ^ ^ 

(n/p  in  all). 

Write  these  down  with  the  sign  +. 

Similarly  write  down  all  the  multiples  of  q,  r,  s...  each  with 
the  sign  +. 


In  the  same  series  there  are  — multiples  of  pq.  Write  these 

all  down  with  the  sign  — : and  do  the  same  with  all  the  multiples 
of  pVy  ps,  qr...  (taking  all  the  products  of  p,  q,  r,  s...  two  at  a time). 

Next  write  down  all  the  multiples  of  the  ternary  products 
pqr,  pqs...,  each  with  the  sign  +,  and  so  on:  until  at  last  we 
come  to  the  multiples  of  pqrs. . . with  the  sign  (— )*~h  k being  the 
number  of  different  primes. 

Now  take  any  number  0 which  is  not  greater  than  n and 
not  prime  to  it.  It  will  involve  in  its  composition  a certain 
number  (A.  say)  of  the  different  primes  p,  q,  r....  How  many 
times  will  it  occur  among  the  multiples  already  written  down  ? 
Evidently  (taking  its  appearances  in  the  order  of  the  groups) 

\ times  with  the  sign  +,  then  ^ times  with  the  sign  — , then 

X(X-l)(A,-2)^.  , 

^ times  with  the  sign  +,  and  so  on. 


If  then  we  take  the  algebraic  sum  of  all  the  groups,  we  have  0 
occurring  with  a coefficient 

2) 


^ X(X-l) 

^ ^ + 31“ 


= 1 -(1  - 1)^=1. 


Thus  the  algebraic  sum  in  question  is  the  sum  of  all  positive 
integers  not  greater  than  n and  not  prime  to  it.  Now  the 
number  of  these  integers  is  equal  to  the  excess  of  the  number 
of  positive  terms  in  the  whole  sum,  as  originally  written,  above  the 
number  of  negative  terms  : that  is,  it  is 


\p  q r J \pq  pr  qr  ) \pqr  pqs  ) 


...  + (-l) 


k-\ 


Subtracting  this  from  n,  we  have  finally 

' U 0 U A u 


pqrs. 
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Corollary  1.  0 (^“)  ^ {p  — !)• 


Corollary  2.  If  m is  prime  to  m\ 

(f)  (mm')  = (j)  (m) . <f>  (m'). 

For  let^,  q,r...  be  the  different  primes  which  divide  m,  and 
p-,  r ...  those  which  divide  m'.  Then 


xm'fl-tVl-l,')... 


= {mm') : 

observing  that  none  of  the  primes  p,  q,  r...  can  be  found  in  the 
set  p',  q',  r ... . 


It  is  not  difficult  to  prove  Corollaries  I and  2 independently, 
and  thence  to  deduce  the  main  proposition.  This  is  the  method 
adopted  by  Gauss  {Disquisitiones  Arithmeticce,  Art.  38). 


8.  If  d,  d'y  d" ...  are  all  the  divisors  of  n {\  and  n inclusive) 
then 

{d)  -\r  {d)  (ji  {d')  n. 

Resolve  n into  its  prime  factors,  so  that  n = a^b^c^.... 

Then  any  divisor  of  n is  of  the  form 

a (a  <t^  X <t  0,  etc.) 

so  that 

!S(/)  (d)  = S</)  {a^h^c^. . .)  = Sc/)  {a^) . </>  {h^)  . </>  (c"). . . 

= {I  + (/)  (a)  +,  </)  (a'-")  + ...  + (/)  (tt“)} 

X {1 + </)  (6) + (/)  (60 +...  + (/>  (6^)1 

X [I  + (/)  (c)  + (/>  (c“)  +...  + (/)  (cY))  X . . . 

- (I  + (a  - I)  + a (a  - I)  + ...  + {a  - I )) 

X [1  + (6  — I) + 6 (6  — 1)+...  + (6  — 1)}  X ... 

= a®  . . cy...  = n. 

(For  another  proof,  see  Gauss,  D.  A.  Art.  39.) 
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Congruences. 


9.  If  the  difference  of  two  integers  h and  c is  divisible  by  m, 
h and  c are  said  to  be  congruent  (or  congruous)  with  respect  to  the 
modulus  m,  and  this  is  expressed  in  writing  by 

h = c (mod  m). 

This  is  clearly  the  same  thing  as  c = 6 (mod  m).  Each  of  the 
numbers  h,  c is  said  to  be  a residue  (mod  m)  of  the  other.  With 
respect  to  a given  modulus,  every  number  h has  an  infinite 
number  of  residues  which  are  included  in  the  expression  b + Am, 
A being  any  integer. 


In  all  that  follows  the  modulus  is  supposed  to  be  positive. 

Any  number  is  congruent  (mod  m)  to  one,  and  one  only,  of  the 
numbers  0,  I,  2 ...  (m  — I)  : or  again  to  one,  and  one  only,  of  the 
series  0,  — 1,  — 2,...  — (m  — I).  These  may  be  called  a complete 
series  of  least  residues,  positive  and  negative  respectively. 

For  a given  number  there  will,  generally  speaking,  be  one  and 

7)1/ 

only  one  residue  numerically  less  than  : this  is  called  the 

absolutely  least  residue  of  the  number.  If  m is  even  there  will  be 

a possible  residue  , which  is  equivalent  to  — — : the  complete 
2 2 


system  of  absolutely  least  residues  may  be  taken  to  be 


0,  ±1,  ±2...  ± 


m — 2 


m ^ 
2 ' 


while  if  m is  odd,  the  absolutely  least  residues  are  given  by 

0.  +1,  +2...  + ??^. 


10.  The  following  propositions  are  fundamental  in  the  theory 
of  congruences : most  of  them  are  so  obvious  as  not  to  require  a 
formal  proof. 

I.  If  (X  = 6 (mod  m),  and  a = c (mod  m), 
then  h = G (mod  m). 

11.  If  a = n,  6 = h',  c = c,  etc.  (mod  m), 

then  a±b±c±...  = a±b'±c'±...  (mod  m). 

III.  li  a = a'  (mod  m), 
then  ka  = ka'  (mod  m). 
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IV.  If  a = a'  and  h=h'  (mod  m), 

then  ah  = a'h'  (mod  m). 

For  by  III.  ah  = a'h  = ah'. 

V.  If  a = a',  h=h',c  = c,  etc.  (mod  m), 

then  aho  . . . = a'h'c'. . . (mod  m). 

Proved  by  repeated  application  of  IV. 

Hence  if  a = a'  (mod  m), 

a^  = a'^  (mod  m), 
k being  a positive  integer. 

Finally,  if  a=a',  h=h',  c=c',...  (mod  m)  and  cj)  denote  a 
rational  integral  function, 

</)  (a,  h,  c...)  = 0 (a',  h',  c', ...)  (mod  m). 

All  the  above  propositions  are  precisely  analogous  to  the 
corresponding  theorems  for  ordinary  equations : but  there  is  one 
case  not  yet  considered  where  the  analogy  ceases  to  hold  good. 
Namely  from  the  equation  ka  = ka'  we  infer  that,  if  k is  neither 
zero  nor  infinite,  a — a':  but  from  the  congruence  ka  = ka'  (mod  m) 
we  cannot  infer  that  a=  a'  (mod  m)  unless  k is  prime  to  m.  The 
legitimate  inference  is  contained  in  the  following  theorem. 

VI.  If  ka  = kh  (mod  m), 

then  a=h  (mod  mjd), 

where  d is  the  greatest  common  measure  of  k and  m. 

For  suppose  k = k'd,  m = md,  where  k'  is  prime  to  m'.  Then 
{ka  — kh)lm  = k'd  {a  - h)lm'd  = k'  (a  — h)/m' ; and  since  k'  is  prime 
to  m',  a — h must  be  a multiple  of  m':  that  is,  a = h (mod  ni),  or, 
which  is  the  same  thing,  a = h (mod  m/d). 

11.  Consider  the  congruence 

aoo'*^  + +...  + 1 = 0 (mod  m), 

where  a,  h,  c...l  are  given  numbers  and  oo  is  undetermined.  Any 
integral  value  of  x which  satisfies  the  congruence  may  be  called  a 
root  of  the  congruence. 

The  coefficients  a,  6,  c...l  may  be  replaced  by  any  other  co- 
efficients which  are  congruent  to  them,  and  in  particular  by  their 
least  residues,  without  affecting  the  meaning  of  the  congruence. 

If  f is  any  value  of  x which  satisfies  the  congruence,  any  one 
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of  its  residues  (mod  m)  will  also  satisfy  it.  It  is  convenient  to  say 
that  one  solution  is  given  by  ^ f (mod  m),  or  that  the  congruence 
has  one  root  x = ^ (mod  m). 

If  is  a prime,  the  congruence 

f{x)  = ax^  + hx^~^  + . . . + ^ = 0 (mod  p) 
cannot  have  more  than  n incongruent  roots. 

For  if  OL  be  any  numerical  quantity  whatever, 
f{x)  = (^  - a)/i  {x)  +/(«) 

identically:  fx{x)  being  a polynomial  of  degree  {n  — 1). 

Now  suppose  a an  integer  such  that 
/(a)  = 0 (mod  p). 

Then  /(^c)  = (^  — a)/i  («)  (mod  ^), 

independently  of  x. 

Let  /S  be  another  root  of  the  congruence  : then  putting  ^ 
we  get 

(^-a)/,(/3)  ^/(^)^O(mod^), 
and  therefore,  since  is  supposed  incongruent  to  a, 

/i  (/3)  = 0 (mod  p). 

It  follows  as  before  that  a polynomial  (x)  can  be  found,  such 
that 

/i  {x)  = (x-  /3)/2  (x)  (mod  p), 

independently  of  x : and  so  on.  If  then  the  congruence  has  n in- 
congruent roots  a,  13,  7...X, 

f(x)  = a(x  — a)(x-^)  ...  (x  — X)  (mod p), 
independently  of  x : i.e.  this  is  an  “ identical  ” or  indeterminate  ” 
congruence. 

Now  let  0 be  any  integer  not  congruent  to  any  of  the  numbers 
a,l3,y...X:  thenf(0)  = a(d  — a)(d  — l3)...(6  — X)(modp).  None  of 
the  factors  on  the  right  is  a multiple  of  p : therefore,  since  p is 
prime,  their  product  is  prime  to  p:  consequently  f{6)  is  prime 
to p,  and  f{x)  = ^ cannot  have  any  roots  distinct  from  a,  /3,  7...X. 

Observe  that  it  is  not  proved  that  the  congruence  actually  has 
n roots  : in  fact,  this  will  not  generally  be  the  case. 

If  a congruence  of  the  7^th  degree  is  satisfied  by  more  than  n 
incongruent  values  of  the  variable,  it  must  be  an  identical  con- 
, gruence : the  modulus  being  supposed  prime,  as  above. 
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Linear  Congruences. 

12.  Every  linear  congruence  with  one  unknown  quantity  can 
be  reduced  to  the  form 

ax  = h (mod  m). 

Suppose  in  the  first  place  that  a is  prime  to  m.  Then  if  the 
numbers  0,  I,  2...(m  — 1)  are  each  multiplied  by  a,  the  resulting 
products  are  all  incongruent  (mod  m).  For  if  two  of  them  were 
congruent,* say  ae  = af,  then  a {e  —f)  = whence  e —f=  0,  since  a 
is  prime  to  m : but  this  cannot  be,  because  e — /is  less  than  m and 
different  from  zero.  Hence  the  least  positive  residues  of  the  pro- 
ducts will  be  the  numbers  0,  1,  — 1),  of  course  in  a different 

order.  For  example,  suppose  m=  12,  a = 5 : then  when 
^ = 0,  1,  2,  3,  4,  5,  6,  7,  8,  9,  10,  11 
ax  = 0,  5,  10,  3,  8,  1,  6,  11,  4,  9,  2,  7. 

Since  the  products  form  a complete  system  of  residues,  one  and 
only  one  of  them  is  congruent  to  h,  hence  the  congruence  ax~b 
has  one  and  only  one  root. 

For  instance,  to  solve  5^i?  -I- 11  = 2 (mod  12). 

This  gives  5^  = — 9 = 3 : and  the  preceding  table  shews  that 
the  solution  of  this  is  = 3 (mod  12). 

When  the  modulus  is  large,  this  method  becomes  laborious,  and 
it  is  necessary  to  find  a more  convenient  practical  method. 

In  the  first  place,  the  solution  of  ax  = h may  be  deduced  from 
that  of  ax  = ± 1.  Namely  if  x = ^ be  the  solution  of  the  latter, 
then  ic  = + is  the  solution  of  the  former. 

Now  the  congruence  ax  = ±1  (mod  m)  is  equivalent  to  the 
indeterminate  equation  ax  — my  = ± 1 : and  this  can  always  be 
solved  by  reducing  m/a  to  a continued  fraction  : namely,  if  pjq  be 
the  convergent  immediately  preceding  nija,  ap  — mq  = ± 1 : so  that 
the  solution  of  ax  = ±1  is  x=  ± p (where,  of  course,  the  signs  do 
not  necessarily  correspond). 

For  example,  to  solve  SQ5x  = 11  (mod  1887)  the  work  may  be 
arranged  as  follows  : 

365  1887  5 

55  62  1 

6 7 1 

1 


5 
7 

6 
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The  successive  partial  quotients  being 
5,  5,  1,  7,  1,  6, 

the  numerators  of  the  convergents  are 


5 26  31  243  274  1887. 

Since  274  comes  in  an  odd  place 

365 . 274  = - 1 (mod  1887) 

and  therefore  the  solution  of  the  proposed  congruence  is 


^z;  = -11.274  =-3014 
= 760  (mod  1887). 


Next  suppose  that  a is  not  prime  to  m:  and  let  d be  the 
greatest  common  divisor  of  m and  a.  Then  in  order  that  the 
congruence  may  be  possible,  h must  be  a multiple  of  : so  that 
the  given  congruence  is  equivalent  to 


This  may  be  solved  as  already  explained:  and  supposing  that 
the  solution  is  given  hy  a)=^  (mod  m/d),  the  original  congruence 
has  d roots 


(k=0,  1,2  ...(d-1)). 


In  the  case  of  a composite  modulus,  it  is  sometimes  convenient 
to  proceed  as  follows. 

Let  the  modulus  m = pq,  and  the  proposed  congruence 


ax=h  (mod  m), 


where  a may  be  supposed  prime  to  m,  and  therefore  to  p and  q. 

Let  the  solution  of  = 6 (mod  p)hQ  (mod  p).  Substitute 
^ + yp  for  X in  the  given  congruence  : thus  af  + ayp  = h (mod  pq), 
or  ayp  = h — (mod  pq).  Now  h — is  a multiple  of  p,  = h'p) 
say : therefore  ay  = h'  (mod  q).  Suppose  the  solution  of  this  is 
y = 77(mod  q):  then  that  of  the  original  congruence  is  x = ^+prj 
(mod  m). 

By  repeated  application  of  this  process  the  solution  of  a 
congruence  with  a composite  modulus  may  be  made  to  depend  on 
the  solution  of  a set  of  congruences  each  with  a prime  modulus. 

For  example,  consider  the  congruence  already  solved, 


365^=11  (mod  1887). 
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Here  1887  = 3 . ] 7 . 37  : and  starting  with  365^6’  =11  (mod  37), 
which  reduces  to  — 5^=  11  (mod  37),  we  find 
11+2.37 

, x= ^ = — 17  (mod  37). 

Put  X = 37?/  — 17  : then 

37 . 365?/  = 17 . 365  + 11  = 6216  (mod  1887), 
365?/  = 168  (mod  51) 
whence  8?/  = 15  (mod  51), 

?/  = 0 (mod  3)  or  ?/  = say, 
where  8z=  5 (mod  17), 

^=7  (mod  17), 

and  thence  successively  2/  = 21  (mod  51), 

^ = 37.21 -17  (mod  1887) 

= 760  (mod  1887). 

13.  A good  illustration  of  the  preceding  methods  is  afforded 
by  the  problem  of  finding  a number  having  given  residues 
ai,a.2...ar  with  respect  to  the  given  moduli  rrii, 

Let  p,  q,  r...  he  the  different  primes  which  are  factors  of  one 
or  more  of  the  moduli,  and  let 

m—p°-q^ry... 

be  the  least  common  multiple  of  rrh,  m^. . ,mr. 

Then  p®  is  a factor  of  one  modulus  at  least,  and  no  higher 
power  of  p divides  any  other  modulus. 

Suppose  mi  = 0 (mod  p®) : then  the  required  number  {x)  must 
= ai  (mod  ^®),  and  if  any  other  modulus  mi’  contain  a factor  p^\  it 
is  necessary  that  ai'  = ai  (mod  p®'). 

Similarly  if  q^,  rv...  are  contained  in  rrij,  m*,.. 

X = aj  (mod  q^),  = (mod  ry),  etc. 
with  a set  of  conditions  similar  to  that  above  written,  in  order 
that  the  given  congruences  may  be  consistent. 

Now  let  ^j,  ffc...  be  numbers  such  that 

(modj)»), 

and  so  on : then  a suitable  value  for  x will  be 
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For  it  is  clear  that 


P 

= ai  (mod  jp^), 


and  similarly  x = aj  (mod  q^),  etc. 

If  this  value  of  x be  called  all  the  admissible  values  of  x are 
given  hj  x = ay  (mod  m). 


14.  Let  A,  B,  G...  be  any  integers,  and  let  M be  their 
greatest  common  divisor:  then  it  is  always  possible  to  find 
integers  a,  7...  such  that 

aA + r^G ...  =ilf. 

For  let  Ml  be  the  highest  common  divisor  of  A and  J5,  so  that 
A=MiA',  B = MiB'.  Then  we  can  find  integers  x,  y such  that 
xA'  + yB'  — 1 : namely  by  solving  the  congruence  A'x=l  (mod  B'), 
which  can  always  be  done,  because  A'  is  prime  to  B'. 

Hence  xA-\-yB  = Mi{xA' -\-yB')  — Mi. 

Now  let  M2  be  the  greatest  common  divisor  of  M^  and  G : then 
we  can  find  integers  x',  y'  such  that 

M2  = xMi  + y'G  — x'xA  + x'yB  + y'G. 

It  is  clear  that  M2  is  the  greatest  common  divisor  of  A^  B,  G : 
so  that  the  theorem  is  proved  for  three  integers  A,  B,  G;  and  by 
proceeding  in  the  same  way,  we  can  prove  it  for  any  number  of 
integers. 


15.  Consider  a set  of  simultaneous  linear  congruences  in- 
volving n unknown  quantities : 

a^Xi  + a2X2  + . . . + anXn  = n (mod  nii)  ' 

hiXi  -f  62^2  + . . . + hrtpCn  = r2  (mod 

• r * 

liXi  + 1^2  + . . . + In^n  = (mod  m^) 

Let  m be  the  least  common  multiple  of  then  the 

given  set  of  congruences  may  be  replaced  by  the  equivalent  set 
(cf.  Art.  10), 

•m  , m , m m . , ^ 

— a-iX-i  H a2X2  + . . . H anXn  = — r.  (mod  m), 

mi  mi  " rrii  ^ ^ rrii  ^ 


SO  that  there  is  no  loss  of  generality  if  the  modulus  is  supposed  to 
be  the  same  for  all  the  congruences. 
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The  principle  of  the  following  solution  is  to  substitute  for  the 
given  congruences  an  'equivalent  set  involving  respectively  n, 
(n  — 1),  {n  — 2)y...2,l  of  the  unknown  quantities. 

The  two  linear  congruences  u=0,  v = are  equivalent  to  = 0 
and  u — kv=  0,  provided  k is  an  integer  prime  to  the  modulus : 
viz.  from  the  congruences  last  written  we  infer  successively  kv  = 0, 
and  thence  -y  = 0,  since  k is  prime  to  m. 

For  simplicity  take  three  variables  x,  y,  z,  and  suppose  the 
congruences  to  be 

ax  hy  cz  = d \ 

ax  + h'y  + c'z  = d'  (mod  m)  V (i)- 

a"x-\-b"y  + c"z  = d"  J 

Assume,  also,  for  the  present,  that  the  coefficients  a,  a',  a"  have 
no  common  divisor  except  1.  Then  it  is  possible  to  find  integers 
p,  q,  r so  that  pa  + qa'  + ra"  = 1. 

Multiply  the  congruences  (i)  in  order  by  p,  q,  r respectively 
and  add  : thus 

X + (p5  + qh'  + rh")  y + (pc  + qc'  + rc")  z = pd qd'  -{■  rd"  . . . (ii). 

Now  one  at  least  of  the  integers  p,  q,  r must  be  prime  to  m : 
suppose  p is  so : then  if  the  first  of  the  congruences  (i)  is  replaced 
by  (ii),  we  get  a new  set  of  three  equivalent  to  those  given. 
Eliminate  x from  the  first  and  second,  and  from  the  first  and 
third  of  the  new  set : thus  the  original  set  is  replaced  by  three 
equivalent  congruences  of  which  the  first  is  (ii),  while  the  others 
are  of  the  form 

ey  =9 
e'y+fz  = g'- 

The  process  may  now  be  repeated : and  it  is  clear  that  the 
reasoning  is  quite  general,  and  that  we  get  finally  a set  of 
equivalent  congruences  of  the  character  stated  above. 

Now  solve  the  last  congruence,  which  contains  only  one 
variable : substitute  in  the  last  but  one,  and  solve  for  the 
unknown  variable,  and  so  on. 

For  example  take  the  following,  given  by  Gauss: — 

(1)  Sir  + 5?/  + ^ = 4, 

(2)  2ir+32/  + 2^=7  (mod  12), 

(3)  hx  + p + 3^  = G. 


Fermat’s  theorem. 
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Subtracting  the  second  congruence  from  the  first, 

(4)  a?  + 2^/  — = — 3. 

Eliminating  x from  (4),  (2)  and  (3),  (2)  respectively, 

(5)  - y + ^z=l,  — - 

(C)  — 93/  + 8^  = 9. 

Combining  (5)  and  (6), 

8^  = 0. 

Thus  the  original  set  is  replaced  by 

x-\-2y  — z = — ^ 

— 2/  + 4^  = 1 

8^=  0. 

The  last  of  these  gives 

0=  0,  3,  6,  9 (mod  12): 
and  hence  correspondingly 

3/ =11,  11,  11,  11, 
x = ll,  2,  5,  8. 

If  the  coefficients  a,  a',  a"  have  6 for  their  greatest  common 
measure  we  can  find  integers  p,  q,  r so  that  pa  + qa  + ra"  = 6,  and 
the  argument  proceeds  as  before,  except  that  instead  of  (ii)  we 
have  a congruence 

6x  + {ph  + qh'  + rb”)  3/  + ( pc  + gc'  + rc")  z = pd-^qd'  + rd", 
and,  as  before,  x may  be  legitimately  eliminated  from  this  and  two 
of  the  three  given  congruences.  The  same  thing  may  occur  at 
any  stage  of  the  process. 

Of  course  in  the  application  of  this  method  we  may  arrive  at 
an  insoluble  congruence : namely,  one  in  which  the  coefficients  of 
the  variables  are  all  divisible  by  a factor  of  m which  is  not 
contained  in  the  absolute  term : the  given  system  is  then 
insoluble. 

Fermat's  Theorem. 

16.  If  p is  a prime,  and  a any  integer  prime  to^p,  then 

^ (niod  p). 

The  numbers  a,  2a,  3a,...(p  — l)a  are  all  incongruent  to 
each  other  (modp):  their  least  positive  residues  are  therefore 
1,  2,  3...(p  — 1)  in  a certain  order : consequently 

a.  2a.  3a. . . (p  — 1)  a = 1 . 2 . 3. . . (p  — 1)  (mod  p). 

Dividing  both  sides  by  (p  — 1)  !,  which  is  prime  to  p,  we  get 
av-^  = 1 (mod  p). 
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Wilson’s  theorem. 


This  very  important  and  beautiful  theorem  may  be  generalized, 
so  as  to  include  the  case  of  a composite  modulus.  The  more 
general  statement  of  the  theorem  is  as  follows : — 

If  a is  any  integer  prime  to  m,  then  = 1 (mod  m). 

The  proof  is  exactly  similar  to  that  of  the  original  theorem. 
Namely,  if  a,  A 7,  ...X  are  the  numbers  which  are  less  than 

m and  prime  to  it,  the  products  aa,  a/3,  ay...a\  are  all  prime  to  m : 
moreover  no  two  of  them  are  congruent  (mod  m) : for  instance 
aa  = a/3  would  give  a (a  — yS)  = 0,  and  thence  a = /3,  which  is  absurd, 
since  a,  ^ are  both  less  than  m.  Hence,  as  above,  the  products 
aa,  are  congruent  to  a,  /S,  7...X  in  a different  order:  and 

therefore 

aa . a/3 . ay . . . aX  = a^y ...  X. 

Dividing  by  al3y...\  which  is  prime  to  m,  we  obtain 

= 1 (mod  m). 


Wilson's  Theorem. 

17.  Returning  to  the  case  of  a prime  modulus,  it  will  be  seen 
that  Fermat’s  Theorem  is  equivalent  to  the  statement  that  the 
congruence  cc^~^  — 1=0  (mod  p)  has  exactly  (p  — 1 ) incongruent 
roots,  viz.  ir  = 1,  2, ...  (p  — 1)  respectively;  hence,  by  Art.  11,  the 
congruence 

— 1 = (/r  — 1)  (ir  — 2)  . . . (^r  — p + 1)  (mod  p) 

is  an  identical  congruence.  Putting  = 0,  we  infer  that  when 
p is  an  uneven  prime 

— 1 = (p  — 1)  ! (mod  p). 

This  remarkable  result  is  known  as  Wilson’s  Theorem.  It 
should  be  observed  that  the  congruence  last  written  is  true  only 
when  p is  a prime  : for  if  p is  composite,  (p  — 1)  ! must  involve  one 
at  least  of  the  prime  factors  of  p,  and  therefore  cannot  = — 1 
(mod  p). 

An  independent  proof  of  Wilson’s  Theorem  may  be  given. 
Let  a be  any  number  less  than  p and  positive : then  the  con- 
gruence a^r  = 1 (mod  p)  can  be  satisfied  by  one  and  only  one  value 
of  X which  is  positive  and  less  than  p.  Let  this  be  a!,  so  that 
aa'  = 1 (mod  p).  Generally  speaking,  a is  distinct  from  a : for  the 
congruence  a^  = 1 (mod  p),  or  (a  - 1)  (a  1)  = 0 (mod  p),  gives 
a = 1 or  (p  — 1).  Hence  the  numbers  2,  3,  4...(p  — 2)  can  be 
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distributed  into  pairs  (a,  a!)  (b,  such  that  aa'  = bh'  = ...  = 1 
(mod  p).  The  numbers  u,  h being  different,  so  also  will  be  a'  and 
b' : for  if  a'  = b'  it  follows  that  a=b,  which  is  impossible,  since  a,  b 
are  both  positive  and  less  than  p. 

Hence  the  product 

2.3.4...(p-2)  = (aa')(66')... 

= 1 (mod  p). 

Multiplying  by  - 1,  we  have 

(p  — 1)  ! = ^ — 1 = — 1 (mod  p). 

Residues  of  Powers.  Indices. 

18.  Let  a be  any  number  prime  to  the  modulus  m.  Consider 
the  series  of  numbers 

1,  a,  

composed  of  the  successive  powers  of  a.  These  are  all  prime  to  ni : 
therefore  their  least  positive  residues  are  included  in  the  series 
1,  2,  3 ...  (m  — 1).  Since  there  are  m numbers  altogether,  at  least 
two  of  them  must  be  congruent  to  each  other : suppose 
where  /a  > j/.  Then  =1  or  a*  = 1 say,  where  t is  positive  and 
less  than  m. 

Suppose  / is  the  least  positive  exponent  for  which  =1 
(mod  m) : then  f is  said  to  be  the  exponent  to  which  a appertains 
(mod  m). 

The  numbers  1,  a,  are  all  incongruent.  For  if  any 

two  of  them  were  congruent,  say  a^  = a^,  where  both  p and  q are 
less  than  f it  would  follow  that  = 1 where  ^ ~ 5'  is  a positive 
integer  less  than  /:  this  contradicts  the  definition  of f. 

Hence  in  the  series 

1,  a,  a?,  a®, ...  ad  inf. 

the  residues  of  the  successive  terms  recur  periodically,  there  being 
f residues  in  each  period : and,  generally,  ol  = a*  (mod  m)  if  li  = k 
(mod  /),  and  conversely. 

For  instance,  suppose  the  least  positive  residue  of  (mod  31) 
be  required.  We  have  5®=  125  = 1 (mod  31) : and  since  1000  = 1 
(mod  3),  = 5 (mod  31). 

It  has  already  been  proved  that  = 1 (mod  m) : hence 
<f)  (m)  = 0 (mod  /),  that  is,  the  exponent  to  which  a appertains  is  a 
divisor  of  ^ (m). 

M. 
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This  important  result  may  be  proved  independently.  It  is 
clear  in  the  first  place  that  f cannot  exceed  ^ (m),  because  there 
are  only  (/>  {m)  numbers  less  than  m and  prime  to  it,  and  the 
numbers  1,  a,  a^, ...  are  all  incongruent  and  prime  to  m.  If 
f is  less  than  (p  (m),  there  will  be  at  least  one  number  h less 
than  m and  prime  to  it,  and  not  congruent  to  any  of  the  numbers 
1,  a,  ...  Consider  the  series 

6,  ha,  ha^, . . . ha^~^. 

These  are  all  incongruent  (mod  m) : moreover  none  of  them 
can  be  congruent  to  any  of  the  former  series.  For  if  ha^  = then 
h = or  = according  as  k is  greater  or  less  than  h : in 

each  case,  b is  congruent  to  one  of  the  first  series,  contrary  to 
hypothesis.  If  all  the  numbers  less  than  m and  prime  to  it  are 
congruent  to  some  or  other  of  the  2f  numbers  thus  obtained,  then 
2f=(l>  (m) : if  not,  let  c be  one  of  those  that  remain,  and  form  the 
series  c,  ca,  ca^,  ...  caf~^ : these  are  all  incongruent  to  each  other 
and  to  the  first  series.  They  are  also  incongruent  to  all  of  the 
second  series : for  if  c = or  = according  as  k 

is  greater  or  less  than  h : in  either  case  c is  congruent  to  a number 
belonging  to  the  second  system,  and  this  is  contrary  to  hypothesis. 

If  the  least  positive  residues  of  the  3/  numbers  now  obtained 
do  not  exhaust  all  the  <p  (m)  numbers  less  than  m and  prime  to  it, 
take  d,  one  of  those  that  remain,  and  form  the  least  positive 
residues  of  d,  da,  da^, . . . da^~^ ; and  so  on.  It  is  clear  that  in  this 
way  the  complete  set  of  cp  (m)  residues  must  at  last  be  exhausted, 
and  since  we  get  additional  residues  in  sets  of  jT  at  a time,  cp  (m) 
must  be  a multiple  of  f. 

Fermat’s  Theorem  maybe  immediately  deduced  from  this:  for, 
putting  (p  (m)  = ef, 

= le  = i (mod  m). 

19.  Suppose  now  that  the  modulus  is  a prime  number  p.  It 
has  been  proved  that  the  exponent  /to  which  any  number  apper- 
tains (mod  p)  is  a divisor  of  (^  — 1).  The  question  arises  : having 
given  d any  divisor  of  (^  — 1),  are  there  any  numbers  to  which  the 
exponent  d belongs,  and  if  so,  how  many  such  numbers  are  there  ? 

Let  {d).  denote  the  number  of  integers,  positive  and  less  than 
p,  to  which  the  exponent  d appertains.  Suppose  there  is  at 
least  one  such  integer,  a.  Then  all  the  numbers  a,  a^,  a^ ...  a^  are" 
incongruent  (mod  p)  and  they  are  all  roots  of  the  congruence 
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(mod  p).  Hence  there  are  no  other  distinct  roots  of  this 
congruence;  otherwise  it  would  have  more  than  d incongruent 
roots.  Now  if  we  take  a*  where  h involves  a factor  of  d, — 8 
suppose, — we  have  = 1,  where  the  exponent  djh  < d: 

consequently  d is  not  the  exponent  to  which  a*  appertains.  On 
the  other  hand,  if  k is  prime  to  d,  and  / is  the  exponent  to  which 
a*  appertains,  (oJ^y  = 1 (mod  p),  therefore  kf=0  (mod  d),  whence 
f=  0 (mod  d),  since  k is  prime  to  d.  The  smallest  admissible 
value  of  f is  therefore  d : moreover  (oPy  — {a^y  = 1 (mod  p)  : so 
that  in  fact  d is  the  exponent  to  which  a*  appertains.  We  thus 
obtain  (d)  numbers  appertaining  to  the  exponent  d : but  as  it 
has  not  yet  been  proved  that  any  such  number  as  a actually 
exists,  all  that  can  be  inferred  at  present  is  that  i/r  (d)  — cj)  (d)  or  else 
'sjr  (d)  = 0.  But  since  every  one  of  the  numbers  1,  2,  3 ...  (p  — 1) 
appertains  to  some  exponent  or  other,  and  each  exponent  is  a 
divisor  of  (p  — 1),  it  follows  that 

'^{d)-\-^\r{d')-\-'>^{d'')  + ...  =p-  1, 
where  d,  d',  d"...  are  the  different  divisors  of  (p—  1).  But  it  has 
already  been  proved  that 

<l>{d)-\-cf>{d')  + <i>{d")+...=p-l, 
and  therefore  yjr  (d)  can  never  be  zero,  but  must  always  be  equal  to 
(f)  {d).  Thus  there  are  exactly  (/>  {d)  numbers  positive  and  less 
than  p which  appertain  to  the  exponent  d. 

In  particular  there  are  4>{p  — 1)  such  numbers  which  apper- 
tain to  the  exponent  (p  — 1).  These  numbers  are  called  primitive 
roots  of  p. 

20.  On  account  of  the  great  importance  of  primitive  roots,  it 
is  desirable  to  give  a practicable  method  by  which  they  may  be 
found.  When  one  has  been  discovered,  the  others  may  be  found, 
if  required,  without  difficulty : namely,  if  g is  any  one  primitive 
root,  then  the  whole  system  of  primitive  roots  consists  of  the  least 
positive  residues  of  g,  g^,  g^,...g^,  where  1,  a,  I3,...\  are  the 
(p  — 1)  numbers  less  than  (p  — 1)  and  prime  to  it. 

The  principle  of  the  following  method,  which  is  due  to  Gauss 
(D.  A.  Art.  73),  is  to  find  a succession  of  integers  appertaining  to 
higher  and  higher  exponents  : it  is  clear  that  if  this  can  be  done  a 
primitive  root  must  at  last  be  obtained. 

Take  any  number  prime  to  p (in  practice  2 is  the  most  con- 
venient, as  being  the  smallest) : let  this  be  a,  and  form  the  period 
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of  least  positive  residues  of  its  powers  \ If  there  are  (p  — 1)  terms 
in  the  period,  a is  a primitive  root.  If  not,  suppose  there  are  f 
terms  in  the  period.  Take  any  other  number  h not  congruent  to 
any  power  of  a,  and  calculate  its  period.  Suppose  there  are  g 
terms  in  this  period,  where  g <jp—l:  (otherwise  6 is  a primitive 
root,  and  we  need  not  continue).  There  are  two  cases  to  consider : 
either  g is,  or  is  not  a multiple  of  f.  Take  the  latter  case  first, 
and  let  m be  the  least  common  multiple  of  f and  g.  Then  we  may 
always  put  m = fg',  where  f,  g'  are  prime  to  each  other,  and  such 
that  f'  is  a divisor  of/,  and  g a divisor  of  g.  For  let  g be  a prime 
divisor  of  m,  and  the  highest  power  of  q contained  in  m.  Then 
(f  must  divide  one  or  both  of  / and  g : if  it  divides  f but  not  g, 
take  it  as  a factor  of /':  if  it  divides  g but  not  / take  it  as  a factor 
of/:  if  it  divides  both  f and  g,  take  it  as  a factor  of/'  or  g'  (it 
does  not  matter  which) : and  similarly  for  any  other  power  of  a 
prime  contained  in  m. 

Then  evidently  appertains  to  the  exponent  f and  to 
the  exponent  g'\  and  therefore  appertains  to  the  exponent 

fg,  that  is,  m.  For  suppose  X to  be  the  exponent  to  which 
a^lf  appertains:  then  = 1 (mod  ^):  this  requires 

that  X = 0 (mod  /')  and  X = 0 (mod  g'),  and  since  /'  is  prime  to  g' 
it  follows  that  X = 0 (mod  /'/),  so  that  the  smallest  admissible 
value  of  X is  f'g'  or  m. 

Secondly,  g may  be  a multiple  of  / Then  g>f,  so  that  in 
this  case,  as  in  the  other,  we  have  succeeded  in  finding  a number 
appertaining  to  a higher  exponent  than  that  to  which  a 
appertains. 

The  process  may  be  continued,  and  since  we  get  a higher 
exponent  every  time,  we  must  at  last  arrive  at  a primitive  root. 

For  example,  to  find  a primitive  root  of  97. 

Forming  the  period  of  the  powers  of  2,  the  least  positive 
residues  are 
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16 

32 

64 

31 

62 

27 

54 

11 

22 

44 

88 

79 

61 

25 

50 
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12 

24 

48 

96 

95 

93 

89 

81 

65 

33 

66 

35 

70 

43 

86 

75 

53 

9 

18 

36 

72 

47 

94 

91 

85 

73 

49 

1 

/= 

= 48. 

1 Of  course,  in  doing  this,  multiples  of  p are  rejected  whenever  an  opportunity 


occurs. 
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(Observe  that  since  96  = — 1 (mod  97)  the  second  half  of  the 
residues  is  obtained  by  subtracting  each  of  the  first  half  from  97.) 

The  smallest  number  not  contained  among  the  preceding 
residues  is  5,  and  on  forming  its  period,  ' we  find  it  to  be  a 
primitive  root. 

Again  suppose  jp  = 73  (Gauss’s  example). 

Let  a = 2 : the  series  of  power-residues  is 

2 4 8 16  32  64  55  37  1 

/=9. 

Put  5 = 3 : the  power-residues  are 

3 9 27  8 24  72  70  64  46  65  49  1 

.-.  ^ = 12. 

Thus  m = 36,  f = 9,  g'  = 4, 

aflf  .h3l9'  = 2.^^=  U, 
so  that  54  appertains  to  the  exponent  36. 

Forming  its  period,  and  taking  the  number  5,  not  contained  in 
it,  this  is  found  to  be  a primitive  root. 


21.  Suppose  that  ^ is  a primitive  root  of  p : then  since 
the  least  positive  residues  of  1,  g,  g^...g^~^  are  the  numbers 
1,  2,  3...(p  — 1)  in  a certain  order,  any  number  a which  is  prime 
to  p must  be  congruent  (mod  p)  to  some  power  of  g.  If  g^  = a 
(mod  p),  a is  called  the  index  of  a to  the  base  g,  and  may  be 
denoted  by  ind^u.  Evidently,  to  a given  base,  a has  an  infinite 
number  of  indices  all  congruent  (mod  p — 1):  these  are  not 
considered  to  be  distinct.  It  is  sometimes  convenient  to  consider 
the  least  positive  value  of  a as  the  index  of  a (to  the  base  g)  par 
excellence. 

These  indices  possess  properties  analogous  to  those  of  loga- 
rithms : it  is  obvious  from  the  definition  that 


ind  (ah)  = ind  a 4-  ind  h 
ind  a^  = m ind  a 

ind  ^ = ind  a — ind  h 
0 


(mod  p — V), 


ind  1 = 0 


the  indices  in  each  congruence  being  supposed  to  refer  to  the 
same  base. 


22 


PRODUCT  OF  PRIMITIVE  ROOTS. 


It  should  be  noticed  that  the  index  of  any  number  depends 
upon  the  particular  primitive  root  which  is  taken  for  a base. 
Suppose  that  g,  h are  different  primitive  roots  of  p,  and  let 
ind^/i  = X so  that  h = ^^(mod  p)  : then  if  m is  any  number  prime 
to  p,  and  fjb  its  index  to  base  h,  m = h^  = (mod  p) : so  that 
ind^  m = X/iJb  = ind^  h . ind/^  m (mod  p — 1).  In  particular,  putting 
m=  g,  ind^  h . ind/^  g = l (mod  p — 1). 

A complete  table  of  indices  may  be  used  to  obtain  the  solution 
of  the  binomial  congruence  ax^  = h (mod  p) : namely  this  gives 
ind  a + n.  ind  x = ind  h (mod  p — 1),  a linear  congruence  to  find 
ind  X ; ind  a and  ind  h being  given  by  the  table.  Then  ind  x 
being  known,  another  reference  to  the  table  gives  x. 

This  method  is  of  no  direct  theoretical  interest,  because  a 
complete  table  of  indices  in  fact  contains  a record  of  all  the 
solutions  of  x^  = a (mod  p) ; so  that  we  are  really  only  looking 
out  a result  already  obtained  by  trial.  The  result,  however,  is 
valuable,  indirectly,  in  connection  with  the  further  theory  of 
binomial  and  other  congruences. 


22.  Let  f be  the  exponent  to  which  a appertains:  then 
g^~^  (mod  p),  g denoting  (as  usual)  a primitive  root  of 

k 


p.  Hence  /.  ind  a- = 0 (mod  ^ — I)  : so  that  ind  ct  (p  — I), 

where  k is  some  integer.  Now  k is  always  prime  to  /:  for  if 

k k' 

not,  suppose  k = mk',  /=  mf , then  j {p—1)  —j,  {p  — 1),  and  hence 

a^'  = g^'  = I (mod  p),  where  f <f\  but  this  is  impossible,  since 

/ is  the  exponent  to  which  a appertains. 


Hence  whatever  primitive  root  g may  be,  (p  — 1)//  is  the 
greatest  common  measure  of  (j9  — 1)  and  ind^a. 

Conversely  if  m is  the  greatest  common  measure  of  (j:?  — 1)  and 
ind  a,  (j?  — I)/m  is  the  exponent  to  which  a appertains. 


23.  If  ^ is  a prime  number  greater  than  3,  the  product  of  all 
the  primitive  roots  oi  p = l (mod  p). 

For  the  primitive  roots  are  congruent  (mod  p)  to  g,  g^,  g^  ...g^, 
where  1,  a,  /3...X  are  the  numbers  less  than  (j)— I)  and  prime 
to  it.  If  k is  less  than  (p~l)  and  prime  to  it,  so  also  is 
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{p  — l)  — k'.  hence  the  above  series  can  be  distributed  into 
couples  such  as  g^,  : now  g^ . = gP~^  = I (mod  p), 

and  therefore  the  product  of  all  the  primitive  roots  = 1 (mod  p). 

The  only  exception  occurs  when  k=p  — 1 — k,  or  k = i (p  — 1) 
and  is  at  the  same  time  prime  to  (p  — 1):  but  this  can  only  occur 
when  ^{p  —1)  = 1,  that  is  when  p — S. 

24.  Suppose  — 1 = . . . ^^  where  a,  b,  G...I  are  different 

primes.  Let  A be  any  number  which  appertains  to  the  exponent 
a*.  Then 

1 A + = 0 (mod  p). 

Aa^ 1 

Also  I + + A^^  + . . . + — - = 0 (mod  p). 

Now  the  sum  of  all  the  numbers,  positive  and  less  than  p, 
which  appertain  to  the  exponent  is  congruent  (mod  p)  to 

(l  + A + A^+...+  -(l+A^-{-A^^+...  + 

and  is  therefore  a multiple  of  p. 

It  is  here  supposed  that  a>  1.  If  a = 1,  the  sum  in  question 
is  congruent  to 

A + A^  + A^  + . . . + A^~^  = —1  (mod  p). 

Thus  the  sum  of  all  the  numbers,  positive  and  less  than  p, 
which  appertain  to  the  exponent  is  congruent  to  0 or  — I 
(mod  p)  according  as  a > I or  a = I. 

For  the  sake  of  brevity  write  <f)  (a®)  = a\  (f)  (b^)  = b',...^  {l^)  = I': 
let  AiAg...  Aft'  be  the  a numbers  which  appertain  to  the  exponent 
a®,  and  so  on.  Then  any  number  of  the  form 

ABG...L 

will  appertain  to  the  exponent  a^b^c^ ...  that  is,  to  (_p  — I) : it  is 
therefore  congruent  to  a primitive  root  of  p.  If  we  expand  the 
product 

(A-i  H-  Ag  + ...  + Aai)  {Bi  + jBa  + . . . + Bi,'\  . .(Xi  + Xg  + ...  + Ly), 

we  get  a sum  consisting  of  <^(j9  — I)  terms,  each  of  which  is 
congruent  to  a primitive  root  oi  p.  No  two  of  these  terms  are 
congruent  to  each  other:  for  suppose,  if  possible, 

ABC. . .L  = A'B'G'. . .L  (mod  p). 
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Raise  both  sides  to  the  power  ¥cy  thus  since  = 1 etc., 
= j^'b^cy...  (]2iod  p), 

therefore  b^cy..  .ind  A = Wcy ..  .iud  A'  (mod  p — 1), 
and  hence  ind  A = ind  A'  (mod  a®). 

Moreover  since  A and  A'  appertain  to  the  exponent  a®, 
ind  M = ind  = 0 (mod  6^c‘>'. . 

by  Art.  22 ; 

therefore  finally,  since  a®  is  prime  to  b^cy...B, 
ind  A = ind  A'  (mod  p — 1), 
whence  A = A'  (mod  p). 

Similarly  we  could  conclude  that  B=B',  G=C',...L  = L' 
(mod  p) ; but  any  two  terms  of  the  expanded  expression  must 
have  at  least  one  pair  of  corresponding  factors  such  as  A,  A' 
which  are  incongruent  (mod  p).  Hence  no  two  of  the  terms 
are  congruent:  so  that  the  expression  is  congruent  (mod  p)  to 
the  sum  of  all  the  primitive  roots  of  p. 

Now  if  any  one  of  the  exponents  a,  /3,  7...X  is  greater  than  1, 
that  is,  if  any  square  number  can  be  found  which  divides  (p  — 1), 
one  of  the  factors  of  the  expression 

(A-i  + A^  +. . .)  (-Si  + R2  "f  •••)••  *(-^1  + -S2  +...)  = 0 (mod  p\ 
so  that  in  this  case  the  sum  of  the  primitive  roots  = 0 (mod  p). 
If,  however,  each  exponent  is  1,  so  that  p—1  — abc...l,  each  factor 
= — 1 (mod  p)  and  the  sum  of  the  primitive  roots  = (—  (mod  p\ 
where  /u,  is  the  number  of  different  prime  factors  of  (_p  — 1). 

This  theorem  may  be  proved  in  a different  manner  as  follows. 
Let  gx,  g^...  be  the  different  primitive  roots  of  p.  For  convenience 
write  p — l=q,  and  let  a,  6,  c...  be  the  different  primes  which 
divide  q.  Then  the  same  argument  by  which  (m)  was 
determined  (Art.  7)  shews  that  the  primitive  roots  of  p are 
the  roots  of  the  congruence 

• - 1)  n - 1)  ■ n - 1). . ■ ^ 

n (®«/“  - 1).  n - 1)  n - 1). . . ~ '■ 

where  H ~ — 1)  — 1). . . 

and  similarly  for  the  rest.  The  expression  on  the  left-hand  side 
of  the  congruence  is  a rational  integral  function  of  x of  the  degree 
6 (q).  This  may  be  proved  with  the  help  of  de  Moivre’s  theorem  : 
for  any  linear  factor  of  the  denominator  is  of  the  form  x — 
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where  S is  a number  less  than  q and  not  prime  to  it : and  it 
follows,  just  as  in  Art.  7,  that  this  factor  occurs  precisely  as 
often  in  the  numerator  as  in  the  denominator. 

Now  suppose  that  q has  no  square  divisor,  so  that  q = abed,.. : 
then  it  has  to  be  shewn  that  the  aforesaid  polynomial  is  of  the 
form  — (—  + ...  where  fju  is  the  number  of  different 

primes  a,  b,  c....  This  is  easily  proved  by  induction.  Namely 
beginning  with  ya  = 1,  we  have 
00^—1 

= x^~^  + x^~^  + . . . : 

x^l 

next  when  = 2 

—V){x-  1)  _ {x^Y  — 1 — 1 

{x^  — l){x^  — l)  x^  — \ ' x — \ 

_ ^<l>iab)  ^^{ab)—i  ^ ^ 


This  is  seen  by  performing  the  first  two  steps  of  the  actual 
division  and  observing  that  since  b>l 

ab  — 2b  < ab  — b — 1. 

When  ya  = 3,  the  function  is 

(^a&c  _ 2^  _ 1) 

(ijjca  _ I)  (^x^b  _ 

_ {{x^Y^  - 1}  {««  - 1}  ^ {X^^  _ 1)  (^  _ 1) 

“ [(x^Y  - 1}  - i]  ’ - 1)  - 1)  ’ 

and  by  the  preceding  case  this  is 

(ab)  _ ^c<ji {ab)  — c q.  . . . j ; (^X^ x^ ~^  + . . .)  = X^ + X'^ + 

the  argument  being  as  before.  It  is  clear  that  the  reasoning  is 
quite  general,  so  that  in  all  cases  the  polynomial  is 
xfl>(q)  + (—  + ... 

Since  this  is  identically  congruent  to  11  — gi),  the  coefficients 

of  in  the  two  expressions  are  congruent:  that  is 

= (—!)'"  (mod  p). 

If  q involves  a square  factor,  we  shall  have  q = m .abc  ...y 
and  everything  is  as  before  except  that  the  polynomial  is  of  the  form 

X<^  (?)  + (—  IjM--!  . + . . ., 

where  the  term  in  ir'^(?)“i  is  absent : so  that  in  this  case 

^gi  = 0 (mod  p). 
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It  may  be  observed  also  that 

= . . . = = 0 (mod  p), 

” 'Eg'^  = (—ly . m (mod  p). 

• For  example,  the  primitive  roots  of  61  are  2,  6,  7,  10,  17,  18, 
26,  30,  31,  35,  43,  44,  51,  54,  55,  59.  Here  g = 60  = 2^  3 . 5,  so 
that  ya  = 3,  m = 2,  and  we  ought  to  have  Eg  = 0,  Eg^  = — 2 (mod  61); 
this  may  be  easily  verified. 

25.  It  has  been  proved  that  if  a is  any  number  prime  to  the 
composite  modulus  m,  h 1 (mod  m).  If  (/>  (m)  is  the  exponent 
to  which  a appertains  (mod  m),  a is  said  to  be  a primitive  root 
of  m.  It  is  only  in  a comparatively  small  number  of  cases  that 
such  primitive  roots  exist.  For  suppose  m = p^q>^r^ . . . where 
p,  q,  r...  are  different  primes.  Any  number,  a,  which  is  prime  to 
m is  also  prime  to  p^,  q^,  r*'. .. : let/,  g^h ...  be  the  exponents  to 
which  a appertains  with  respect  to  the  moduli  r*',  etc.: 

so  that 

=1  (mod  p^),  = 1 (mod  q^),  etc. 

Then  if  t is  the  least  common  multiple  oif,g,h... 
a*  = 1 (mod  m). 

Now  the  greatest  possible  values  oif,g,h...  are  </>(p^),  4>{q^), 
(j)  (r^)  ...:  hence  t is  not  greater  than  the  l.c.m.  of  (p^),  (g^), 

etc.,  and  if  it  is  less  than  this  L.C.M.  it  must  be  a divisor  thereof 
(since /is  a factor  of  </>  (p^),  etc.  by  Art.  18).  Again 

<t>  (p^) =(p-  i)f 

which  is  an  even  number,  except  whenp  = 2 and  X = l.  Hence, 
generally  speaking,  the  L.C.M.  of  <p  (p^),  ^ (q^),  etc.  will  be  less  than 
</)(p^).  </)(g'^)  , i.e.  less  than  0(m),  and  a fortiori  t will  be  less 

than  so  that  a cannot  be  a primitive  root.  The  only 

exceptions  are  when  m is  a power  of  a prime,  or  twice  a power  of 
an  uneven  prime. 

Further  the  case  of  m=  2^  has  to  be  rejected  if  X > 2.  For 
any  odd  number  can  be  expressed  in  the  form 

a = 1 + 2k, 

whence  = 1 + 4 (^^  + A;)  = 1 + 4A;  (k  + 1) 

= 1 (mod  8), 

and  therefore,  successively 

= 1 (mod  16), 

= 1 (mod  32), 
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and  generally 

(mod  2*). 

Now  < 2^“^  < (/)  (2^), 

so  that  2^  has  no  primitive  roots  if  X > 2.  - — 


26.  The  only  cases  which  have  to  be  considered  are  therefore 
when  m—p^ov  2p^  where  p is  an  odd  prime,  and  the  exceptional 
case  of  m = 4. 

The  last  case  is  easily  disposed  of : it  is  evident  that  there  is 
one  primitive  root,  viz.  3. 


Next  let  m — p\  Suppose  a is  any  number  prime  to  m and 
therefore  to  p,  and  let  f be  the  exponent  to  which  a appertains 
(mod  p).  Then 

af  =l  + kp. 


Hence 


and  similarly, 


afP  = (1  + kpY 

= 1 +kp  .p  + k^p^ . ^ . 

= 1 (mod  p% 

afp'^  = (a^py  = 1 (mod  p% 


afp^  ^ = 1 (mod  p^). 

If,  then,  a is  to  be  a primitive  root  of  p^  we  must  have  fp^~^  a 
multiple  of  cj)  (p^),  i.e.  of  (p  — hence / is  a multiple  of  (^9—1). 

But  /is  also  a divisor  of  (p  — 1)  by  Art.  18  : hence 

/=p-i. 

that  is,  a is  a primitive  root  of^. 

Suppose,  then,  we  put  a = g,  a primitive  root  of  p ; then 
gP-^  = 1 + kp^, 

p^  being  the  highest  power  of  p which  divides  gP~^  — 1,  so  that  k is 
prime  to  p.  Raising  each  side  to  the  power  p we  infer  that 

g(P~l)P  = 1 -j-  kp^  . p + (kp'^y  + . . . 

= 1 + kp'^'^^  -f-  higher  powers  of  p 
= 1 + (mod 

and  similarly 

g(p-i)p^  = 1 4-  (mod 


g{p-2)P^  = 1 + kp^+^  (mod 
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Putting  h = \ — i,  we  have 

g{p-i)p^  1 (modp^), 

so  that  ^ is  a primitive  root  of  if,  and  only  if  ^ = 1 ; that  is,  if 
(^gp-i  prime  to  p. 

27.  It  remains  to  find  the  number  of  distinct  primitive  roots 
of  p^:  i.e.  the  number  of  such  roots  which  are  positive  and  less 
than  p\  Any  primitive  root  of  this  kind  may  be  written 

g ==  a + kp, 

where  a is  a primitive  root  of  p which  is  positive  and  less  than  p. 
Hence 

gP-i  — 1 = — 1) kp  (p  — 1)  (mod  p^) 

= (a^~^  “ 1)  “ kpa^~^  (mod  p^). 

There  are  two  cases  to  consider  : 

I.  Suppose  —1  = 0 (mod  p'^)  : then 

— 1 = — kpa^~^  (mod  p^), 

(g^~^  — 1)Ip=—  ka^~^  (mod  p), 

and  this  will  be  prime  to  p if  A;  is  so. 

Now  since  g<p^,k<p^~^\  thus  we  obtain  (j)(p^~^)  suitable 
values  for  g by  assigning  to  k the  ^ {p^~^)  values  which  are  less 
than  p^~^  and  prime  to  it. 

II.  Suppose  — 1 is  not  divisible  by  : then  we  may  put 

— \:=hp  (mod  p^), 

where  h is  positive,  less  than  p and  prime  to  p.  This  gives 
gP-i  — 1 = — kpa^~^  (mod  p% 

nP-l  _ 1 

or  - — — — =h  — kaP~^  (mod  p). 

Multiplying  by  a,  which  is  prime  to  p,  and  observing  that 
1 (mod  p), 

^ ^ . a = ha  — k (mod  p). 

The  necessary  condition  will  be  satisfied  if  ha  — k is  prime  to 
p : that  is,  if  k = ha  + 1,  where  I is  prime  to  p. 

As  in  the  other  case  we  thus  obtain  </)(p^“0  suitable  values 
for  g. 

Since  there  are  </)(jo  — 1)  primitive  roots  of  p which  are  less 
than  p,  the  number  of  distinct  primitive  roots  of  is 
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28.  Now  let  the  modulus  m=  where  p is  an  odd  prime. 
Every  odd  number  appertains  to  the  same  exponent  (mod  2p^) 

as  it  does  (mod  p^).  For  let  f be  the  exponent  to  which  the  odd 
number  a appertains  (mod  p^)  : then  =1  (mod  p^).  Also  since 
a is  odd,  = 1 (mod  2) : hence,  2 being  prime  to  a^=l 
(mod  2p^).  Conversely,  if  a^'  = 1 (mod  2^^),  a^'  = 1 (mod  p^) : 
therefore  a appertains  to  the  same  exponent  in  both  cases. 

Moreover  (2p^)  = cp  (2)  (f)  (p^)  = (p  (p^) : so  that  any  odd  pri- 
mitive root  of  p^  is  also  a primitive  root  of  2p\  If  g is  an  even 
primitive  root  of  p^,  g -^-p^  is  odd  and  therefore  a primitive  root  of 
2p\  We  thus  obtain  just  as  many  primitive  roots  of  2p^  as  of  p^. 

29.  The  modulus  2^,  where  \ > 2,  requires  separate  considera- 
tion. Any  odd  number  of  the  series  1,  3,  5 ...  2^^  — 1,  may  be  ex- 
pressed in  the  form 

a = 2^h±  1, 

where  h is  odd,  and  n is  at  least  equal  to  2. 

Hence  = 2^^k^  ± 2^+%  + 1 

= 2^+%  + 1, 

where  ki  is  odd  : and  similarly 

a^  = 2^+%-\-l 

a^*  = 2^+%  + l, 
where  fe?  h ...  kt  are  all  odd. 

The  only  number  which  appertains  to  the  exponent  1 is  1. 

If  = 1 (mod  2^),  it  follows  from  the  preceding  expression  for 
that  n + 1 that  is,  <(:  \ — I ; and  it  is  easily  seen  that 
there  are  three  admissible  values  of  a,  namely 
2a_i,  2^-1 + 1,  2^-1 -I. 

Next  suppose  a appertains  to  the  exponent  2*  where  ^ > I : 
then  ^ -f  ^ <i:  X,  or  w <1:  X — Moreover  if  n were  greater  than 
\ — ty  say  n = \—  t-\-  u,  we  should  have 

2’^+^-^ . kt_u  + 1 = ^^kt-u  + 1 
= 1 (mod  2^), 

i.e.  a would  not  appertain  to  the  exponent  2*.  Hence  n = \ — t, 
and  therefore  the  numbers  appertaining  to  the  exponent  2*  are 
2^-*±l,  3.2^-*±l,  5.2^-«±I,... 

(2*  — 1)  . 2^-*  + I (2*  numbers  in  all). 
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In  particular,  if  X > 3,  the  numbers  appertaining  to  the  ex- 
ponent (the  highest  possible,  since  n>\)  are 

4 + 1,  3.4  + 1,  5. 4 + 1,. ..(2^-2 -1)  4 ± 1. 

These  may  be  written 

4 + 1,  8-i-(4+l),  2.8+(4+ 1),... 

from  which  it  is  evident  that  the  series  comprises  all  the  numbers 
less  than  2^  which  are  of  the  form  -f-  3 or  8n  ■+  5. 
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containing  tables  of  (^{n)  and  24>{n)  up  to  n = 1000. 

Residues  of  Powers.  Euler  : Theoremata  circa  residua  ex  divisione 
potestatum  relicta  (Novi  Comm.  Petr.  vii.  (1758)  p.  49) ; Demonstrationes  circa 
residua  ex  divisione  potestatum  per  numeros  primos  resultantia  (ibid,  xviii. 
(1773)  p. ’85);  Disquisitio  accuratior  circa  residua  ex  divisione  quadratorum 
altiorumque  potestatum  per  numeros  primos  relicta  (Opuscula  analytica  i.  (1772) 
p.  121).  These  three  memoirs  may  also  be  found  in  the  Comm.  Arith.  i. 
pp.  260,  516,  487  respectively.  It  should  be  observed  that  Gauss  first  proved 
the  existence  of  primitive  roots  for  every  prime  modulus. 

Theorems  of  Fermat  and  Wilson.  Fermat’s  own  statement  of  his 
theorem  is  contained  in  his  mathematical  correspondence  (sec  Varia  Opera 
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Mathematica  D.  Petri  de  Fermat  (1679)  p.  163).  As  usual,  he  gives  no  proof ; 
the  first  published  demonstration  is  that  of  Euler : Theorematum  quorundam 
ad  numeros  primos  spectantium  demonstratio  (Comm.  Petr.  viii.  (1736)  p.  141, 
or  Comm.  Arith.  i.  21).  This  practically  amounts  to  showing  that  if  p is 
prime,  the  expression  {a  + l)P  — aP—l,  is  identically  divisible  hj  p,  so  that 
(a  + 1)^— (a  + 1)  = — a (mod  p),  identically:  the  theorem  then  follows  by 

induction.  A second  proof,  identical  with  that  of  Art.  18,  will  be  found  in  the 
Novi  Comm.  Petr.  vii.  49  (see  title  above).  The  proof  adopted  in  Art.  16  is 
after  Dirichlet : Demonstrations  nouvelles  de  quelques  theoremes  relatifs  aux 
nombres  (Crelle  hi.  (1828)  p.  390).  Sir  John  Wilson’s  theorem  is  stated  by 
Waring,  with  a reference  to  its  author,  iii  his  Meditationes  Algehraicce  (1770) ; 
the  first  published  proof  is  by  Lagrange  (Nouveaux  Memoires  de  I’Acad.  de 
Berlin,  1771,  p.  125). 

The  important  theorem  of  Art.  11  is  due  to  Lagrange  : Nouvelle  Methode 
pour  resoudre  les  ProhUmes  Indetermines  en  Nombres  entiers  (Hist,  de  I’Acad.  de 
Berlin,  1768,  p.  192). 

Arithmetical  Tables.  The  factor-tables  of  Burckhardt  and  Base  have 
been  completed  and  extended  by  J.  W.  L.  Glaisher  as  far  as  the  9th  million. 
The  Canon  Arithmeticus^  edited  by  Jacobi,  gives  a primitive  root,  and  a table 
of  numbers  and  indices,  for  all  primes  less  than  1000.  Gauss’s  Tafel  zur 
Verwandlung  gemeiner  Brilche  in  Decimalbrjlche  (Werke  ii,  412)  may  be  used, 
among  other  applications,  to  supply  the  place  of  the  Canon  Arithmeticus^  at 
least  as  far  as  jo  = 463.  (Cf.  D.  A.  Arts.  312 — 318.)  Another  table,  of  less 
extent,  but  very  compact,  is  given  by  Bellavitis  : Sulla  risoluzione  delle 
eongruenze  numeriche . . . (Reale  Acc,  dei  Lincei,  3rd  series,  t.  i.  (1877)).  Crelle 
published  in  his  Journal  (xlii.  (1851)  p.  299)  a table  of  the  least  positive  values 
of  and  x^  which  satisfy  apc<p=apc^-\-\  for  values  of  a^  up  to  120  and  all 
values  of  a^  less  than  a-^  and  prime  to  it. 


CHAPTER  II. 


Quadratic  Congruences. 


30.  If  the  congruence  a (mod  m)  is  possible,  a is  said  to 
be  a quadratic  residue  of  m,  or  simply  a residue  of  m,  and  this 
may  be  indicated  by  writing  aRm : if  otherwise,  a is  said  to  be  a 
non-residue  of  m,  and  this  is  expressed  by  aNm. 

It  is  convenient  to  begin  by  supposing  that  the  modulus  is  an 
odd  prime,  p say. 

If  we  form  the  squares  of  1,  2,  3 — 1),  the  resulting 

numbers  are  all  incongruent  (modp).  For  if  two  of  them  were 
congruent,  say  this  would  give  (r  + s){r  — s)  = 0,  that  is, 

r q-  5 = 0,  or  r — s = 0,  both  of  which  are  impossible,  since  r and  s 
are  different  and  each  less  than  ^p. 


Again  since  (p  — hy  = (mod  p),  it  follows  that  the  squares  of 


p p 


...  {p  — 1)  are  congruent  to  the  other  series  of  squares 


in  the  reverse  order.  Hence  the  series  1,  2,  3 ...  (p  — 1)  comprises 


p-\ 


residues  of  p,  and  the  same  number  of  non-residues. 


For  example  if  p ==  11, 


12  = 10^  = 1,  22  = 92=4,  32=82  = 9,  42=  7^=5,  52  = 62  = 3, 
so  that  1,  3,  4,  5,  9 are  residues  of  11,  and  2,  6,  7,  8,  10  are  non- 
residues. 

If  aRp,  so  that  a = aj2  (mod  p), 


33-1 

a ^ = 1 (mod  p). 


Thus  the  quadratic  residues  of  n are  the  roots  of  the  con- 
gruence 


?)-! 


— 1 = 0 (mod  p). 
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Every  number  prime  to  p satisfies  the  congruence 

-1  = 0, 

p-\  p—i 

that  is  {x  ^ + 1)_=  0, 

hence  the  non-residues  of  p are  the  roots  of  the  congruence 

y>-i 

2 + 1 = 0. 

This  affords  a method  of  determining  whether  a given  number 
a is  a residue  or  non-residue  of  p,  namely  by  calculating  the  least 

P-i 

residue  of  a ^ : but  this  becomes  impracticable  when  p is  large. 

As  an  illustration  5®  = 5 . 25^  = 5 . 3^  = 45  = 1 (mod  11),  so  that  5 
is  a residue  of  11. 

The  symbol  or  (a  \ p)  is  used  to  denote  +1  or  — 1 ac- 
cording as  a is,  or  is  not  a quadratic  residue  of  p.  It  is  the 

p-i 

absolutely  least  residue  (mod  p)  o^  a ^ . 

31.  The  product  of  two  residues  or  of  two  non-residues  is  a 
residue : that  of  a residue  and  a non-residue  is  a non-residue. 

I.  Let  a,  a'  be  two  residues : then  two  integers  a,  a'  can  be 
found  such  that  a = o?,  a'  = a!^,  whence  aa'  = (aa')^  that  is,  aa'  is  a 
residue. 

II.  If  a is  a residue,  the  numbers  a,  2a,  3a  ...  (p  — 1)  a are  all 
incongruent,  and  their  least  residues  (mod  p)  include  all  the 
quadratic  residues  of  p and  all  the  non-residues;  but  each 
product  of  a by  a residue  is  a residue  by  I. : hence  each  product 
of  a by  a non-residue  is  a non-residue. 

III.  Let  6 be  a non-residue : then  as  before  the  series 
5,  25,  35,  ...(p  — 1)5  is  a complete  system  of  residues  (mod  p): 
each  product  of  5 by  a residue  is  a non-residue  by  II. : hence  each 
product  of  5 by  a non-residue  is  a residue. 

The  same  thing  may  be  proved  as  follows:  we  have 

a 2 =(a|p),  5 2 = (5|p),  (a51p)  = (a5)  ^ = a^  b ^ =(a|p)(5|^). 

Hence  (ah  |p)  = -i- 1 if  (a  1^"^  nd  (5 1^)  agree  in  sign,  that  is  if  a,  5 
are  both  residues  '^r  both  non-residues : while  if  one  is  a residue 
and  the  other  not,  (a5|p)  = — 1,  that  is,  ah  is  a non-residue. 

M.  3 
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It  is  clear  that  {ahc\p)  = {ah\p)  {g\p) 

=:{a\p){h\p){c\p), 
and  so  on  for  any  number  of  factors. 


32.  Taking  any  primitive  root  of  p for  a base,  the  indices  of 
the  quadratic  residues  are  even,  and  those  of  the  non-residues  are 
odd. 


P-i 

For  let  ind^ cb=f‘  then  a = (mod  p)  and  a ^ = g ^ : if 



then  a =1  (mod  p),  if  {p  — '^)=  0 (mod  p — 1),  that  is  J/is  an 

y>-i 

integer:  conversely,  if  f is  even  and  =2/',  a ^ = 1 

(mod  p). 

This  gives  another  simple  proof  of  the  theorem  of  last  article  : 
for  ind  {ah)  = ind  a + ind  h,  and  this  is  even  if  ind  a and  ind  h are 
both  even  or  both  odd. 


33.  Consider  the  congruence 

= a (mod  p^), 

where  p is  an  odd  prime,  and  a is  prime  to  p.  Then  if  this  is 
possible,  so  also  is 

a (mod  p). 

Let  = a be  a solution  of  this  last  congruence,  so  that 
a?  — a — hp. 

Put  x = a -\-yp  \ 

then  x^  — a = a^  — a + 2ayp  + y^p^ 

= {h+  2ay)p  + y^p^. 

Now  determine  y so  that  h + 2ay  = 0 (mod  p) : then  — a = 0 
(mod  p^) : that  is,  a solution  of  x^=  a (mod  can  be  deduced 
from  that  of  = a (mod  p). 

More  generally,  from  a solution  of  x‘^  = a (mod  p^)  we  can 
deduce  a solution  of  x^=  a (mod  For  suppose  x = a is  a 

solution  of  x'^  = a (mod  p^),  so  that  a?  — a = hp^.  Write  x = a-^  yp^ : 
then  x^  - a = (h  2ay)  p^  + y^p^’^  = (h  + 2ay)  p^  (mod  : and 
hence  if  2ay  = 0 (mod  p),  x = a yp^  is  a solution  of  x^=  a 
(mod 

Thus  from  any  solution  of  x^=a  (mod  p)  can  be  deduced  a 
solution  of  x^  = a (mod  p^).  Moreover  if  x^=  a (mod  p)  is  possible, 
there  are  two  distinct  solutions  of  the  form  x = a and  x = — a 
(mod  p)  : so  that  there  will  be  just  two  solutions  of  x'^  = a (mod  p^). 
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For  example,  to  solve  = 2 (mod  343).  Here  2 = 9 (mod  7 ) : 
so  that  the  roots  of  = 2 (mod  7)  are  a?  = + 3 (mod  7). 

Write  = 3 + 7^/ ; 

then  — 2 = 7 (1  + Qy)  + 492/^. 

The  congruence  1 + 6^/  = 0 (mod  7)  gives  2/  = 1 (mod  7)  : so 
that  x=10  is  a solution  of  (mod  49).  Finally,  putting 

= 10  + 49y,  — 2 = 49  (2  + 20y)  + 49^?/^ ; 2 + 20y  = 0 (mod  7) 

gives  y = 2 (mod  7),  and  hence  = 10  + 2 . 49  = 108  is  a solution 
of  the  given  congruence,  the  complete  solution  being 

x=±  108  (mod  343). 

34.  JThe  case  next  to  be  considered  is  when  the  modulus  is  a 
power  of  2. 

The  square  of  any  odd  number  2n  + 1 is 

4^2  -f  4^  + 1 = 4?2  (w  + 1)  + 1 = 1 (mod  8) 
since  either  n or  ^ + 1 is  even. 

Hence  in  the  first  place  the  congruence  x^^a  (mod  4)  is 
possible  if,  and  only  if  a = 1 (mod  4)  : and  if  this  condition  is 
satisfied,  there  are  two  distinct  solutions,  given  by  = + 1 (mod  4). 

Similarly  the  congruence  x^  = a (mod  8)  is  possible  only  if 
a = 1 (mod  8) : and  in  this  case  there  are  four  distinct  solutions 
given  hy  x=l,  3,  5,  7 (mod  8). 

Next  consider  the  congruence  x^  = a (mod  2^)  where  X > 3. 
This  involves  x^  = a (mod  8) : and  hence  a b 1 (mod  8) ; conversely 
if  this  condition  is  satisfied,  it  may  be  shewn  by  an  inductive 
process  similar  to  that  of  last  article  that  the  proposed  congruence 
has  always  four  distinct  roots. 

Namely,  suppose  a is  a root  oi  x^= a (mod  2^)  so  that  a?  — a = 2^h : 
then  putting  x = a-\-  2^“^ . y we  get 

x^  — a = 2^  (h  -f  ay)  + 

where  since  X > 3,  2X  — 2 > X + 1 : so  that  x will  be  a root  of 
x'^  — a = 0 (mod  2^+^)  if  h + ay  = 0 (mod  2) : this  always  gives  a 
suitable  value  of  y,  since  a is  odd. 

If  ii?  B f is  any  one  of  the  roots,  it  is  easily  seen  that  the  four 
distinct  solutions  are  given  by 

x=±^,  x = 2^~^)  (mod  2*^). 


' 3—2 
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35.  We  are  now  able  to  discuss  the  congruence  a (mod  m) 
where  m is  any  modulus  whatever,  and  a any  number  prime  to  it. 

Let  m = 2'^p^qf^r'' ... 

where  p,  q,  r...  denote  different  odd  primes. 

Then  if  the  proposed  congruence  is  possible,  so  also  must  be 
the  following  : 

(mod  2'"),  x^  = a (mod  p^'),  x^  = a (mod  q^) 

etc.  Conversely  if  these  are  possible  so  is  the  given  congruence. 
For  suppose  ^,7],  f...  etc.  to  be  any  values  of  x which  satisfy  the 
congruences 

x^  = a (mod  2'^),  x^  = a (mod p^),  x^  = a (mod  q^),-.. 
respectively.  Then  since  2'^,  p^,  q^...  are  relative  primes,  a number 
can  be  found  so  as  to  satisfy  simultaneously  the  congruences 

x=^  (mod  2'"),  x=  7]  (mod  p^),  x=^  (mod  q^)  ...  etc. 

and  all  such  numbers  are  congruent  (mod  m)  (see  Art.  18).  Each 
set  of  solutions  of  the  auxiliary  congruences  furnishes  therefore 
one  distinct  solution  of  the  proposed  congruence. 

Now  the  conditions  to  be  satisfied  in  order  that  the  auxiliary 
congruences  may  be  possible  were  determined  in  Arts.  33,  34.  If 
p is  any  odd  prime  factor  of  m,  a must  be  a quadratic  residue  of  p : 
and  if  this  is  so,  the  congruence  x^=  a (mod  p^)  has  two  distinct 
roots.  If  /c  = 0 or  1,  there  is  no  further  condition : the  congruence 
x'^  = a (mod  2)  has  one  root  x=  \ (mod  2) : if  /c  = 2 it  is  necessary 
that  a = 1 (mod  4),  and  then  x^  = a (mod  4)  has  two  roots  ; and  if 
/c  > 3 we  must  have  a=l  (mod  8),  and  then  x^  ^ a (mod  2*")  has 
four  incongruent  roots. 

If  then  t denote  the  number  of  different  odd  primes  which 
divide  m,  the  number  of  distinct  solutions  of  the  given  congruence, 
when  it  is  soluble,  is 

2*,  2^+1,  2^+2 

according  as  /c  < 2,  /c  = 2,  /c  > 2 respectively. 

36.  In  order  to  complete  the  theory  of  quadratic  congruences, 
two  problems  have  still  to  be  solved.  They  are,  first,  to  determine 
practically  whether  the  congruence  x^  = a (mod  p)  is  possible,  p 
being  an  odd  prime,  or,  in  other  words,  to  find  the  value  of  {ci\p): 
and  secondly  to  find  the  roots  of  the  congruence  when  it  has  been 
shewn  to  be  possible. 
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VALUES  OF  (-l|p),  (2|_p). 

It  follows  from  Art.  31  that  the  determination  of  {a\p)  may 
be  made  to  depend  upon  that  of  the  symbols  (-  l\p),  (^\p),  and 
(q\p),  where  g is  a positive  odd  prime.  These  three  cases  will 
now  be  considered  in  order. 

37.  By  Art.  30,  (-  l|p)  = (-  1)  2 : this  is  + 1 if  J (p  - 1)  is 
even.  Putting  i (p  - 1)  = 2n,  this  gives  p = 4?^  + 1.  On  the  other 
hand  if  p is  of  the  form  + 3,  ^(p  — l)  = 2n+  1,  and 

(-iip)=(-ir+^=-i. 

Hence  — 1 is  a quadratic  residue  or  non-residue  of  p according 
as  p is  of  the  form  471-1-1  or  477  -f-  3. 

38.  It  is  found  by  trial  that  2 is  a quadratic  residue  of  7,  17, 
23,  31,  41,  47  and  a non-residue  of  3,  5,  11,  13,  19,  29,  37,  43. 
The  first  set  are  all  of  the  form  877  + 1,  and  the  second  set  are  all 
of  the  form  877  ± 3.  It  may  be  shewn  that  this  law  is  general : 
namely  that  2 is  a residue  of  all  primes  of  the  form  877  + 1 and  a 
non-residue  of  all  primes  of  the  form  877  + 3. 

We  begin  with  the  latter  part  of  the  proposition,  viz.  that  2 is 
a non-residue  of  all  primes  of  the  form  877  + 3.  If  this  is  not  true, 
let  p be  the  least  prime  of  this  form  for  which  the  congruence 
(mod  p)  is  possible.  Suppose  x = e is  a solution  of  the 
congruence ; then  we  may  take  e to  be  positive,  less  than  p,  and 
odd ; for  if  the  congruence  is  possible  there  are  two  suitable  values 
of  X which  are  positive  and  less  than  p,  and  their  sum  =p  which 
is  odd,  so  that  one  of  the  values  of  x must  be  odd.  Hence  e^=l 
(mod  8),  and  = 2 +jp^  where  /is  positive  and  less  than  p.  Now 
pf=  — 2 = — 1 (mod  8)  : and  since  p = + 3 (mod  8),  /=  + 3 
(mod  8).  Consequently  f must  have  at  least  one  prime  divisor  q 
of  the  form  877  + 3 : for  if  all  the  factors  were  of  the  form  877  + 1 , 
their  product  would  also  be  of  this  form.  Since  f<p\i  follows 
that  q<p:  and  evidently  e^  = 2 (mod /)  = 2 (mod  q),  so  that  p is 
not  the  smallest  prime  of  the  form  877  + 3 of  which  2 is  a residue. 
This  contradicts  the  hypothesis,  and  the  second  part  of  the  pro- 
position is  therefore  proved. 

Next  let  p be  of  the  form  877  7 ; then  by  Art.  37,  — 1 is  a 

non-residue  of  p:  hence  to  shew  that  2Rp,  it  is  enough  to  prove 
that  — 2Np.  Now  it  can  be  shewn  that  — 2 is  a non-residue  of 
all  primes  of  the  form  877  + 5 or  877-1-  7.  For  this  is  true  when 
p = 5 or  7,  as  we  see  by  trial : and  supposing  p the  least  prime  of 
either  of  these  forms  for  which  ^*^  + 2 = 0 (mod  p)  is  soluble,  we 
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may  put  as  before  x = e,  and  + 2 = p/,  where  e is  positive,  less 
than  and  odd.  Hence  pf=^  (mod  8),  and  therefore /=  7 or  5 
(mod  8)  according  as  p = 5 or  7 (mod  8).  As  in  the  other  case 
we  conclude  that  f must  have  at  least  one  prime  divisor  q which 
is  less  than  p and  of  the  form  8^^  + 5 or  8?i  + 7 : this  gives 
+ 2 = 0 (mod  q),  which  contradicts  the  hypothesis : and  there- 
fore — 2 is  a non-residue  of  all  primes  of  the  form  Sn  + 5 or 
8?^  + 7,  as  stated. 

Finally  suppose  p = 8?^  + 1 : then  the  preceding  method  is 
inapplicable.  In  this  case,  however,  if  ^ is  a primitive  root  of  p, 

gm  = _ 

whence  (^^’^  ± 1)^  = ± 2^^^^ ; 

and  since  = 1, 

this  gives  ±2  = {g'^  ± g^'^y. 

This  shews  not  only  that  ± 2Rp,  but  also  how  the  roots  of 
= + 2 may  be  found. 

The  different  cases  discussed  in  this  article  are  all  included  in 
the  formula 

(2|p)  = (-l)V 


Legendres  Law  of  Reciprocity. 

39.  The  practical  determination  of  {q  \p),  where  q,p  are  positive 
odd  primes,  is  effected  by  the  help  of  a very  important  theorem, 
which  is  known  as  Legendre’s  Law  of  Reciprocity. 

The  theorem  is  that  {q  \p)  = {p  | q),  except  when  p and  q are 
both  of  the  form  4^  + 3,  in  which  case  {q \p)  = — (p  | q)-  Both  these 
results  are  included  in  the  formula 

The  first  rigorous  proof  of  this  proposition  was  given  by  Gauss, 
who  succeeded  in  discovering  eight  different  demonstrations  of  it. 

- The  following  is  essentially  Gauss’s  third  proof,  as  modified  by 
Dirichlet\ 

For  convenience  write  p = 2p'  +1,  q — 2q+l.  Consider  the 
series  of  numbers 

q,  2q,  3q,  ...p'q: 

1 Gauss:  Theorematis  aritlimetici  demonstratio  nova  {Gomtii.  Gott.  vol.  15, 
1808,  or  Werke,  ii.  p.  1).  Diriclilct,  Zahloitheorie,  p.  99  (3rd  edition). 


gauss’s  third  proof. 
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these  are  all  incongruent  (mod  p) : hence  their  least  positive 
residues  will  be  all  incongruent  (mod  p).  Of  these  least  residues 
a certain  number,  jjb  suppose,  will  be  greater  than  p':  suppose  these 
are  Wi,  a^,  ...  and  let  the  others,  which  are  not  greater  than  p\ 
be  denoted  by  A,  ^^  ...  so  that  \ + yu,=p'.  Now  the  numbers 
p-ai,  p-a^,  ...  p-a^ 

are  all  less  than  p'  -\-l,  and  all  incongruent  (mod_p)  since  a-i_,  ... 

are  so.  Moreover  none  of  the  last  series  can  be  congruent  to  any 
one  of  the  series  A , ...  /3\  : for  if  we  had  p — a = /3  (mod  p)  it 

would  follow  that  a + /3=p,  and  consequently  if  a is  a residue  of 
sq,  and  /3  of  tq,  sq  + tq^O  (mod  p)^  and  hence,  since  q is  prime, 
5 + ^=0  (mod  p),  which  is  impossible,  since  s and  t are  both  less 
than  ^p.  Consequently  the  series 

(^-tti),  (p-CL^)  ...  A,  A ...  A 

must  consist  of  the  numbers  1,  2,  S ...  p'  only  in  a different  order ; 
and  therefore 

1 . 2. 3 ...p  = (^  - ai)(p-a2)  ...  (p-  a^).  A A ...  A (mod  j?) 

= (- 1)'" . oti  Ota . . . . A A . . . A (mod  p). 

But  «!  tta . . . . A A . . . . 3g  . . . ^'5: 

= ^^'.1.2.3.../ 

and  therefore 

(—iy.qP'.1.2.S...p'  = 1.2.S...p'  (mod  p). 
Dividing  by  1.2.3  ...p  which  is  prime  to p,  we  get 
(—  1)'* . qP'  = 1 (mod  p) 

or  qP'  = (^—lY  (mod  p). 

But  qP'  = (q\p)  (mod  p)  by  Art.  30  : 

therefore  finally  (^'li^)  = (— !)'*•  It  remains  to  calculate  the  value 
of  this  expression. 

It  is  convenient  in  what  follows  to  denote  by  [^]  the  greatest 
positive  integer  contained  in  the  real  positive  quantity  x ; so  that 
X = [0)]  -\-  6 where  ^ is  a positive  proper  fraction.  Making  use  of 
this  notation  we  may  write 

q = p[qlp\  + i\ 

2q  = p [2q/p]-\-r^ 


p'q=p[p'qlp]-\-r,^', 
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where  r^,  ...  r.p'  are  all  positive  and  less  than  p\  hence  by  addi- 

tion 

^^.q=^Mp  + A+B  (1), 

O 

where  M = [^/p]  -f  [2g/p]  + ...  + [p'q/p] 

A = a^  + a2-\-  ... +ct^ 

^ + /32  + . . • + 

Now  (p-cLi)  + (p-cL^)-^  ...+{p  - a^) 

+ /5i  + ^2  + • • ' + /^A  = lH-2-l-3-f...-l-  p', 

that  is 

f,p-A+B=^. 

Combining  this  with  (1)  we  have 

t^(q-l)  = (M-p)p  + tA. 


Now 


p^-1  . 


is  an  integer,  since  p is  odd;  also  (^  — 1)  is  even : 
therefore  {M  — ^)p  = 0 (mod  2)  and  hence  ijl  = M (mod  2),  so  that 

(?b)=(-  i)'‘=(-ir. 

In  exactly  the  same  way 

(;,i?)=(-ir 

where  ^=[plq]  + [‘^plq]  + • • • + Wplq]- 

Of  tjje  two  numbers  p,  q one  must  be  less  than  the  other  : 
suppose  q<p. 

Then  in  the  expression  M no  term  [(s  + 1)  q/p]  can  exceed  the 

preceding  term  by  more  than  1,  because  ~^~p 

is  a proper  fraction:  moreover  if  [(^ -f- 1)  g/p]  = [sg/p]  + 1 there 
will  be  a positive  integer  t such  that 

P p 


from  which 


s<  — <s  + l 


so  that  s=  [tp/q].  In  other  words,  [sq/p]  = t — l when  s has  any 
one  of  the  values 

[(<  - ^)plq]  + 1.  [it  - 1) P/?]  + 2,  . . . [tplq]  ; 

{[^p/g]  — [(^  — l)p/g]]  values  in  all. 


eisenstein’s  geometrical  proof. 
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Hence  the  expression  for  M becomes 

0 . {plq\  + 1 . {[2p/g]  - [plq]}  + 2 . ([Sjj/g']  - \iplq\\  + ... 

+ O'  - 1)  • Mpl<i\  - [(/  -1)  Pk]} 

+ ?' . {p  - [e[plq]}.  ' 

the  last  term  being  obtained  by  observing  that  there  are  p terms 
in  the  original  expression  for  M. 

Rearranging,  we  get 

M =p'q  - [[pjq]  + [2p/g]  + [3^/g]  + . . . + O'p/g]! 

= p'q'-N, 

or  M + N=p'q. 

Therefore  finally 

(q I p)  (p\q)  = (-  I)"""  = (-  1 


Fig.  1. 


40.  Eisenstein^  has  put  into  a simple  geometrical  form  that 
part  of  the  preceding  demonstration  which  consists  in  shewing 
that  M JSf =pq. 

Construct  a rectangle  OAGB  of  which  the  sides  OA,  OB  con- 
tain p and  q units  of  length  respectively:  divide  this  up  into  unit 
squares  as  in  the  figure.  Join  OG:  and  let  OD  — EF  =p 
OE=^DF=q'. 

Take  OA  for  axis  of  cc,  OB  for  axis  of  y,  and  for  shortness’  sake 
let  a point  (a,  h)  where  a,  h are  positive  integers  (neither  zero)  be 
called  a node. 


1 Crelle,  vol.  27,  p.  322. 
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The  equation  of  OG  is  y = ^ a) : since  q/p  is  in  its  lowest  terms 
there  are  no  nodes  on  the  diagonal  OG. 

Evidently  [mq/p]  is  the  number  of  nodes  contained  in  that 
part  of  the  line  x = m which  is  intercepted  between  OA  and  OG. 

Hence  M = [qjp]  + [^^qlp]  + • ••  + [p'qlp]  is  the  number  of  nodes 
included  between  the  lines  OG,  OD,  DF,  those  upon  DF  being 
counted  in. 

Similarly  N is  the  number  of  nodes  included  between  OG,  OE, 
EF. 

Therefore  ilf+iV"  is  the  number  of  nodes  belonging  to  the 
rectangle  ODFE,  that  is,  M+N—p'q. 

41.  As  an  example  of  the  practical  use  of  the  Law  of  Reci- 
procity, suppose  it  is  required  to  find  whether  the  congruence 
^2  + 1457  =0  (mod  2389) 

is  possible. 

Here  2389  is  a prime  : and 

(- 1457 1 2389)  = (-  1 1 2389)  (31 1 2389)  (47 1 2389). 

Now  (—  1 1 2389)  = 4-1,  since  2389  = 1 (mod  4) : 

(31 1 2389)  = (2389 1 31)  = (2 1 31),  [since  2389  b 2 (mod  31)] 

= 4- 1 by  Art.  38  ; 

(47 1 2389)  = (2389 1 47)  = (39 1 47)  = (3 1 47)  (13  ] 47) 

= -(471 3)  (47 1 13)  = - (2 ! 3)  (8 1 13) 

= -(2|3)(2|13)  = -(-l)(-l)  = -l 
[or,  more  simply,  (39|47)  = (—  8|47)  = (—  2|47)  = — 1]. 
Finally,  therefore,  (—  1457 1 2389)  = (4-  1)  (4- 1)  (—  1) 

= -i; 

so  that  the  proposed  congruence  is  insoluble. 

42..  The  meaning  of  Legendre’s  symbol  ((/Ij))  has  been  ex- 
tended by  Jacobi^  as  follows. 

Let  the  positive  odd  number  P be  resolved  into  its  prime 
factors  p,  p',  p"  ...  so  that 

P =pp'p'  ••• 


^ Berlin  Monatsherichte,  1837 : or  Crelle,  vol.  30,  p.  ICC. 


Jacobi’s  extension. 
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and  let  m be  any  integer  prime  to  P.  Then  the  symbol  {m\P)  is 
defined  by  the  equation 

(m|P)  = (m|p)(m|p')(m|p") 

where,  of  course,  two  or  more  of  the  primes  p,  p". . . may  be 

identical. 

Observe  that  when  P is  an  odd  prime,  the  meaning  of  Jacobi’s 
symbol  coincides  with  that  of  Legendre’s  ; and  that  when  P is 
even,  the  symbol  (m|P)  does  not  exist. 

The  properties  of  the  generalised  symbol  are  expressed  by  the 
following  theorems. 

1.  If  m is  prime  to  each  of  the  odd  numbers  P,  Q, 

{m\PQ)  = {m\P)  (m|Q). 

For  if  P=ppp"... 

q = q(l(l' 

(m\PQ)  = {m\p){m\p){m\p')  ...  (ml^) (m|g') (m|g")  ... 

= (mlP)(mlQ). 

2.  I,  m,  n ...  are  all  prime  to  P,  then 

{linn  ...\P)={l\P){m\P){n\P).... 

For  if  P = p p' p"  ...  SiS  before, 

ii\p)=(i\p)(i\p')(i\p'') ... 

(m|P)  = {m\  p){m\p){m\p')  ... 

{n\P)  = {n  \p){n\p'){n\p")  ...  etc. 

Now  by  Art.  31,  {l\p){m\p)  {n\p)  ... —{hnn  ...\p)'.  so  that, 
multiplying  the  preceding  equations  together,  we  get 

{l\P)  {m\P)(n\P)  ...  = {Imn  ...\p){lmn  ...\p'){lmn  ...\p") 

= {Imn  ...  I P). 

3.  If  m'  EE  m (mod  P)  and  m is  prime  to  P,  then  m'  is  also 
prime  to  P,  and  {m' \P)  = {m\P). 

This  is  obvious,  since  m'  =m  (mod  p)  and  therefore 
{m' \p)  = {m\p)  : 

and  so  for  any  other  prime  factor  of  P. 

Before  discussing  the  symbols  (— 1|P)  and  (2|P),  the  following 
two  lemmas  are  necessary. 
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I.  If  R = ttt" . . . is  any  odd  number 

-2-  = ^ + ^-  + . . . H 2 (mod  2). 

II.  With  the  same  notation 

— ^ s ^ (mod  2). 

The  proof  is  very  simple  : namely 


= (1  + r — 1)  (1  + / — 1)  (1  + /'  — 1). 
B 1 + S (r  — 1)  (mod  4), 


and  therefore 
Similarly 

therefore 


(mod  2). 


i?2  = (l  4.^2_  1)(1  +/2_  1).,. 

= l + 2(r^-l)(mod  16), 

= A — — (mod  2). 


8 ^8 

4.  P,  as  before,  being  an  odd  positive  number, 

(-i|P)=(-i)M 

(2|P)  = (-1)M 

For  by  definition 

(-iiP)=(-ii^.)(-ii/)(-ii/')-  . 

p-i  p'-i 

= (-l)  2 (-1)  2 ... 

P-i 

= (— 1)  2 2 by  Lemma  1. 

and  similarly  (2|P)  = (— 1)  ® =(— 1)  ^ 

by  Lemma  II. 


5.  If  the  positive  odd  numbers  P,  Q are  prime  to  each  other, 
(P|®(Q|P)  = (-I)HP-i)(Q-i). 

Namely,  if  P =ppp". . . and  Q = qqq” . . . it  follows  from  theorems 
(I)  and  (2)  that 

(Pi®  = n(p|(?). 

where  the  product  extends  over  all  the  different  combinations  of  a 
factor  p with  a factor  q. 


gauss’s  first  proof. 


. 45 


Similarly  (Q|P)  = IT  {q\p),  and  therefore 

(PlQ)(Q|P)  = n(^|g)(^|i)) 

= n (— 

= (_  1)  2|(p-l)0-l). 


Now  since  the  summation  extends  over  every  combination  {p,  q) 

P-1  Q-1 , , 

= — ^ (mod  2), 

by  Lemma  I. 

p-i  Q-i 

Hence  (P\Q)  {Q  P)  = (- 1)  ^ ^ = (- 1)HP-i){q-i), 


It  is  clear  that  by  means  of  Jacobi’s  extension  of  the  law  of 
reciprocity  the  algorithm  for  finding  (q  \p)  may  often  be  abbreviated. 
For  instance,  in  the  latter  part  of  the  example  of  Art.  41  we  may 
proceed  thus : 

(39 1 47)  = - (47 1 39)  = - (8 1 39)  = - (2 1 39)  = - 1 : 
the  resolution  of  39  into  its  prime  factors  being  avoided. 

43.  Like  many  other  important  theorems,  the  law  of  quadratic 
reciprocity  was  first  proved  by  an  inductive  method.  Gauss’s 
original  proof  (P.  A.  Arts.  125 — 144)  has  been  considerably 
simplified,  without  altering  its  character,  by  Dirichlet  (Crelle,  t.  47, 
p.  139).  As  it  is  an  admirable  example  of  mathematical  induction, 
it  seems  proper  to  reproduce  it  here. 

It  is  assumed  that  the  formula 


(p\q){q\p)  = {- 

where  p and  q are  positive  odd  primes,  has  been  proved  for  all 
such  primes  which  are  less  than  a particular  prime,  say  q : it 
is  then  shewn  to  be  true  for  every  combination  of  q with  a 
smaller  prime : the  theorem  being  true  in  the  case  of  the  two 
smallest  primes  3,  5 it  is  thus  seen  to  be  true  universally. 

We  observe  in  the  first  place  that  if  Legendre’s  formula  is  true 
for  every  combination  of  two  primes  less  than  q,  Jacobi’s  genera- 
lised formula  (P|Q)  (Q|P)  = (— 1) is  also  true,  provided 
P,  Q are  positive  odd  numbers,  every  prime  divisor  of  which  is  less 
than  q.  This  is  obvious  from  Art.  42. 
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It  will  further  be  supposed  that  the  results  of  Arts.  37,  38  with 
respect  to  the  values  of  (— l|p)  aud  (±2|p)  have  been  proved: 
from  these  follow  the  values  of  the  generalised  symbols  (—  I jP), 
and  (+  2|P)  by  Art.  42. 


The  complete  proof  requires  the  discussion  of  three  separate 
cases. 


I.  First  let  pRq : then  an  integer  e can  be  found  such  that 

Further,  we  may  suppose  e less  than  q and  even:  for  there  are 
two  suitable  values  of  e which  are  less  than  g,  and  their  sum  is  q 
which  is  odd : hence  one  of  the  values  of  e must  be  even.  Hence 
/is  odd,  positive,  and  less  than  q. 

Now  if  /is  not  divisible  by  it  follows  from  the  above  equa- 
tion that  {p\f)  = 1,  and  (g/|p)  = 1,  that  is,  {q\p)  (/Ip)  = 1. 

Hence  by  multiplication, 

{<i\p){f\p)  (i’i/)= 1. 

or  {q.\p)  = {f\p){p\f)  = (- 

by  the  extended  law  of  reciprocity.  Now  by  Lemma  I.  of  Art.  42 

g — 1 /—I  <7/—!/  1 o\ 

= 2 — 


~(p  + 1) 
2 


(mod  2) 


p+  1 
2 


(mod  2)  since  e is  even. 


. p-1  g-1  p-1 /-I 

2 ■ 2 2 ’ 2 


— (mod  2) 


= 0 (mod  2), 

(g|p)  = (-  (/-i)  = (-  l)hP-i)  (^-1) 

which  agrees  with  the  law  of  reciprocit}^,  since  (p|g)  = L 

If  / is  divisible  by  p,  so  also  is  e,  and  we  may  write  e = e'p, 
f==f'p,  so  that 

e'2p  — 1 = qf 

where  e'  is  even,  and  f is  odd  and  less  than  g. 

Hence  e'‘^p  = 1 (mod /')  and  therefore  {p\f)  = 1. 

Also  {-qf\p)  = l: 

that  is,  (-1) 


gauss’s  fiust  proof. 
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multiplying,  etc.  as  in  the  other  case,  we  infer  that 


p-i 


(9'!p)  = (-1)  ^ 

= (_  I)i(^>-1)(/+1)^ 

Since  qf  ~ — 1 (mod  4),  one  of  the  numbers  q,  f must  be  of 
the  form  4n  + 1 and  the  other  of  the  form  4<n  + 3,  whence 

/+i-g-i 
2 “ 2 

and  therefore 


(mod  2) : 


as  before. 


{q\p)=.{- 


11.  Next  suppose  pNq  and  ^ = 3 (mod  4):  then  —pRq,  and 
we  may  write 

e^+p  = qf 

where,  as  before,  e is  even,  and  / odd,  and  less  than  q. 

Hence  \ p\f  ) = (-!)  ^ {p\f) 

and  ^ = {qf\p)  = (.l\p){f\p)- 

therefore  (g|p)  = (-l)2  {p\f)(f\p) 

— (_  l)4(i>+i)  (/-I). 

Now  since  qf^p  (mod  4)  and  g = 3 (mod  4),/b  1 or  3 (mod  4) 
according  as  p = 3 or  1 (mod  4)  : therefore  p — /=  2 (mod  4),  and 
consequently 

i (p  + 1)  (/-  1)  - Hp  - 1)  (/+ 1)  = i(/-  P)  = 1 (“od  2) 

therefore  (S'  I = — (“  1 • 

As  in  Lemma  I. 

(9  - 1)  + (/+ 1)  = 9/+  1 (“od  4) 

= p + 1 (mod  4) ; 

(p  - 1)  (5  - 1)  + (p  _ 1)  (/+  l)=p-^-\  (mod  8), 

= 0 (mod  8), 

i(p-l)(2-l)  + Kp-l)(/+l)  = 0(mod2). 
and  therefore  finally  (s|p)  = “ (“ 

which  agrees  with  the  law  of  reciprocity,  since  {p\q)=  — !• 

If  p divides  /,  we  put,  as  before,  e = e'p,  f = fp, 
e'^p  + 1 = qf, 

where  f is  odd  and  = 3 (mod  4). 
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Hence  (p|y')  = _l 

i = (s/b)=(?l^>)  (/b) 
and  (g  I p)  = - (p I/')  (/»  = - (-  1 )* 

since  f =9. 

44.  The  case  which  remains  to  be  discussed  is  that  in  which 
pNq  and  g = 1 (mod  4).  It  has  to  be  shewn  that  in  this  case 
qNp.  The  proof  is  effected  with  the  help  of  the  following  lemma : — 

There  exists  a prime  number  p less  than  q such  that  qNp'. 

When  g = 5 (mod  8),  this  is  easily  proved : namely  g — 2 = 3 
(mod  8),  and  therefore  g — 2 involves  at  least  one  prime  factor  of 
the  form  8?2  + 3 or  8n  + 5 : if  p'  be  any  such  factor,  g — 2 = 0 
(mod  p'),  and  therefore 

(g|/)  = (2|/)  = -l. 

Next  suppose  g = 1 (mod  8). 

Let  m be  the  greatest  integer  which  is  less  than  \Jq,  and  suppose, 
if  possible,  that  g is  a quadratic  residue  of  all  odd  primes  which 
do  not  exceed  2m + 1.  Then  if  ilf=(2m  + l)!  the  congruence 
x^  = q{modiM)  is  possible  (cf.  Art.  35),  and  we  may  therefore 
find  a positive  integer  k such  that  k^^q  (mod  M). 

Hence 

(g  — 1^)  (g  — 2^). . .(g  — mF)  = {k‘^  — 1^)  {k^  — 2^). . .{k^  — nF)  (mod  M). 
Now  k{k‘^ — l^){k^ — 2‘^)...{k^ — m^) 

= (k  -\-  m)  {k  + m — 1)  {k  + m — 2) . . .k  {k  — 1). . .{k  — m), 
and  since  this  is  the  product  of  (2m  + 1)  consecutive  integers  it  is 
divisible  by  (2m  + 1)  ! i.e.  by  M,  so  that 

k{q—  1^)  (g  — 2^). . .(g  — m^)  = 0 (mod  M\ 
and  therefore,  since  k is  prime  to  M, 

(g  — 1^)  (g  — 2^). . .(g  — m^)IM 

is  an  integer. 

But  this  quotient  may  be  written  in  the  form 

1 g — g — 2^  q — m? 

' (m  + ly  - 2^ ' ' ' (m  + iy-m^  ’ 

where  each  factor  is  a proper  fraction : so  that  it  cannot  be  an 
integer. 


gauss’s  first  proof. 
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Thus  there  must  be  at  least  one  prime  less  than  2m  + 1,  of 
which  is  a non-residue  : and  2m  + 1 < since  q is  at 

least  equal  to  17.  The  lemma  is  therefore  proved. 


45.  We  are  now  able  to  complete  the  proof  of  the  law  of 
reciprocity. 


Observe  in  the  first  place  that  with  the  notation  of  last  article 
p'Nq,  for  if  p'  were  a residue  of  q,  it  would  follow  by  Art.  43  that 
qRp',  which  is  not  true.  Since  then  pNq  and  p'Nq,  it  follows  that 
ppRq,  and  we  may  write 

e^  — pp'  = qf, 

where  e is  even  and  less  than  q,  and  f consequently  odd  and  less 
than  q. 

I.  Suppose  neither  p nor  p'  divides  /. 

Then  {qf\pp')  = {qW){f\pp')  = '^- 

by  multiplication 

{q\pp'){f\pp'){pp’\f)=^'^> 

or  {q\pp')  = {f\pp')  {pp'\f)  = (- 


Now  since  q = l (mod  4)  and  e is  even, 
pp'  = — / (mod  4), 

and  therefore  one  of  the  numbers  ^ ^ 

z z 

{q\pp')  = + 1,  and  therefore  since  {q\p')  = — 1, 


is  even,  so  that 


11.  Next  suppose  f divisible  by  p'  but  not  by  p.  Put 
f=  fp,  e = ep' : then 

e'^p'-p^qf\ 

where  f is  odd  and  prime  to  p and  p\  and  e'  is  even. 

Hence  pp'  = e^p'‘^  (mod  f), 

so  that  = 

and  similarly  ( p'qf  | p)  = 1,  (-  pqf  | p')  = 1. 

.•.  by  multiplication 

{q\pp'){pp'\f){f’\pp')  {p'\p)  {-p\p')  = 1, 

or  (q\ pp')  = (-  l)lw'-ii  i/'-i) . (_  (r'-i) . (_  l)i(r’-i) 

= (—  (p'-i)  = (_  1)^  say. 


M. 


4 
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Now  since 


f'  = —p  (mod  4), 


(mod  2) ; 


also 


= + (mod  2): 


SO  that  the  index  \ is  congruent  (mod  2)  to 

/p-i  p'-i\  fp+i 


)(^)+Hp+i)(/-i). 


V 2 ' 2 

that  is  to  Hp'’”  1) + “ 1)> 

which  is  evidently  even.  Hence 

(q\pp’)  = + l, 

and  therefore  as  before  (^\p)  = ~ 

The  case  in  which  f is  divisible  by  p but  not  by  p'  may  be 
similarly  treated. 

III.  Finally  suppose  f is  divisible  by  pp\ 

Putting  e = e'pp',  /= f'pp\ 

we  get  e^pp 

whence  {'PP'\f')  — ^^ 

(-  qf'W)  = ii\pp')  i-f'\pp')  = 1. 

and  therefore  {q | pp')  = {—f'\ pp')  ( pp' | f') 

Now  f'  = — l (mod  4)  so  that  — - — is  even,  and  therefore 

(g|pp')  = +l,  and  thence  as  before  (^|_p)  = — 1. 

The  law  of  reciprocity  has  therefore  been  completely  proved. 


46.  It  is  now  easy  to  find  the  forms  of  the  prime  numbers  of 
which  a given  number  H is  a quadratic  residue : more  generally, 
we  can  determine  all  the  positive  numbers  n which  are  prime  to 
2D,  and  such  that  (Hj/i)  = + 1\ 

Evidently  we  may  suppose  that  D is  not  divisible  by  any 
square  : for  if  Z)  = a^D', 

(D\n)  = (a^\n)  (D'\n)  = (D'\n). 

If  then  P denotes  the  positive  product  of  all  the  odd  primes 
which  divide  D,  we  have 

D = ±P,  or  D = ± 2P. 

^ Cf.  Dirichlet,  Zahlentheorie,  p.  121. 
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dirichlet’s  table  for  {D\n). 

There  are  four  cases  to  consider : 

I.  D — ±P=1  (mod  4). 

By  the  generalised  law  of  reciprocity 

{D\n)  = {n\P).  -- 

Now  {n'\P)  = {n\P)  if  ti' = 72  (mod  P) : 

moreover  n is  to  be  odd:  so  that  it  is  sufficient  to  consider  the 
</)  (P)  odd  numbers  which  are  less  than  2P  and  prime  to  P. 

Let  a be  any  one  of  these  numbers  for  which  (a|P)  = + l: 
then  (P|72)  = + l,  and  n is  odd,  if 

n = a (mod  2P). 

Similarly  (P|72)  = — 1,  and  n is  odd,  if 
n = h (mod  2P), 

where  h is  any  one  of  the  numbers  less  than  2P  and  prime  to  it, 
for  which  (6|P)  = — 1. 

For  instance  if  P=  13,  the  odd  residues  of  13  which  are  less 
than  26  are 

1,  3,  9,  17,  23,  25: 

so  that  (13|72)  = 1 if  72=  1,  3,  9,  17,  23,  25  (mod  26), 

and  (13|72)  = -1  if  72  = 5,  7,  11,  15,  19,  21  (mod  26). 

II.  P = ± P = 3 (mod  4). 

n-l 

Here  (P|72)  = (-I)2  (n|P), 

so  that  . (P 1 72)  = + 1 

if  (72|P)  = + 1,  72=1  (mod  4), 

or  (72|P)  = — 1,  72  = 3 (mod  4)  : 

while  (P 1 72)  = — 1 if 

(72|P)  = + 1,  72  = 3 (mod  4), 

or  (72|P)  = — 1,  72  = 1 (mod  4). 

III.  P = ± 2P  = 2 (mod  8). 

In  this  case  (P  | n)  = (—  1)8  (72 1 P) : 

(P|72)  = -f-l  if  (72|P)  = + 1,  72  = + 1 (mod  8) 

or  (72|P)  = — 1,  72=  ±3  (mod  8), 

(P|72)  = — 1 if  (72|P)  = — 1,  72  = ± 1 (mod  8) 

or  (72  |P)  = + 1,  72  = i 3 (mod  8). 

4—2 
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IV. 


Z)  = + 2P  = 6 (mod  8). 

= ,{n\P) 


(D\n)  = 
(D\n)  = 


+ 1 


if  (?z|P)  = + l 
or  (^|P)  = — 1 
if  (?^|P)  = -l 
or  (n\P)  = + 1 

In  each  of  the  cases  II — IV  the  values  of  n group  themselves 
into  arithmetical  progressions  with  a common  difference  4P  instead 
of  2D  as  in  the  first  case. 


?^  = 1,  3 (mod  8) 
n=  5,1  (mod  8) 
72  = 1,  3 (mod  8) 
72  = 5,  7 (mod  8). 


Example.  Let  P = — 30:  this  is  a case  of  III,  with  P=15. 
It  will  he  found  that  (22|15)  = + 1 if  72  = 1,  2,  4,  8 (mod  15)  and 
that  (72|15)  = — 1 if  72  = 7,  11,  13,  14  (mod  15). 

The  conditions  (22 1 15)  = + 1, 72  = + 1 (mod  8)  are  simultaneously 
satisfied  if 

72  = 1,  17,  23,  31,  47,  49,  79,  113  (mod  120); 
and  (72|15)  = — 1,  72  = + 3 (mod  8)  simultaneously  if 

72=  11,  13,  29,  37,  43,  59,  67,  101  (mod  120). 

Thus  (—  30|72)  = + 1 if 

77  = 1,  11,  13,  17,  23,  29,  31,  37,  43,  47,  49,  59,  67,  79,  101, 

113  (mod  120). 

It  should  be  carefully  remembered  that  if  72  is  a composite  odd 
number  the  condition  (P 1 72)  = + 1 is  necessary  but  not  sufficient 
in  order  that  D may  be  a quadratic  residue  of  n.  The  necessary 
and  sufficient  conditions  are  that  (D\p)  = + 1 for  every  odd  prime 
p which  is  contained  in  72  (cf  Arts.  33 — 35).  For  instance 

(2|15)  = + 1, 

because  (2 1 15)  = (2 1 3)  (2 1 5)  = (-  1)  (-  1)  = -f  1 ; 
but  2 is  not  a residue  of  15. 

The  integers  of  which  a given  number  P is  a quadratic  residue 
are'  sometimes  referred  to  as  the  divisors  of  the  form  x^  — P,  or  of 
the  form  x^  — Dp^:  the  meaning  of  the  expression  being  that 
integral  values  of  x and  y,  prime  to  each  other,  can  be  found  so 
as  to  make  x^  — Dy"^  a multiple  of  the  divisor  in  question.  Thus 
the  problem  of  the  present  article  has  been  completely  discussed 
by  Legendre  under  the  head  of  “ finding  the  linear  forms  which 
belong  to  the  divisors  of  f + cttr  ” {Theorie  des  Nombres,  2*^"'®  Partie, 


gauss’s  method  of  exclusion.  5S 

§§  X — xii)  : and  he  gives  at  the  end  of  his  work  (Tables  III — VII) 
lists  of  the  odd  linear  divisors  of  a large  number  of  forms  ± cu^. 
A comparison  of  Legendre’s  method  with  that  here  given  will  shew 
that  both  agree  in  principle,  but  that  a good  deal  of  clearness  and 
brevity  is  gained  by  the  use  of  the  extended  law  of  reciprocity. 

47.  The  practical  solution  of  the  congruence  = a (mod  p), 
when  its  possibility  has  been  established,  is  by  no  means  easy 
when  p is  a large  prime.  A direct  solution  may  be  given  when  p 
is  of  the  form  4^1 4-  3 or  Sn  + 5.  Namely  if  p = 4?^  + 3 and  aRp 

(pn+i  = ^uiod  p)  ; 
whence  a = (mod  p), 

and  the  roots  of  x^  = a (mod  p)  are  therefore 

x=±  (mod p). 

Similarly  when  p = Sti  + 5 and  aRp 

_ 2 = 0 (mod  p)  ; 

whence  either  = I (mod  p) 

or  = — I (mod  p). 

In  the  former  case  = a 

and  the  solution  is  given  by  ii?  = + 

In  the  latter  case,  since 

— I = (8?i  + 4)  ! (by  Wilson’s  Theorem) 

= P.2L3^..  (4?i  + 2)2 
= if2  (say). 

Now  determine  y so  that  ay=l  (mod  p) : then  multiplying 
the  last  congruence  by 

a = if 

and  therefore  x = ± My'^. 

When  p = 1 (mod  8)  an  indirect  method  has  generally  to  be 
adopted:  and  in  fact,  as  Gauss  has  remarked,  indirect  methods 
are  always  preferable  to  the  preceding,  as  being  less  laborious. 
^ Gauss  has  given  a “ method  of  exclusion,”  which  may  be  applied 
with  advantage  when  p is  moderately  large. 

The  solution  of  the  congruence  x^  = a (mod  p)  is  identical  with 
that  of  the  indeterminate  equation 

x^  = py  + a. 
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We  may  suppose  that  x is  positive  and  less  than  \p\  hence 
x^  < \p^  and  the  values  of  y which  have  to  be  considered  range 
from  0 to  [Jp],  it  being  supposed  that  a is  positive  and  less  than  p. 

Now  take  any  number  e which  is  prime  to  p and  greater  than 
2 : find  its  non-residues  Wg,  n-i  etc.  and  denote  the  roots  of  the 
congruences 

a-\-py  = n-i^,  a-]-py  = n^,  etc.  (mode) 
by  etc.  Then  if  y=Vi  (mod  e),  the  expression  py  + a is  a 

non-residue  of  e and  therefore  cannot  be  a square.  We  are  thus 
enabled  to  reject  all  the  quantities  py  -1-  a,  where  y - vi  (mod  e) ; 
and  by  taking  different  numbers  e,  the  series  of  integers  py  a 
which  have  to  be  tested  may  be  continually  reduced,  until  a 
sufficiently  small  number  of  them  remain. 

As  an  example  take 

x^=  73  (mod  127) 

or  rc^  = 127y  + 73. 

Here  y ranges  from  1 to  31. 

Taking  e = 3,  rii  = 2 ; 

and  73  + 127y=2  (mod  3) 

gives  2/  = 1 (mod  3). 

This  leaves 

2,  3,  5,  6,  8,  9,  11,  12,  14,  15,  17,  18 
20,  21,  23,  24,  26,  27,  29,  30. 


If 

II 

Ox 

II 

n2  = S; 

127y  + 73  = 2 

(mod  5) 

gives 

2y  + 3 = 2 

(mod  5),  1^1  = 2 ; 

127y + 73  = 3 

(mod  5) 

gives 

2y  + 3 = 3 

(mod  5),  1^3  = 0. 

The  series 

is 

now  reduced  to 

3, 

6, 

8,  9,  11,  14,  17, 

18,  21,  23,  24,  26,  29. 

Next  let 

e = 

:7 

= 3,  = 

= 5,  7is  = 6. 

The  congruences 

'127y  + 73  = 3, 

, 5,  6 (mod  7) 

or  ?/  -1-  3 = 3,  5,  6 (mod  7) 

y = 0,  2,  3 (mod  7)  respectively  : 


give 
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and  the  reduced  series  is  now 

6,8,11,18,26,29: 

we  find  by  trial  that 

73  + 8.127  = 1089  = 33^ 
so  that  the  solution  of  the  given  congruence  is 

± 33  (mod  127). 

Various  considerations  enable  us  to  simplify  the  work  of  ex- 
clusion (c£  Gauss,  D.  A.  Arts.  321,  322) : in  particular,  if  e,  e are 
relative  primes,  every  number  which  is  a residue  of  e and  e'  is  a 
residue  of  ee\  so  that  when  two  such  excluding  numbers  ” e and 
e'  have  been  used,  there  is  no  use  in  trying  ee'.  Again  every 
residue  of  e is  also  a residue  of  2e,  if  e is  odd : so  that  in  this  case 
2e  need  not  be  tried,  if  e has  been  used. 


AUTHORITIES. 

Euler  : Observationes  circa  divisionem  quadratormn  per  numeros  primos 
(Comm.  Arith.  i.  p.  477).  Bisqiddtio  accuratior  circa  residua  ex  divisione 
quadratorum  altiorumque  potestatum  per  numeros  primos  relicta  (ibid.  i.  p.  487). 
Demonstrationes  circa  residua  ex  divisione  potestatum  per  numeros  primos 
resultantia  (ibid.  i.  p.  516). 

Legendre  : Becherches  d^analyse  indderminee  (Hist,  de  I’Acad.  Roy.  des 
Sciences  1785,  p.  465). 

Gauss  : D.  A.  Arts.  94 — 152. 

Dirichlet-Dedekind  : Zahlentheorie,  §§  32 — 52. 

The  literature  connected  with  the  quadratic  law  of  reciprocity  is  very 
extensive.  The  reader  who  wishes  to  be  fully  acquainted  with  it  should 
consult  Baumgart  (Osw.),  Ueber  das  quadratische  Reciprocitdtsgesetz  (Leipzig, 
1885).  Euler,  by  induction,  discovered  the  law  in  its  complete  form  (Comm. 
Arith.  i.  486,  487 ; cf.  Smith’s  Report^  Art.  16,  and  Kronecker,  Zur  Geschichte 
des  Reciprocitiitgesetzes,  Berl.  Monatsber.  1875,  p.  267)  but  did  not  prove  it. 
Legendre,  in  the  memoir  above  quoted,  invented  the  symbol  which  goes  by 
his  name,  stated  the  law  in  the  form  in  which  it  is  now  generally  given,  and 
proved  some  cases  of  it ; but  the  first  complete  demonstration  was  given 
by  Gauss.  It  may  be  convenient  to  give  here  a complete  list  of  Gauss’s 
proofs  of  the  theorema  fundamentale,  as  he  called  it. 

(i)  Disq.  Arith.  Arts.  125 — 144.  There  are  two  curious  MS.  notes  by 
Gauss  to  Art.  131  : Theorema  fundamental  per  inductionem  detectum  1795 
MartiOj  and  Demonstratio  prima.,  quae  in  hac  sectione  traditur^  diventa  1796 
Apr.,  from  which  it  would  appear  that  he  discovered  the  law  of  reciprocity 
independently  of  Euler  and  Legendre. 
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(ii)  Disq.  Aritli.  Art.  262.  (Proof  completed,  1800.) 

(iii)  Theorematis  arithmetici  demonstratio  nova  (Comm.  Gott.  xvi.  (1808), 
or  Werke,  ii.  p.  1). 

(iv)  Summatio  quarumdam  serierum  singularium^  Arts.  32 — 36.  (Ibid.  i. 
(new  series)  1811,  or  Werke,  ii.  p.  11.) 

(v)  and  (vi)  Theorematis  fundamentalis  in  doetrina  de  residnis  quadraticis 
demonstrationes  et  ampliationes  novae.  (Ibid.  iv.  (new  series)  1818,  or  Werke, 
ii.  p.  49.) 

(vii)  and  (viii)  Analysis  Residuorurn.,  Arts.  365,  366.  (Werke,  ii.  p.  233.) 

Of  more  recent  proofs,  the  most  instructive  are  those  of  Eisenstein  (Crelle, 
xxix.  (1845),  p.  177),  Zeller  (Berlin  Monatsb.  Dec.  1872),  and  Kronecker  (Crelle, 
xcvi.  (1884),  p.  348,  and  xcvii.  p.  93  ; also  in  the  Berlin  Monatsb.  for  1884). 

In  the  second  volume  of  Gauss’s  collected  works  (p.  400)  there  is  a table 
giving  the  value  of  (^l^'),  whereto,  q are  primes,  from  ^ = 2 to  ^ = 997  and 
from  2'  = 3 to  $'=503. 


CHAPTER  III. 


Binary  Quadratic  Forms ; Analytical  Theory. 

48.  A RATIONAL,  integral,  homogenous  function  of  any  number 
of  variables  is  called  SiW  algebraical  form.  Forms  are  classified 
according  to  the  number  of  variables  as  binary,  ternary,  etc.,  and 
according  to  their  degree  in  the  variables  as  linear,  quadratic, 
cubic,  and  so  on.  It  is  convenient  to  speak  of  a ‘ cubic  ’ instead  of 
a ‘ cubic  form,’  and  so  in  other  cases.  Thus 

aa?  + + ^cxy^  + dy^ 

is  a binary  cubic ; 

ax^  + by’^  + cz^^  + ^fyz  + ^gzx  + 2hxy 

is  a ternary  quadratic.  These  forms  are  expressed  more  compactly 
by  the  notation  {a,  b,  c,  d'^x,  yY,  (a,  b,  c,  f,  g,  h\x,  y,  z)^ ; as  a 
matter  of  convenience  the  literal  coefficients  are  understood  to  be 
multiplied  by  the  corresponding  numerical  coefficients  of  the 
expansions  of  (x  + yY  and  (x  -^y  + zy.  So,  in  general,  the  ?}^-ary 
n-tic  may  be  written  (a,  b,  c...'^x^,  x.^...x^yf^,  where  the  literal 
coefficients  are  to  be  multiplied  by  the  corresponding  numerical 
coefficients  in  the  expansion  of  + ^2  + ^3  + • • • + 

The  suppression  of  the  numerical  multipliers  is  indicated  by 
writing  (a,  b,  c.,,'^Xi,  x^-.fK  Thus  (a,  b,  c'^x,  yy  means 

ax"^  + bxy  + cy‘^. 

In  the  arithmetical  theory  of  forms  the  coefficients,  as  well  as 
the  variables,  are  understood  to  be  integers,  unless  the  contrary  is 
expressed. 

Within  the  last  fifty  years,  the  algebraical  theory  of  forms  has 
developed  into  one  of  the  most  important  branches  of  analysis.  It 
may  fairly  be  said  that  the  germs  of  the  modern  algebra  of  linear 
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substitutions  and  concomitants  are  to  be  found  in  the  fifth  section 
of  the  Bisquisitiones  Arithmetic^]  and  inversely,  every  advance  in 
the  algebraic  theory  of  forms  is  an  acquisition  to  the  arithmetical 
theory.  At  the  same  time,  the  additional  difficulties  which  the 
latter  involves  are  so  serious  that,  except  in  the  simplest  case, 
that  of  binary  quadratics,  much  remains  to  be  done  to  advance  it 
to  the  same  relative  degree  of  perfection. 

49.  For  the  present,  our  attention  will  be  confined  to  binary 
quadratic  forms  with  real  integral  coefficients.  Many  of  the 
earlier  arithmetical  discoveries  made  in  the  interval  extending 
from  Diophantus  to  Euler  may  be  expressed  as  theorems  relating 
to  certain  special  quadratic  forms;  thus  the  representation  of  a 
number  as  the  sum  of  two  squares  is  connected  with  the  form 
aP  + y^.  The  general  theory  was  first  treated  in  a systematic  way 
by  Lagrange  and  Legendre,  and  afterwards  more  completely  by 
Gauss  in  the  Bisquisitiones  Arithmeticce.  Quite  recently,  new 
light  has  been  shed  on  the  properties  of  binary  quadratic  forms  by 
the  researches  of  Dedekind,  Klein,  Poincare  and  others  in  con- 
nexion with  elliptic  modular-functions  and  the  allied  transcen- 
dents, such  as  Fuchsian  functions.  Nevertheless,  Gauss’s  work 
will  always  remain  classical,  so  that  an  account  of  the  subject, 
principally  from  his  point  of  view,  with  some  simplifications  due 
to  Dirichlet,  will  naturally  precede  the  discussion  of  later  develop- 
ments. 

Throughout  the  rest  of  this  chapter  the  word  ‘ form  ’ will  be 
used  in  the  sense  of  ‘binary  quadratic  form  with  real  integral 
coefficients.’  When  there  is  no  reason  to  specify  the  variables,  or 
indicate  their  connexion  with  other  variables,  (a,  6,  c)  will  be 
written  for  + 2hxy  H-  cy^.  Here  a is  called  the  first  coefficient, 
h the  second,  and  c the  third.  It  is  important  to  observe  that  the 
forms  {a,  6,  c)  and  (c,  h,  a)  are  to  be  considered  different  (except 
when  c = a)  although  the  first  becomes  identical  with  the  second, 
if  the  variables  are  interchanged. 


Representation  of  N limbers. 

50.  A number  m is  said  to  be  represented  by  a form  (a,  6,  c), 
when  numbers  y can  be  found  such  that 

ax^  -f  ^hxy  + = m. 


DEFINITE  AND  INDEFINITE  FOUMS. 
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The  representation  is  primitive  or  derived  according  as  x,  y 
are  relatively  prime  or  otherwise.  It  is  clear  that  if  dv  (x,  y)  = 
m is  divisible  by  y?,  and  that  if  = yux',  y = yuy' , ax^  + ^hxy  + cy'^ 
is  a primitive  representation  of  mjy?.  It  will  therefore  only  be 
necessary  to  consider  primitive  representations,  and  we  may  use 
‘ represented  ’ in  the  sense  of  ‘ primitively  represented,’  unless  the 
contrary  is  expressed.  ^ 

51.  The  properties  of  a form  (a,  6,  c)  are  intimately  connected 
with  the  value  of  its  discriminant  ac  — If.  This  discriminant,  with 
its  sign  changed,  is  called  the  determinant^  of  the  form,  and 
generally  denoted  by  D,  so  that  D = }f  — ac.  One  distinction 
between  forms  of  a positive,  and  those  of  a negative  determinant, 
immediately  presents  itself.  Namely,  if  m — ax^-\-1hxy  + we 
deduce  am  = {ax  + hy)^  — Dy^,  cm  = {py  + hxy  — Dx‘^ ; so  that  if  D 
is  negative,  am,  cm  are  both  positive  for  real  values  of  x,  y,  and 
a,  c,  m have  the  same  sign.  That  is,  all  numbers  representable  by 
a form  {a,  h,  c)  of  a negative  determinant,  are  of  the  same  sign, 
that  sign  being  the  same  as  that  of  the  first  and  third  coefficients 
of  the  form.  On  the  other  hand,  if  D is  positive,  the  form  may  be 
made  to  represent  both  positive  and  negative  numbers.  For  in 
this  case, 

am  = {ax  + hyY  — Dy^ 

= {ax  + (6  + \JD)  y]  [ax  + (6  — \/D)  y], 

and  integral  values  of  x,  y can  always  be  found  so  as  to  -make  the 
linear  factors  on  the  right  agree  or  differ  in  sign.  This  is  most 
easily  seen  by  considering  x,  y as  the  rectangular  coordinates  of  a 
point : for  the  two  lines  ax-f(h±\/D)y=0  will  divide  the  plane 
of  reference  into  four  regions,  each  of  which  will  contain  points 
whose  coordinates  are  integers.  For  points  within  two  of  these 
regions  the  values  of  ax  (h D)  y and  ax-^{h  — \/D)y  will 
agree  in  sign : for  the  other  two  they  will  differ.  Hence  by  a 
suitable  choice  of  the  integers  x,  y,  the  value  of  am,  and  conse- 
quently of  m,  can  be  made  positive  or  negative  at  pleasure. 

Forms  of  negative  determinant  may  be  called  definite  forms, 
and  further  subdivided  into  positive  and  negative  forms  according 
as  a,  c are  both  positive  or  both  negative.  It  is  sufficient  to 
consider  positive  forms,  since  the  properties  of  negative  forms  may 

^ By  dv  {x,  y)  is  meant  the  greatest  common  measure  of  x and  y,  taken 
positively. 
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be  immediately  inferred.  Forms  for  which  D is  positive  are  called 
indefinite. 

In  the  special  case  when  Z)  is  a positive  square,  M suppose, 
the  form  + 2hxy  + may  be  written 

\{ax  + {h->rk)  y]  [ax  + {b-  k)  y]. 

Such  forms  will  be  excluded  from  the  discussion;  the  theory  of 
them  presents  no  special  difficulty  or  interest,  and  belongs  more 
properly  to  that  of  linear  forms. 

52.  In  connexion  with  any  form  (a,  6,  c)  we  shall  have  to 
consider  the  quadratic  equation 

act)^  + 26a)  + c = 0. 

The  roots  of  this  are 

— h-\-/dD  —b  — \/D 

where  \/D  means  the  positive  square  root  of  D,  if  D is  positive ; 
while  if  I)  is  negative  and  equal  to  — A,  aJD  means  ^\/A,  where 
is  taken  positively.  It  is  convenient  to  call  co^,  0)2  the  roots  of  the 
form ; a)i  may  be  distinguished  as  the  first  or  principal  root,  CO2  as 
the  second  root. 

53.  The  form  (a,  b,  c)  is  said  to  be  primitive  if  dv  {a,  6,  c)  = I ; 
if  dv  {a,  6,  c)  — jul,  the  form  is  said  to  be  derived  from  the  primi- 
tive form  {a/fji,  6/^,  c/fjb).  Primitive  forms  are  subdivided  into 
properly  and  improperly  primitive,  according  as  dv  (a,  26,  c)  = I 
or  2 respectively.  Thus  (I,  1,  3)  is  properly  primitive,  (2,  1,  2) 
improperly  primitive ; (2,  2,  6),  (6,  3,  6)  are  forms  derived  from 
them. 

The  determinant  of  a derived  form  necessarily  involves  a 
square  factor. 

For  every  determinant  D there  is  at  least  one  properly 
primitive  form ; in  fact,  (1,  0,-1))  is  properly  primitive,  and  is 
called  the  principal  form  of  determinant  D. 

Improperly  primitive  forms  exist  only  when  D=1  (mod  4). 
For  if  dv  (a,  26,  c)  = 2,  it  follows  that  a,  c are  even  and  6 is 
odd,  therefore  D = l)^  — ac=l  (mod  4).  Conversely,  if  i)  = 4/?  + 1, 
the  form  (2,  1,  — 2n)  is  improperly  primitive,  and  of  determi- 
nant D. 
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Transformation  and  Equivalence. 

54.  Suppose  the  variables  x,  y are  connected  with  two  other 
variables  x\  y'  by  means  of  the  linear  equations 

X = ax'  + ^y', 
y = yx  + 8y', 

where  a,  /3,  7,  8 are  integers.  If  we  substitute  these  values  of  x,  y 
in  the  form  {a,  b,  c'^x,  yY  it  becomes  (a',  b',  c'^x',  y'Y,  where 

a'  — aa?  -f  ^bay  + cf, 

b'  = aa^  + b (a8  + j3y)  + cy8, 

c'  = + 26/8S  + c8\ 

We  may  say  that  the  form  {a,  b,  c)  has  been  transformed  into 
{a',  b' y c')  by  the  substitution  : and  the  connexion  between 

the  old  and  the  new  variables  may  be  expressed  by  writing 

Whenever  x',  y'  are  integers,  x,  y are  so ; therefore  every 
number  (primitively  or  otherwise)  representable  by  {a,  b',  c)  is 
representable  by  (a,  b,  c).  On  this  account  the  form  (a',  b',  c') 
is  said  to  be  contained  in  {a,  b,  c). 

The  integer  a8  — ^y  = e,  say,  is  called  the  determinant  of  the 
substitution : and  (a,  b,  c)  is  said  to  contain  {a',  b',  c')  properly  or 
improperly,  according  as  e is  positive  or  negative. 

If  6 = + 1,  the  substitution  may  be  called  unitary ; and  proper 
or  improper,  according  as  e = + 1 or  — I. 

Expressing  x,  y'  in  terms  of  x,  y,  we  have 
x'  = (Sx-  ^y)je, 
y’  = (-yx  + ay)l6. 

In  order  that  x,  y may  be  integers  whenever  x,  y are  so,  it  is 
necessary  and  sufficient  that  a/e,  /3/e,  7/e,  S/e  should  all  be  integers. 
Now 

- - — ^ 1 — 
e ’ e e ’ e e ’ 

so  that,  in  the  case  considered.  I/e  is  an  integer:  therefore  e = + 1. 
Conversely,  whenever  e = + I,  each  of  the  forms  (a,  b,  c),  (a',  b',  c) 
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is  contained  in  the  other,  and  they  are  said  to  be  equivalent, 
properly  or  improperly,  according  as  6=  + l or  —1. 

The  proper  equivalence  of  two  forms  {a,  h,  c)  (a',  h',  c)  may  be 
indicated  by  the  notation 

(a,  h,  c)  CO  {a,  h',  c'). 


55.  It  follows  from  the  theory  of  invariants,  or  may  be 
proved  independently,  that  if  (a,  h,  c)  is  transformed  into  {a , h' , c') 

— ac  = (6^  — ac)  (aS  — /Syf 
De^. 


by  the  substitution 

n'  = 


then 


If  the  two  forms  are  equivalent,  6^=1,  and  therefore  D'  — D. 
It  is  not  true,  conversely,  that  if  D'  = D,  the  forms  are  equivalent ; 
in  fact,  one  of  the  fundamental  problems  to  be  solved  is  that  of 
deciding  whether  two  given  forms  of  the  same  determinant  are 
equivalent  or  not.  Supposing  that  they  are,  there  is  the  further 
question  of  finding  all  the  substitutions  which  transform  one  into 
the  other. 


56.  Let  the  form  (a,  b,  c)  be  converted  into  (a',  h',  c')  by  the 
unitary  substitution  of  determinant  e:  and  let  q)^,  co^  be 

the  roots  of  (a,  h,  c),  &)/,  (o^  those  of  {a',  h',  c').  Then  if  is  the 
root  of  {a',  y,  c')  corresponding  to  coi, 
aco' 


&)i  = 


ryo)'  + S ’ 


and  therefore 

, _ ^ _ S (—  6 + sJD)  — 

— ycoi  + a — y {— h B) aa 
_ {aa  + 67  4-  y\JB}  {—  a/3  — 68  + h\/D} 

(aa  + hyy  — By^ 

_—a  {aa/S  + h (aS  + ^y)  + C78}  + a(aS  - ^y)  \JB 
a (aa^  + 26a7  + cy’) 

_ — h'+  € \/B 
a ’ 

consec^uently  &>'  = or  according  as  e = + 1 or  — I ; that  is, 
according  as  the  forms  are  properly  or  improperly  equivalent. 
This  way  of  expressing  the  distinction  between  proper  and 
improper  equivalence  is  due  to  Dirichlet\ 


1 Berlin  AhhandL,  1854,  p.  99  ; Liouville  (2nd  series),  vol.  ii.,  p.  353. 
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57.  Suppose  that  a form  f = ax^ 2hxy  -{■  cy^  is  transformed 
into  /'  = a'x^  + 2h'x'y'  + c'y'‘^  by  the  substitution  8 = , of 

determinant  e ; and  that  f'  is  transformed  into 
f"  = a"x"^  + 2b"x"y"  + y"~^ 
fOL  B'\ 

by  the  substitution  8'  = y g,  j , of  determinant  e'. 

Then  since 

X = ax'  + 8y' 

= a {a'x"  + 8'y")  + ^ + ^'y") 

— {aa!  + 8y)  cc'  + ia^'  + y" 
and  similarly  y = (7a'  + ^7')  x"  + y”, 

it  is  clear  that  f is  transformed  into  f"  by  the  substitution 

/aa+8y> 

V7a'+  By,  y8'  + ’ 

This  substitution  is  said  to  be  compounded  of  8 and  8',  and  is 
denoted  by  88'.  It  is  to  be  carefully  observed  that 
^ _ (a  a + 8'y,  a'/3  + ^ 

+ 7'^  + S'S/ 

is,  in  general,  different  from  88'. 

In  forming  the  elements  of  88'  we  proceed  in  the  same  way 


as  in  the  multiplication  of  the  determinants 


a,  /8 

a',  /3' 

7,  B 

’ 

7 , 8' 

, the 


multiplication  being  performed  according  to  rows  of  the  first 
matrix  and  columns  of  the  second. 

The  determinant  of  88'  is 

{aa  + 8y)  (y8'  + — {^8'  + 8^')  (7a'  + ^7') 

= (aB-8y){0L'B'-8'y) 

= ee'. 


This  is  positive  or  negative  according  as  e,  e'  agree  or  differ  in 
sign;  therefore  88'  is  a proper  substitution  if  8,  8'  are  both 
proper  or  both  improper;  otherwise  it  is  improper. 

We  may  compound  88'  with  any  other  substitution  8"  and 
thus  obtain  (88')  8".  It  may  easily  be  verified  and  is,  in  fact, 
obvious  that  this  is  the  same  as  8 (8' 8"),  so  that  it  may  be 
expressed  without  ambiguity  by  88' 8" ; and,  in  general,  the 
result  of  compounding  any  number  of  substitutions  81,  82,...8n, 
in  this  order,  may  be  written  8182... 8n,  and  called  the  product 
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of  the  substitutions  (in  this  order).  In  particular,  a substitution 
may  be  compounded  with  itself  any  number  of  times  and  the 
result  written  in  the  form  S^. 


The  substitution 


leaves  the  variables  unaltered ; 


called  the  identical  substitution,  and  may  be  denoted  by  1. 


it  is 


Let  S = 
have 


^ unitary  substitution,  so  that  = 1.  We 


a,  / B/e,  - /3/e\  ^ /(a8  - ^7)/e, 


7/e,  ale) 


f 


0 


0 , (a8  - ^7)/< 

1. 


The  substitution  B'  ={  \ is  said  to  be  inverse  to  B, 

V-7/e,  a/ej 

and  is  denoted  by  B~^.  Evidently  {B~'^)~'^  = B,  and  B~'^B  = BB~'^  — 1. 
We  may  also  write  B~'^  for  {B~^y',  where  is  a positive  integer ; 
and  it  is  clear  that  B~'^  — {B'^)~^ ; for  instance, 

B^ . ^-3  = ^2 , . ^-2  = ^2^-2  _ ^ ^ ^ ^-1  ^ _ 1 ^ 

and  so  in  general.  Thus  for  all  positive  and  negative  integral 
indices,  B'^B'^  = ; and  after  the  admission  of  negative  indices 

it  still  remains  true  that  in  the  composition  of  substitutions  the 
associative  law  of  algebraical  multiplication  is  valid,  but  not  the 
commutative. 


58.  Applying  these  results  to  the  theory  of  quadratic  forms, 
we  draw  the  following  conclusions  : — 

I.  If/i,  “-fn  be  any  number  of  forms  each  of  which  contains 
the  next  following,  will  contain  /^;  and  a substitution  which 
transforms  into  fn  may  be  obtained  by  compounding  the  sub- 
stitutions which  convert  /i  into  /a,  /a  into  ...fn-i  into  /^.  The 
resulting  substitution  is  proper  or  improper  according  as  the 
number  of  its  improper  components  is  even  or  odd. 

II.  If  /i,  /a,  /s  are  any  three  forms,  such  that  /j  is  equivalent 
to  /a,  and /a  to  /s,  then  /i  is  equivalent  to 

In  particular,  if  /i  00/2,  and  /gco/g,  then  /ic^/g. 

For  the  present  only  proper  equivalence  will  be  considered, 
and  'equivalent’  will  be  used  in  the  sense  of 'properly  equivalent.’ 
Similarly  'unitary  substitution’  will  mean  'proper  unitary  sub- 
stitution,’ unless  the  contrary  is  stated 
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Reduction  of  the  'problem  of  representatioyi  to  that  of  equivalence. 


59.  It  has  already  been  observed  (see  above,  Art.  50)  that  in 
discussing  the  representation  of  numbers  it  is  sufficient  to  con- 
sider primitive  representations.  Suppose,  now,  that 

m — aa?  + 26a7  •+■  cf 


is  a primitive  representation  of  an  integer  m by  the  form  {a,  h,  c), 
so  that  a,  y are  integers  prime  to  each  other.  Let  integers  l3,  S 


be  chosen  such  that  a8  — /Sy  = 1.  Then  the  substitution 
converts  (a,  b,  c)  into  an  equivalent  form  (a',  b',  c'),  where 


a'  = aa?  + ^bay  + = m. 


b'  = aa^  + b (aS  + ^y)  + cyh  = n,  say, 
c'  — a^^  + 2b^B  + cB^  = 1. 

Conversely,  if  we  can  find  a form  (m,  n,  1)  equivalent  to  (a,  b,  c) 


“d  if  (“;f) 


is  any  unitary  substitution  which  converts  {a,  b,  c) 


into  (m,  n,  1),  then  m may  be  represented  in  the  form  (a,  b,  c'^oc,  yy 
by  putting  x = a,  y = y. 

Since  n^  — lm  = D, 


it  follows  that  n^  = 1)  (mod  m), 

and  therefore  i)  is  a quadratic  residue  of  m.  Hence  no  number 
of  which  i)  is  a non-residue  can  be  represented  by  any  form  of 
which  the  determinant  is  B.  On  the  other  hand,  if  m is  any 
number  of  which  H is  a residue,  and  n a root  of  the  congruence 
= D (mod  m),  then  (/^^  — i))/m  is  an  integer,  I suppose,  and  the 
form  (m,  n,  1)  is  of  determinant  D,  and  one  by  which  m can  be 
represented. 

li  ±n,  + n\  ± n",  etc.  are  all  the  incongruous  solutions  of 
= jD  (mod  m),  and  I,  l\  I",  etc.  the  corresponding  values  of 
(n^  — Z))/m,  every  form  (a,  b,  c)  of  determinant  B by  which  m can 
be  represented  must  be  equivalent  to  one  of  the  forms 


(m,  n,  1),  (m,  — n,  1),  (m,  n\  V),  (m,  — n\  V)  etc. 

Conversely  m can  be  represented  by  any  form  which  is  equivalent 
to  one  of  these. 


When  a,  y are  given,  the  general  values  of  /?,  B are  of  the  form 
^ = + B = B<,^-ky, 


M. 


5 
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k being  any  integer,  and  two  particular  values  of  /5,  S so  that 
a8o  — /So7  = 1-  Hence  the  general  value  of  n is 

n = {aa  + hy)  ^ + (6a  + cy)  S 
= (aa  + by)  /3o  + (6a  + cy)  So 
+ k (aa?  + 26a7  + Gy‘^) 

— no-\-  km  = Tio  (mod  m), 

?^o  being  a particular  value  of  n. 

The  representation  m = aa^  + ^hay  4-  07^  is  said  to  appertain 
to  the  root  rio  of  the  congruence  = D (mod  m).  Representations 
appertaining  to  the  same  root  of  the  congruence  are  said  to  belong 
to  the  same  set. 

We  shall  return  to  the  problem  of  representation  later  on : 
meanwhile,  enough  has  been  said  to  shew  its  dependence  upon 
the  theory  of  equivalence,  which  will  now  be  considered  in  detail. 

60.  Before  doing  so,  however,  it  may  be  well  to  give  an  out- 
line of  the  principal  results  which  will  be  obtained. 

Forms  which  are  properly  equivalent  are  said  to  belong  to  the 
same  class.  Each  class  contains  an  infinite  number  of  forms,  any 
one  of  which  may  be  taken  as  a representative  of  the  class ; all 
the  other  forms  of  the  class  being  derivable  from  it  by  means  of 
unitary  substitutions. 

For  every  determinant  the  number  of  distinct  classes  is  finite. 
The  proof  of  this  fundamental  proposition  consists  in  shewing 
that  for  any  given  determinant  there  exists  a limited  number 
of  forms,  called  reduced  forms,  the  coefficients  of  which  satisfy 
certain  conditions  of  inequality,  and  that  each  class  contains  at 
least  one  reduced  form.  The  criteria  of  a reduced  form  are  quite 
distinct  for  definite  and  indefinite  forms ; but  in  each  case  we  are 
able  to  construct  a complete  system  of  reduced  forms  and  to  ar- 
range them  into  sets  of  equivalent  forms.  The  number  of  sets  is 
equal  to  the  number  of  classes  for  the  determinant  considered. 

A method  is  devised  by  which  any  proposed  form  may  be 
transformed  into  an  equivalent  reduced  form ; so  that  in  order  to 
find  out  whether  two  given  forms  of  the  same  determinant  are 
equivalent  or  not,  it  is  sufficient  to  find  reduced  forms  equivalent 
to  them,  and  then  decide  whether  these  reduced  forms  belong  to 
the  same  class.  This  can  be  done  in  every  case ; and  moreover,  if 
the  two  given  forms  are  equivalent,  the  process  by  which  this  fact 
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is  established  also  enables  us  to  find  a unitary  substitution  which 
will  convert  one  of  the  forms  into  the  other. 

Finally,  by  a method  which  is  applicable  to  all  quadratic  forms, 
we  are  able  to  find  all  the  substitutions  by  which  a given  form 
may  be  converted  into  another  given  form  which  is  equivalent  to 
it. 


61.  Let  the  form  f—{a,  h,  c)  be  transformed  into  the  equiva- 
lent form  /'  = (a',  h',  c')  by  the  proper  unitary  substitution  : 

then  (Art.  54) 

a'  = aa^  -f  2bay  + cy^ 

h'  = aoi^  h (aS  -f-  /3y)  4-  cyS 

d = a/9^  + 26/98  4-  cSl 

From  this  it  is  evident  that  every  common  divisor  of  n,  6,  c is 
also  a common  divisor  of  a',  6',  c.  Now  since  f is  converted  into 

f by  the  inverse  substitution  ^ ^ can  be  expressed 

as  integral  linear  functions  of  a',  6',  c';  therefore  every  common 
divisor  of  d,  b',  c'  is  also  a common  divisor  of  a,  6,  c.  Therefore 


dv  {a\  6',  c')  = dv  {a,  6,  c) 
and  similarly  dv  (a',  26',  c')  = dv  {a,  26,  c). 

That  is  to  say,  f and  /'  are  either  both  properly  primitive,  or 
both  improperly  primitive,  or  both  derived  forms ; and  moreover 
in  the  last  case  they  are  derived  from  equivalent  primitive  forms. 

Classes,  therefore,  like  forms,  may  be  distributed  into  primitive 
and  derived  classes. 


Any  two  forms  (a,  6,  c)  (a',  6',  c')  of  the  same  determinant  are 
said  to  belong  to  the  same  order  if  dv  (a',  6',  c')  = dv  (a,  6,  c)  and 
dv  (d,  26',  c')  = dv  (a,  26,  c).  There  is  a corresponding  arrangement 
of  classes;  so  that  we  may  have,  in  the  most  general  case,  orders 
of  properly  primitive  classes,  of  improperly  primitive  classes,  and 
of  classes  derived  from  properly  and  improperly  primitive  classes 
respectively. 

In  the  theory  of  equivalence  it  is  sufficient  to  consider  primitive 
forms  ; and  in  like  manner  with  regard  to  the  representation  of 
numbers.  For  it  follows  from  the  results  of  this  article  that  every 
form  equivalent  to  {/xa,  fxb,  fjLc)  must  be  of  the  type  (yaa',  fxb', 

5—2 
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and  from  the  equivalence  {^la,  fib',  ^ic')  co  (/ua,  /nh,  /jlc)  we  infer 
(a,  h',  c')  CO  (a,  h,  c).  Similarly  if  m is  representable  by  a derived 
form  (/la,  (xh,  ^xc),  mifx  must  be  an  integer,  and  to  every  representa- 
tion of  m by  {fxa,  /xh,  fxc)  corresponds  a representation  of  mjix  by 
(a,  h,  c)  and  conversely.  In  what  follows,  therefore,  unless  the 
contrary  is  stated,  it  will  be  supposed  that  the  forms  considered 
are  primitive. 


62.  A good  deal  of  brevity  and  clearness  is  gained  by  adopting 
the  following  definitions. 


Two  forms  (a,  6,  c),  (a,  — h,  c),  which  differ  only  in  the  sign  of 
their  middle  coefficients,  are  said  to  be  opposite  forms.  Opposite 
forms  are  always  improperly  equivalent,  for  the  substitution 


converts  {a,  h,  c)  into  (a,  — h,  c). 


Two  forms  are  adjacent,  when  the  first  coefficient  of  one  is 
equal  to  the  third  coefficient  of  the  other,  and  moreover  this 
common  coefficient  divides  the  sum  of  the  middle  coefficients.  Or, 
in  symbols,  the  forms  are  {a,  b,  a),  (a,  b',  a"),  with  b + b'  = 0 
(mod  a').  Two  adjacent  forms  are  properly  equivalent ; for  if  we 
put  (b  -h  b')/a'  = — B,  it  is  easily  verified  that  the  substitution 

( l'  D observed 

also  that 

„^b'‘^-D  ^{b‘^-D)-{b-Vb')  (b-b') 
a a 


= a+  B(b—  b'). 


A special  case  which  should  be  noted  is  that  (c,  — b,a)co(a,  b,  c), 
the  substitution  which  converts  one  of  these  forms  into  the  other 


An  ambiguous  form  is  one  for  which  the  double  of  the  middle 
coefficient  is  divisible  by  the  first ; that  is,  (a,  b,  c)  is  ambiguous  if 
26  = 0 (mod  a).  An  ambiguous  form  is  properly  equivalent  to  its 


opposite ; for  if  26  = — ^a,  the  substitution 


G:f) 


converts  (a,  6,  c) 


into  (a,  —6,  c).  In  particular,  the  principal  form  (I,  0,  — D)  is 
ambiguous,  and  is  also  its  own  opposite ; as,  in  fact,  are  all  forms 
with  a zero  middle  coefficient. 
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Reduction  of  Definite  Forms. 

63.  Consider  a definite  form  (a,  h,  a)  of  determinant 
D = b^-  aa'  = - A, 

a negative  integer;  and  for  simplicity,  suppose  that  a,  a'  are 
positive.  By  the  substitution  ^ it  is  transformed  into  the 

adjacent  form  {a',  h',  a"),  where 

h'  = -h-a'8 
a'  = 8(b  — b'). 

Now  let  8 be  chosen  so  that  2|6'|  :j>  a':  this  can  always  be  done, 
and  in  general  in  one  way  only ; namely  b'  is  the  absolutely  least 
residue  of  — 6 (mod  a'),  and  8 is  determined  by  3 = — (6  + b')/a'. 
The  only  exceptional  case  is  when  b = \a'  (mod  a),  a being  even ; 
here  we  may  take  b'  — or  — \a  (cf  Art.  9).  If  a'  < a , we 
can  transform  {a\  b',  a")  in  the  same  way  into  (a",  b",  a'"),  where 
2\b"'\:!f>  a";  and  if  a'"  < a",  the  process  may  be  repeated.  We  must 
at  last  arrive  at  a form  (A,  B,  C)  for  which  2\B\'^  A,  and  C ^ A: 
because  the  series  of  continually  diminishing  positive  integers 
a',  a'\  a'"...  cannot  go  on  indefinitely. 

A positive  form  {A,  J5,  G)  of  this  kind,  for  which 
C^A^2\B\, 

is  called  a reduced  form. 

It  follows  from  what  has  been  previously  proved  that  a reduced 
form  equivalent  to  any  given  positive  form  can  always  be  found. 
The  process  of  reduction  leads  to  a set  of  successive  substitutions 

g,^  , etc.,  and  to  a corresponding  set  of  forms,  each 

of  which  is  adjacent  to  the  next  following.  The  first  form  of  the 
set  is  the  given  form,  and  the  last  is  reduced ; so  that  by  com- 
pounding the  successive  substitutions,  we  obtain  a substitution  by 
which  the  given  form  is  converted  into  a reduced  form. 

As  an  illustration,  let  the  form  be  (10,  17,  29) ; then  the  series 
of  equivalent  forms  deduced  from  it  is 

(10,  17,  29),  (29,  12,  5),  (5,  - 2,  1),  (1,  0,  1), 
of  which  the  last  is  reduced.  The  successive  substitutions  are 

_ x)  ’ _ 2)  ’ (_  1’  2)  ’ compounding  these 


we 
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obtain  ^ of  which  (10,  17,  29)  is  transformed 

into  (1,  0,  1). 

Or,  again,  let  the  form  be  (29,  51,  90) : then  the  series  of  forms 
is 

(29,  51,  90),  (90,  39,  17),  (17,  - 5,  2),  (2,  ± 1,  5), 
where  the  forms  (2,  1,  5)  and  (2,-1,  5)  are  both  reduced. 

If  ft)i,  ft)2  are  the  roots  of  + 25a)  + (7  = 0,  the  conditions 
that  {A,B,  C)  may  be  a reduced  form  are  equivalent  to  |a)i  + 0)2!  :j>  1, 
|a)ia)2H;l.  Observe  that  since  coi,  are  conjugate  complex 
quantities,  la)i|  = |a)2l,  so  that  the  second  condition  maybe  replaced 
by  1 0)1 1 <1: 1.  The  significance  of  this  will  be  seen  later  on. 

64.  For  a given  negative  determinant,  the  number  of  reduced 
forms  is  finite. 

Let  (J.,  5,  (7)  be  a reduced  positive  form  for  the  determinant 
5 = — A ; then  = AG  — B\  The  conditions  of  reduction  being 
^\B\'^A,  and  G^A,  we  have  AG  ^ A‘^,  and  hence 

A = AG  - 52  <|:  or  ^ Hence  also  |5|  ^ VjA,  and 

AG  = A B^  so  fhat  G :|>  |A.  The  values  oi  A,  B,  G being 
all  limited,  it  follows  that  the  number  of  reduced  positive  forms  is 
finite. 

From  each  positive  reduced  form  (A,  B,  G)  we  obtain  a cor- 
responding negative  reduced  form  {—  A,  B,  — G)  by  changing  the 
sign  of  the  extreme  coefficients. 

In  order  to  construct  a complete  set  of  reduced  forms  for  the 
determinant  — A,  we  take  5=0,  ± 1,  ± 2,  ...  + X,  where  X is  the 
greatest  integer  contained  in  V^A  ; then,  attributing  to  5 any  one 
of  these  values,  we  break  up  A + 5^  in  all  possible  ways  into  the 
product  of  two  integral  factors  A,  G : finally,  we  reject  those  com- 
binations for  which  the  conditions  |(7|^|J.|<|:2|5|  are  not  satis- 
fied. The  remaining  sets  (A,  5,  G)  give  reduced  forms. 

Example  1.  Suppose  A = 40.  Here  V40/3  is  between  3 and 
4,  so  that  X = 3,  and  the  calculation  is  as  follows  : — 


0 

11 

Ac=\.m,  2.20,  4.10,  5 

± I 

1.41* 

±2 

1.44*  2.22*  4.11, 

±3 

1.49*  7.7. 
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The  decompositions  marked  with  an  asterisk  have  to  be  re- 
jected : so  that  the  positive  reduced  forms  are 

(1,  0,  40),  (2,  0,  20),  (4,  0,  10),  (5,  0,  8), 


(4,  ±2,  11),  (7,  ±3,  7); 


eight  in  all. 

It  is  to  be  observed  that  this  process  gives  the  derived  as  well 
as  the  primitive  forms ; thus,  in  the  above  example,  (2,  0,  20)  and 
(4,  0,  10)  are  derived  forms. 


Example  2.  A = 39,  X = 3, 


5 = 0 .4(7  = 1.39,  3.13, 

±1  1 . 40^,  2 . 20,  4 . 10,  5 . 8, 

±2  1 . 43^, 

+ 3 1.48^  2.24^  3.16^  4.12*  6.8. 


The  reduced  positive  forms  are : 

(i)  properly  primitive,  (1,  0,  39),  (3,  0,  13),  (5,  ± 1,  8)  : 

(ii)  improperly  primitive,  (2,  ± 1,  20),  (4,  + 1,  10),  (6,  + 3,  8). 

65.  We  have  now  to  inquire  whether  two  positive  reduced 
forms  (a,  h,  c),  {a',  h',  c')  of  the  determinant  — A can  be  properly 

equivalent.  Suppose  that  the  substitution  ^ converts  {a,  h,  c) 

into  {a\  h'y  c').  Then 

aa'  = a {ao?  -}-  2hoL<y  -f  07^)  = (aa  + 67)^  + A72  ^ 

Now  aa'  i^fA,  and  7 is  an  integer  : therefore  7^  = 0 or  1. 


Similarly,  by  considering  the  inverse  substitution 
which  converts  {a',  b',  c')  into  (a,  b,  c),  we  conclude  that  = 0 


or  1. 


If/8  = 7 = 0,  a = 3 = + l and  the  forms  are  identical. 

Next  suppose  7 = 0,  = + 1 ; then 

a = 8 = ± 1,  a'  = a,  b'  = b ± a. 

The  conditions  of  reduction  2|6|:[>a,  2|6'|:|>a',  cannot  both  be 
satisfied  unless  b = ± ^a,  6'  = + \a.  The  forms  (a,  ^a,  c),  (a,  — Ja,  c) 
are  in  fact  equivalent,  the  first  being  converted  into  the  second  by 


the  substitution 
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Suppose  7=±1,  /S  = 0.  This  is  merely  the  inverse  of  the 
preceding,  and  leads  to  the  same  result. 

Next,  let  7 = + 1,  = + 1 ; then  a8  = 0.  If  ot  = 0, 

a!  — c, 


c'  — aT  26S  + c82. 

The  conditions  2 j 6 1 :[>  a,  2\b'\i^a  cannot  both  be  satisfied, 
except  in  the  two  following  cases : — 


(i)  8 = 0.  The  forms  in  this  case  are  (a,  b,  a),  (a,  — b,  a)^ 

which  are  obviously  equivalent,  the  transforming  substitution 


o)- 


(ii)  8 = ± 1.  Here  2\b'\>c,  except  when  c = a,  and 
b'  = — b=  ±^a. 

The  forms  are  {a,  a)  and  (a,  —\a,  a),  of  which  the  first 
may  be  converted  into  the  second  by  the  transformations 


and 


The  case  where  /3  = ± 1,  7 = 0 leads  to  the  same  result. 

Finally,  let  yS  = 7 = + 1 ; then  a8  = 2,  so  that  either  a = ± 2, 
8 = + 1,  or  a = + 1,  8 = + 2. 

Suppose  a = 2,  8 = 1.  Then  by  the  equations  of  transformation, 
a'  = 4a  + 46  + c, 
c'  = a i 26  + c ; 
therefore  a'  — c'  = 3a  ± 26, 

which  is  positive ; hence  a'  > c',  and  the  form  (a , b',  c')  cannot  be 
reduced. 


The  other  cases  may  be  treated  in  the  same  way : and  the 
conclusion  is  that 

the  only  possible  pairs  of  equivalent  reduced  forms  are  (a,  Ja,  c), 
(a,  — ^a,  c)  and  (a,  6,  a),  (a,  — 6,  a) ; with  (a,  \a,  a),  (a,  — Ja,  a) 
belonging,  as  it  were,  to  both  cases. 


66.  From  every  such  pair  of  equivalent  reduced  forms  we 
reject  that  form  of  which  the  middle  coefficient  is  negative.  The 
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remaining  forms  are  all  non-equivalent,  and  may  be  taken  as 
representatives  of  the  different  classes  for  the  given  determinant. 

Thus,  for  instance,  when  A = 39,  we  reject  one  of  each  of  the 
pairs  (2,  + 1,  20)  and  (6,  ± 3,  8)  : there  remain  eight  representative 
forms,  four  properly  primitive, 

(1,  0,  39),  (3,  0,  13),  (5,  1,  8),  (5,  - 1,  8), 
and  four  improperly  primitive, 

(2,  1,  20),  (6,  3,  8),  (4,  1,  10),  (4,  - 1,  10). 

Similarly  when  A = 40  the  equivalent  pairs  are  (4,  ± 2,  11) 
and  (7,  +3,  7),  and  we  may  take  as  representative  forms 

(1,0,40),  (5,0,8),  (4,2,11),  (7,3,7); 

(2,0,20),  (4,0,10). 

In  order  to  discover  whether  two  given  definite  forms  are 
equivalent,  we  find,  by  the  process  of  Art.  63,  a reduced  form 
equivalent  to  each.  The  necessary  and  sufficient  condition  for 
the  equivalence  of  the  proposed  forms  is  that  these  reduced 
forms  should  either  be  identical,  or  form  one  of  the  special 
pairs  of  equivalent  reduced  forms. 


Reduction  of  Indefinite  Forms. 

67.  When  the  form  (a,  h,  c)  is  indefinite,  the  roots  of  the 
equation  -f  25ct)  -H  c = 0 are  both  real.  The  process  of  reduction 
is  quite  different  from  that  employed  for  definite  forms,  and  is 
closely  connected  with  the  expansion  of  a root  of  the  equation 
in  the  form  of  a periodic  chain-fraction. 

As  a first  step,  we  observe  that  for  a given  positive  determinant 
D there  is  only  a limited  number  of  forms  {a,  h,  c)  in  which  a,  c 
have  opposite  signs.  For  if  (±  a,  h,  + c)  be  such  a form, 
52  + ac  = A and  hence  | 6 | < fD : also  ac  = D — ¥ D,  so  that 
neither  | a | nor  | c | can  exceed  D. 

Again,  it  is  sufficient  to  consider  those  forms  for  which  h is 
positive,  since  the  form  {a,  —b,  c)oo  (c,  h,  n),  being  transformed 

into  it  by  J). 

We  might  consider  all  forms  to  be  reduced  for  which  h is 
positive  and  a,  c have  opposite  signs.  It  is  more  convenient, 
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however,  to  adopt  Gauss’s  definition  of  a reduced  form,  which 
is  as  follows : — 


An  indefinite  form  {A,  B,  (7),  of  determinant  D,  is  reduced  if 
B is  positive  {not  zero)  and  less  than  \JD,  and  moreover 

^D-B<\A\<s/D-\-B. 

The  following  consequences  of  the  definition  should  be  noticed. 


I.  Since  B < \JD,  B^  — D = AG  is  negative,  so  that  A,  G are 
of  opposite  signs. 

II.  We  have  (fD  - B)  {^D  + B)  = - AG  = \ A\\G  \ ; and  it 
follows  from  this  and  the  conditions  of  inequality  satisfied  by 
I A I that  ^I)  + B >\G\>  fD  — B:  that  is,  \A\,  \G\  satisfy  the 
same  conditions  of  inequality. 

III.  The  roots  of  + 2B(o  + (7=0  are 

— B -]r  \/ D X?  i.'  J 

ft)i  = , a proper  traction,  and 


0)2  == 


-B-s/D 

A 


, an  improper  fraction; 


moreover  0)10)3  = (7/Jl,  which  is  negative,  so  that  o)i,  0)3  differ  in 
sign. 

Conversely,  if  o)i,  0)3  are  of  opposite  signs,  and  | o)i|  < 1,  | 0)3!  > 1, 
the  form  is  reduced ; for  these  conditions  require  that  — B \/D 
and  —B  — \/D  should  have  opposite  signs,  and  that  —B  — \/D 
should  be  the  greater  numerically;  hence  B is  positive  and  less 
than  \JD.  Also  since  | o)i|  < 1,  — B<\A\,  and  since  | 0)3 1 > 1, 

B>\A\. 


IV.  Since  | A | < \/D  + B,  and  B < \/D,  it  follows  that 
1 A I < 2fD  ; 

and  similarly  I ^ I < 

68.  It  is  easy  to  construct  a complete  system  of  reduced 
forms  for  any  given  determinant.  To  do  so,  we  assign  to  B all 
positive  integral  values  (zero  excluded)  which  are  less  than  \/D: 
taking  any  value,  say  B,  we  break  up  Z)  — B^  in  all  possible  ways 
into  the  product  of  two  positive  factors  A,  G,  and  reject  those 
combinations  for  which  the  condition  that  A,  0- shall  each  fall 
within  the  limits  fD  — B and  \/Z)  + J5  is  not  satisfied.  Each 
remaining  combination  gives,  in  general,  four  reduced  forms 
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(A,  B,  - 0),  (-  A,  B,  G),  ((7,  B,  - A),  (-  0,  B,  A) ; there  are,  of 
course,  only  two  A G — A. 

Thus  if  Z)  = 13,  the  work  will  be  as  follows  : — 

5 = 1 ^(7  = 1. 12^  2.6*  3.4,  — --- 

2 1 . 9*  3 . 3, 

3 1.  4 , 2.2. 

Since  \/D  lies  between  3 and  4,  the  combinations  marked  with 
an  asterisk  have  to  be  rejected : the  complete  system  of  reduced 
forms  is  therefore 

(±  3,  1,  + 4),  (±  4,  1,  T 3),  (±  3,  2,  + 3), 

(±  1,  3,  + 4),  (±  4,  3,  T 1),  (±  2,  3,  + 2)  ; 
twelve  in  all. 

69.  A reduced  form  can  always  he  found  which  is  equivalent 
to  any  proposed  form. 

This  will  be  proved  by  showing  that  every  form  {a,  h,  a')  is 
equivalent  to  a form  (J.,  B,  G)  for  which 

sJD  - I ^ I < 5 < ^JD, 

\GH\A\. 

A form  which  satisfies  these  conditions  of  inequality  is  reduced, 
according  to  definition.  For  since  \/D  — B<\A\,  and 

\D-B^\^\A\\C\, 

it  follows  that 

\fD-\-B\>\G\>\A\>sJD-B. 

Hence  B is  positive  and  < fD,  and  moreover 
\fD  -f  5 > ! J.  I > VZ)  - B : 
that  is,  {A,  B,  G)  is  reduced. 

Let  8,  h'  be  chosen  so  that 

6 + 6'  = — ha , 
s/D  - I a'l  < ^'  < \/^- 

This  can  be  done  in  one  way,  and  one  only : for  if  \ be  the 
greatest  integer  ux  fB  there  is  one  and  only  one  integer  h'  in  the 
interval  (X,  + 1 - 1 a'  | , \)  which  is  congruent  to  — 6 (mod  a').  Choosing 

this,  and  putting  — (5  + h')l  a'  = S,  the  substitution  ^ changes 

(a,  6,  a')  into  the  adjacent  form  {a',  b',  a"),  with  ^/B  — \a\<b'<^B. 
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If  |a'|>|a"|,  the  process  can  be  repeated;  and  it  follows,  as  in 
Art.  63,  that  after  a finite  number  of  operations  we  must  arrive  at 
a form  (A,  B,  G)  for  which  all  the  inequalities  are  satisfied. 

For  example,  let  the  form  be  (76,  29,  11).  Here  H = 5,  X = 2, 
and  the  process  of  reduction  leads  to  the  series  of  forms 

(76,29,11),  (11,  -7,  4),  (4,  -1,-1),  (-1,1,4), 
of  which  the  last  is  reduced. 

The  reducing  substitutions  are 


( b 

/ 0,  1\ 

( 0’  b 

1-  1,  - 2/  ’ 

l-l,  2/’ 

l-l,  oj’ 

and  by  compounding  these  we  obtain  2)’  means  of 

which  (76,  29,  11)  is  converted  into  (—  1,  1,  4). 

70.  The  next  thing  to  be  done  is  to  find  out  which  of  the 
reduced  forms  are  equivalent.  To  this  end,  we  require  the 
following  proposition : — 

If  {a,  h,  a)  is  a reduced  form,  there  exists  one,  and  only  one 
adjacent  reduced  form  {a,  b',  a')  which  is  equivalent  to  it,  and  has 
its  first  coefficient  equal  to  a'. 

Suppose,  in  the  first  place,  that  a is  positive : and  let  us  write 
— a'  instead  of  a',  since  the  third  coefficient  must  be  negative 
(Art.  67).  Let  B,  b'  be  chosen  so  that 

b + b'  = Ba', 
fD  —a'<b'<  fD. 

This  can  be  done  in  one  way  only : and  moreover  the  value  of  b' 
thus  obtained  will  be  positive.  For  if  U were  negative  we  should 
have  fD<a',  and  hence  b<a'  and  positive:  the  algebraically 
greatest  negative  value  of  b'  is  therefore  — b (corresponding  to 
B = 0).  But  since  (a,  b,  — a')  is  reduced, 

fD  -b<a  < \JD  + b, 

and  therefore  —b<\/D  — a\  that  is,  the  algebraically  greatest 
possible  negative  value  of  6'  is  less  than  fD  — a,  contrary  to  the 
conditions  of  inequality  by  which  b'  is  determined. 

Since  b'  is  positive,  B is  positive  and  not  zero ; hence 
-1-  b'  = \/D  — b-{-Ba>  a\ 
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and  therefore  the  substitution 


converts  {a,  h,  — a')  into  a 


form  (a',  h\  a")  which  is  reduced. 

In  a similar  way,  from  a reduced  form  (—  a,  h,  a')  of  which  the 
first  coefficient  is  negative,  we  may  derive  an  adjacent  reduced 
form  (a',  h\  — a").  Namely,  if  we  determine  8,  h'  by 


h + y = 

s/D-a'<h'  <s/D, 

it  can  be  proved  as  before  that  h'  is  positive  ; hence  B is  negative 
and  not  zero,  and  therefore  \/D  + 6'  = \/D  -h-  Ba  > a',  so  that  the 


substitution  gj  converts  (—a,  6,  a)  into  a reduced  form 

(a,  h',  — a”). 


71.  Starting,  now,  with  an}^’  reduced  form  (a,  6,  a'),  we 
deduce  in  this  way  a series  of  reduced  forms  {a\  b',  a'),  (a",  h",  a'") 
etc.,  each  of  which  is  equivalent  to  the  one  before  it.  The  total 
number  of  reduced  forms  being  finite,  we  must  at  last  arrive  at  a 
form  identical  with  (a,  b,  a').  In  this  way  we  obtain  a cycle  or 
period  of  reduced  forms 

(a,  b,  a),  {a,  b' , a') ...  a). 

If  these  forms  are  supposed  to  be  arranged  in  a ring,  each  form 
will  be  connected  with  two  adjacent  forms,  one  following,  and  one 
preceding  it ; thus  {a,  b,  a')  is  followed  by  (a',  b\  a")  and  preceded 
by  a). 

The  number  of  forms  in  a period  is  necessarily  even,  because 
the  final  coefficients  a,  a',  a" . . . are  alternately  positive  and 
negative,  and  the  last  of  these,  namely  =«,  has  a sign  opposite 
to  that  of  a'. 

After  completing  one  period,  we  may  take  any  one  of  the 
reduced  forms  which  are  left,  and  form  its  period;  and  so  on. 
Finally,  all  the  reduced  forms  will  be  arranged  in  a finite  number 
of  periods,  each  containing  an  even  number  of  forms. 

Thus  for  D = 13  the  periods  are 

I.  ( l,3,-4),(-4,  1,  3),(  3,  2,-3), 

(-3,1,  4),(  4,  3,-1),  (-1,3,  4), 

( 4,  1,-3),  (-3,  2,  3),(  3,  1,-4), 

(-4,3,  1). 

(2,  3,-2),  (-2,3,  2). 


II. 
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72.  Each  form  of  a period,  such  as  (+  a,  6,  + a'),  is  transformed 
into  the  next  following,  (+  a',  6',  + a'),  by  means  of  a substitution 

( is)'  corresponding  roots  of  the  forms, 

1 

(O  7. 


Suppose,  in  particular,  that  o)  is  the  principal  root  of  its  form  : 
that  is,  let  (o  = ; then  when  the  upper  sign  is  taken 

for  + a,  S is  positive,  is  a positive  proper  fraction,  and 

1 1 


S- 


S + l 


. , — + a/-^  u*  r.  • +• 

since  ft)  = ^ — , which  is  negative. 


— a 


If  we  take  the  lower  sign  for  + <x,  ft)  is  a negative  proper 
fraction,  S is  negative,  and  we  have 

, , 1 


ft)  = — ft) 


-S  + 


since  (o'  is  positive. 

In  every  case,  therefore, 


SI  + i ft)'r 


Similarly,  if  i 


si  + ift)'!' 

is  the  substitution  which  converts 


(+  a',  b',  ± a")  into  the  next  form  of  the  period, 

, „ I 


"^'"isi  + lft)"!’ 


and  so  on. 

Hence,  if  </>!,  <^2 -..<^2 


are 


the  forms  of  a period,  ^ i ^ ) 


the  substitution  which  converts  into  (j^k+i,  |Sjfc|  = c?^-,  co^  the 
principal  root  of  <^i,  the  absolute  value  of  co^  may  be  expanded  as 
a pure  recurring  chain-fraction  in  the  form 


-p  C?2  d"  . . . + d^m  +•  • • • 


* * 

In  the  same  way,  if  cok  is  the  principal  root  of  (l>k, 

II  1 
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For  example,  let  = 3,  -4);  then  the  corresponding 

period  contains  ten  forms  (cf.  Art.  68).  The  values  of  Bjc  are 

1,-1,  1,-1,  6, -1,1, -1,1, -6; 

and  hence 

/—  ^ 1111-1-^ 

“‘  = '^l^~^  = l+H-l  + l + 6 + .... 

* * 

Here  it  will  be  observed  that  the  period  of  ten  forms  gives 
rise  to  a recurring  fraction  with  only  five  partial  quotients  in  its 
period.  The  reason  for  this  will  appear  later  on. 

73.  It  is  now  evident  that  the  reduction  of  an  indefinite  form 
is  precisely  equivalent  to  the  expansion  of  its  principal  root  in  the 
form  of  a recurrent  fraction ; in  particular,  we  have  found  the 
necessary  and  sufficient  conditions  that  a root  of  a quadratic 
equation  should  be  expressible  as  a pure  recurring  fraction. 
Another  curious  point  is  that  in  the  expansion  of  expressions  such 
as  (h  + \/D)la  only  a limited  number  of  distinct  periods  of  partial 
quotients  can  occur;  thus  for  i)=13  there  are  only  two,  namely 
(1,  1,  1,  1,  6)  and  (3).  Here  periods  derived  by  cyclical  permuta- 
tion, such  as  (1,  6,  1,  1,  1),  are  not  considered  to  be  distinct. 

74.  If  (a,  h,  — a)  is  a reduced  form,  so  also  is  (—  a',  h,  a). 
These  may  be  called  associated  forms.  Two  associated  forms 
may  occur  either  in  different  periods,  or  in  the  same  period. 
In  the  first  case,  it  is  easily  seen  that  each  form  of  one  period 
is  associated  with  a corresponding  form  of  the  other;  and  the 
periods  may  be  called  associated.  Suppose,  on  the  other  hand, 
that  the  forms  occur  in  the  same  period.  Then  if  {—a',  h\  a') 
is  the  form  of  the  period  next  after  {a,  h,  —a'),  its  associate 
{a",  h',  — a')  is  the  form  next  before  (—  a\  h,  a) ; and  similarly, 
if  (—  a\  h',  a')  is  followed  by  {a",  h",  — a'"),  (—  a"' , 6",  a")  will 
precede  {a",  h',  — a').  Proceeding  in  this  way,  forwards  from 
{a,  h,  — a)  and  backwards  from  (—  a',  b,  a),  we  come  eventually 
to  a pair  of  associated  forms  (A,  B,  — A'),  (—A',  B,  A)  which 
are  consecutive  forms  in  the  period.  Since  these  are  adjacent, 
B + B = 0 (mod  A'),  that  is,  25  = 0 (mod  A')\  {—A',  B,  A)  is 
therefore  an  ambiguous  form  (cf.  Art.  62).  In  the  same  manner, 
by  going  forwards  from  (—  a\  b,  a)  and  backwards  from  (a,  b,  — a), 
we  arrive  at  a pair  of  associated  forms  which  are  adjacent ; one 
of  these  is  therefore  ambiguous.  Thus  every  period  which  is  its 
'own  associate  contains  two  ambiguous  forms ; and  conversely,  if  a 
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period  contains  one  ambiguous  form,  it  must  be  its  own  associate, 
and  will  contain  a second  ambiguous  form.  There  cannot  be  more 
than  two  ambiguous  forms  in  a period ; for  by  proceeding  forwards 
and  backwards  from  an  ambiguous  form  (A,  B,  — A')  and  its 
predecessor  (—A',  B,  A),  we  obtain  continually  new  pairs  of 
associated  forms  (a,  6,  —a'),  {—a\  h,  a),  and  if  either  of  these 
is  ambiguous,  it  is  adjacent  to  the  other,  and  the  period  is 
completed. 


75.  If  {A,  B,  — A')  is  a reduced  form,  so  also  is  {—A,  B,  A'). 
The  principal  roots  of  these  forms  are  equal  and  opposite ; hence 
the  recurrent  expansions  of  their  absolute  values  coincide.  It 
may  happen  that  (A,  B,  — A')  and  {—A,  B,  A')  belong  to  the 
same  period ; suppose  that  this  is  the  case,  and  that  the  period 
contains  2m  forms.  Then  if,  with  the  notation  of  Art.  72,  we  put 
{A,  B,  — = it  is  easily  seen  that  (—A,  B,  A')  = and 

that  “■  S] , ^771,-1-2 • Consequently 

din+i  = di,  = d^,. . ~ dm  j 


and  the  series  of  recurring  partial  quotients  in  the  expansion  of 
the  principal  root  of  {A,  B,  — A')  contains  only  half  as  many 
terms  as  there  are  forms  in  the  period. 


An  example  has  already  been  given  above  (Art.  72)  for  i)  = 13. 
Here  the  forms  (1,  3,  —4)  and  (—1,  3,  4)  belong  to  the  same 

period  of  ten  forms ; and  the  periodic  expansion  of  the  absolute 

* * 

value  of  the  principal  root  of  either  is  (0 ; 1,  1,  1,  1,  6). 

All  the  forms  of  a period  of  this  kind  may  be  arranged  in 
pairs  such  as  (a,  b,  — a),  (—  a,  h,  a),  with  equal  and  opposite 
principal  roots. 


If  the  forms  (a,  h,  — a'),  (—  a,  h,  a')  are  equivalent,  and 


is  a substitution  transforming  (a,  h,  — a')  into  (—  a,  h,  a'),  then,  w 
being  the  principal  root  of  the  first  form, 

_ a (— 1»)  + /3 


or 


7&)^  — (a  4-  S)  ft)  + /3  = 0. 


Comparing  this  with  act)^  + 26a)  — a'  = 0,  and  proceeding  exactly 
as  in  Art.  83  below,  we  have 


a = (t  — hu)lcr,  fy^aujcr, 

/3  = — a'li I a,  B = —(t  A hu) / 


CONTINUED  FRACTIONS. 


81 


where  a = dv  (a,  2b,  c),  and  (t,  u)  is  an  integral  solution  of 

t^-Du^  = -a\ 

Conversely,  if  this  equation  admits  of  integral  solutions,  the 
forms  of  any  period  for  the  determinant  D and  divisor  cr  may  be 
arranged  in  pairs  (a,  h,  —a'),  {—a,  h,  a').  If  the  equation  is 
solvable  for  a =1,  it  is  so  for  <7  = 2;  in  this  case,  both  the 
properly  and  the  improperly  primitive  periods  have  the  special 
character  in  question.  If  the  equation  has  integral  solutions 
only  for  <7  = 2,  the  property  will  belong  only  to  the  improperly 
primitive  periods. 


76.  In  order  to  complete  the  theory,  it  has  to  be  shown  that 
two  equivalent  reduced  forms  must  belong  to  the  same  period. 
This  is  the  most  difficult  part  of  the  whole  investigation,  and 
requires  the  proof  of  some  auxiliary  propositions. 

The  notation  (//-ol  will  be  used  to  express  the 

continued  fraction 

1 I 

-1 , — , 

Ml  + ^2  + • ••? 


and  in  the  case  of  a recurrent  fraction,  the  period  will  be  indicated 
by  asterisks : thus 

1 11 

(1 ; 2,  3,  4)  means  1 + s , o , t 


and 


(0 ; 3)  means 


2 + 3 + 4 + ..., 
1 1 

3 + 3 + .... 


A continued  fraction  (with  a finite  or  infinite  number  of 
partial  quotients)  is  said  to  be  regular,  when  it  is  of  the  form 
(±Moj  Mi>  M25  M3---X  where  all  the  quantities  yu-i,  Ms---  are 
positive  and  not  zero.  When  this  is  not  the  case,  it  is  irregtdar. 


77.  If  a continued  fraction  contains  only  a limited  number 
of  negative  or  zero  partial  quotients,  then  it  is  possible,  by  a finite 
number  of  operations,  to  convert  it  into  a regular  continued  fraction. 

Let  fjir  be  the  last  partial  quotient  which  is  not  positive. 
There  are  the  following  cases  to  consider. 

I.  pr  = 0. 

We  have  identically 

1 , ,,  1. 

a + z — = (n  + 6)  H — ; 

rv  I ^ 


X 


M. 


6 
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hence  without  altering  the  value  of  the  continued  fraction  we  may 
replace  the  four  partial  quotients 

l^r—ly  f^r+ly  f^r+2 

hy  f^r—i  “1"  f^r+i)  f^r+2> 

leaving  all  the  rest  as  before. 

II.  /jbr  — — n,  and  ^ > I. 

We  have  identically 


a + 


I _ X 

, 1 ^ hx  — \ 

6 + - 
X 


= a — 1 + 


6^!?  — 1 


— CL  — 1 “1~ 


I 


1 + 


Oi  — Id" 


{h—l)x  — l 
1 


1 + 


(6-2)  + 


x—1 


Cl  — I -J- 


1 + 


(6-2)  + 


1 + 


Hence  we  may  replace 


(ir-  1) 


/^r— 1 > /^r+i 

by  /^r-i-1,  1,  n-%  I,  /i^+i-1. 

Of  these  only  the  first  can  be  negative.  If  either  n — 2 or 
fjir+i  — I is  zero,  we  can  apply  the  reduction  of  the  previous  case. 


III. 


= - 1. 


We  have  identically 


a + 


I 


-1  + - 

X 


= a — 


x—1 


— a — 2 ^- 
= a — 2 + 


x—2 
x — 1 
1 


1 + 


I * 

X — 2 
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Therefore  fir-i,  f^r+i 

may  be  replaced  by 

f^r—l  ~ 2,  1,  fj'r+l  ~~  2. 

If  fir+i  = 2,  the  first  reduction  may  be  applied.  If  fir+i  = 1,  the 
preceding  process  fails  : but  we  have 


a-\- 


= a + 


(6 + 1)^  + 1 , x-1 

^ ^ = a — 6 — 2h 


-1  + 


— X 


1 + 


h + - 

X 


=a— 6— 2+ 


1 + 


(^-I) 


/^r+2  j /^r+3 

Ij  ^r+3  I* 


SO  that  we  may  replace 

IXr-i,  -1.  I, 
by  t^r—\  /^r+2  2, 

If  [jbr+z  — I is  zero,  the  first  reduction  can  be  made. 

It  will  be  seen  that  in  every  case  the  last  irregularity  is 
brought  at  least  one  place  nearer  to  the  beginning  of  the  fraction. 
It  is  therefore  possible,  by  repeated  reductions,  to  bring  it  to  the 
first  place,  and  the  fraction  has  then  become  regular. 

Moreover  each  reduction  either  leaves  the  total  number  of 
partial  quotients  unaltered,  or  else  increases  or  diminishes  them 
by  two.  If  the  process  be  applied  to  an  infinite  continued  fraction 
(that  is,  one  with  an  infinite  number  of  partial  quotients),  only  a 
limited  number  of  partial  quotients  will  be  affected,  and  those 
luhich  remain  unaltered  will  occupy  odd  or  even  places  in  the 
regular  expansion  according  as  their  places  were  odd  or  even 
originally. 

78.  Another  lemma  which  will  be  required  is  the  following : — 

If  the  quantities  x,  y are  connected  hy  the  relation 

OLX+  B 

where  a,  ft  7,  S are  integers  such  that  aS  — /37  = 1,  it  is  always 
possible  to  express  y in  the  form 

y^{±p\  Pi,  ±v, 

where  pi,  p^,...  p^r  Ojre  all  positive. 

6—2 
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Let  ± /A  be  determined  so  that  + yu-  is  a positive  proper 
fraction : this  proper  fraction  may  be  expanded  into  an  ordinary 
continued  fraction  in  the  usual  way,  and  if  it  happens  that  the 
number  of  partial  quotients  is  odd,  the  last  of  them,  say, 
may  be  replaced  by  — 1)  + 1/1,  and  then  we  may  write 

yLt2r-i  foi*  /^2r-i  — 1)  and  put  fjL^r  = 1-  Thus  in  all  cases 

13 

^ — (i  j f^l}  /^2j*  • •/^2y)* 

Suppose  that  a^/yi  is  the  convergent  immediately  preceding 
/3/S ; then 

otiS  — 7i/3  = 1 = aS  — yff, 
and  hence  a = oti  + vjS, 

7 = 7i  ± 

where  v is  some  integer.  It  follows  from  this  that 
a/y  = (±fi;  ±i')> 

and  that 


y = 


ax  + 


yx-\r 


(«’  _ I 

f ll,  -6\ 

U 8/  ' 

9,  o) 

Here  — 6/5  = — 2 + 4/5  = (—  2 ; 1,  4) ; 

«!  = -!,  7i=l> 

a =ll  = _l+(-2)(-  6), 

7 =-9  = l + (-2)(5), 

ll^r  — 6 


and  therefore 


y 


-9^c  + 5 


= (-2;  1,  4,  -2,  4 


f 30, 

-67\ 

W,  s)- 

V-47, 

105/ 

Example  2. 


^/8  = (-l;  2,  1,  3,  4,  1,  1), 

«!  = — 37,  7i  = 58, 
a = «!  + 67,  7 = — 105  ; 

therefore  v — — l,  and 

SOx  - 67  010^1-1  1 x 

2/“  _47a!  + l05“^“^’ 


79.  We  are  now  able  to  prove  that  two  properly  equivalent 
reduced  forms  must  belong  to  the  same  period.  Let  the  reduced 
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forms  be  (j)  = (a,  b,  -c)  and  = b',  -c'):  we  may  suppose 

that  a,  a'  are  both  positive,  because  if,  for  instance,  a were 
negative  we  could  take  instead  of  ^ one  of  the  two  adjacent 
forms  of  the  same  period. 

Let  ft),  ft)'  be  the  principal  roots  of  0 and  ; these  will  be 
positive  proper  fractions.  If  <f>'  co  there  will  be  a proper  sub- 
stitution g ^ which  will  transform  cj)'  into  (j),  and  therefore 

/ CLCO+ 13 

" = — rT*- 

7ft)  -H  0 

By  the  lemma  just  proved,  we  can  express  co'  in  the  form 

® =(±^;  fh,  ft>) 

~ (i  5 A*’!)  A^25*  • •A^2?’5  + d.2,  C^3v**^2m>  ^l)j 

if  (0  ; di,  d^r-^d^m)  is  the  recurrent  expansion  of  co. 

If  di±v  happens  to  be  negative,  the  expression  for  co'  can  be 
reduced  to  a regular  expansion,  so  that  we  may  write  in  every 
case 

® — (i/^j  h}  h} 

where  ^i,  I2,  k,...  are  all  positive. 

Now  ft)'  is  a positive  proper  fraction ; therefore  fju'  — 0.  Again, 
ft)'  can  be  expressed  in  one  way  only  as  a pure  recurring  fraction ; 
hence  li,  k...  must  form  the  recurring  period  of  ft)'.  But  in  the 
reduction  of  the  first  expression  for  co'  into  a regular  form,  only  a 
finite  number  of  partial  quotients  after  + v are  affected.  Therefore 
the  series  t***)  only  differs  from  (d^,  d^,  d^...)  hy  beginning 

at  a different  place ; in  other  words,  the  period  of  partial  quotients 
in  the  expansion  of  co'  is  only  a cyclical  permutation  of  the  period 
belonging  to  co,  and  moreover  a permutation  equivalent  to  an  eve7i 
number  of  transpositions  (cf.  Art.  77  above).  Therefore  the  forms 
(f)  and  (f)'  belong  to  the  same  period. 

The  following  example  will  illustrate  this  theorem,  as  well  as 
the  reduction  of  irregular  continued  fractions. 

The  form  <^'  = (6,  1,  —7)  is  transformed  into  <j)  = (9,  5,  —2)  by 

the  substitution  ( . 

V-  23,  4/ 

Now  _5=(_2;1,8), 
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or,  since  ft)  = (0;  5,  1,  3,  1,  1,  12), 

a,'  = (-2;  1,  3,  -1,  1,  3,  1,  1,...) 

= (-2;  1,  -2,  1,  0,  1,  12,...) 

= (-2;  1,  -2,  2,  12,...) 

= (-2;  0,  1,  0,  1,  1,  12,...) 

= (-2;  0,  2,  1,  12,...) 

= (0;  1,  12,  5,  1,  3,  1), 

the  period  of  which  is  derived  from  that  of  &>  by  cyclical  permuta- 
tion, each  element  being  removed  four  places  backwards. 


80.  In  order  to  discover  whether  two  given  forms,  f,  f',  of 
the  same  determinant,  are  equivalent,  we  find,  by  the  process  of 
Art.  69,  two  reduced  forms  (p,  4>'  equivalent  to  f,  f respectively. 
The  necessary  and  sufficient  condition  for  the  equivalence  of  /and 
f'  is  that  cp  and  (p'  should  belong  to  the  same  period  of  reduced 


forms. 


Suppose  that  this  is  so,  and  that 


respectively  transform  / into  (p,  <p  into  cp',  and  /'  into  <p'.  Then 
the  substitution 


will  transform  f into 

Example.  D = 43, 

/=(53,  72,  97),  /'  = (-19,  47,  -114). 

We  have  (53,  72,  97)cv.(  97,  25,  6) 

6,  5,-3) 
cv.(-3,  4,  9)  = ^ 

and  (-19,  47,  - 114)co  (-  114,  67,  -39) 

cv.(-  39,  11,  - 2) 
cv.(-  2,  5,  9)  = <;,'. 

The  period  of  (—  3,  4,  9)  is 

(-3,  4,  9),  (9,  5,  -2),  (-2,  5,  9),  etc., 
hence  <p  co  </>',  and  therefore 
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Again  / is  transformed  into  cj)  by  the  substitution 


{ 

0,  1\ 

/ 0,  r 

-16N 

1,  -ij 

V-l,  -5, 

) [-1,  37  “1-4, 

is) 

(j)  into  cj)'  by 


/'  into  (f)'  by 


Therefore  /is  transformed  into  /'  by  the  substitution 


5, 

-16] 

/-I,  5W7, -If 

■>]_(- 26, 

73] 

4,. 

is) 

1,  -6)  [l,  - i 

>J  1 21, 

-59/ 

Simplest  Representative  Forms. 

81.  The  most  important  result  which  has  been  obtained  is 
that  both  for  definite  and  for  indefinite  forms  the  number  of 
classes  for  a given  determinant  is  finite.  To  assign,  a priori,  the 
number  of  classes,  without  constructing  a system  of  reduced  forms, 
is  a fundamental  problem  of  which  the  interest  is  equalled  by  its 
difficulty,  and  all  the  solutions  hitherto  obtained  depend  upon  the 
most  abstruse  analytical  methods.  An  account  of  these  investiga- 
tions will  be  given  later  on ; meanwhile,  it  njay  be  observed  that, 
from  this  point  of  view,  a system  of  reduced  forms  is  merely  a 
finite  number  of  forms  such  that  every  form  of  the  determinant 
considered  is  properly  equivalent  to  at  least  one  of  them.  Con- 
sequently the  definition  of  a reduced  form  is  to  a certain  extent 
arbitrary ; and  in  like  manner  with  regard  to  the  choice  of  a 
complete  system  of  representative  forms.  We  may,  in  fact,  take 
as  the  representative  of  a class  any  form  which  is  contained  in  it ; 
however,  it  is  convenient  to  fix  upon  a set  of ' simplest  representa- 
tive forms,’  which  are  defined  as  follows. 

When  D is  negative,  there  cannot  be  more  than  two  reduced 
forms  in  any  class.  When  there  is  only  one,  that  is  chosen  for  the 
representative ; when  there  are  two,  in  which  case  they  are 
opposite,  that  one  is  taken  of  which  the  middle  coefficient  is 
positive  (cf.  Art.  66). 

When  D is  positive,  the  period  of  reduced  forms  for  any  class 
will  contain  either  two  ambiguous  forms  or  none  (Art.  74).  In  the 
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former  case,  let  the  ambiguous  forms  be  {a,  h,  c),  {a\  b',  c).  We 
can  find  two  other  forms  equivalent  to  these,  of  which  the  middle 
coefficients  shall  be  the  absolutely  least  residues  of  b,  b'  to  the 
moduli  a,  a respectively.  If  in  one  only  of  these  new  forms  the 
middle  coefficient  be  zero,  that  form  is  chosen ; if  neither  or  both 
of  the  middle  coefficients  be  zero,  that  form  is  taken  of  which  the 
first  coefficient  is  numerically  least.  If  the  first  coefficients  are 
numerically  equal  and  of  opposite  signs,  we  choose  the  form  of 
which  the  first  coefficient  is  positive.  When  the  period  contains 
no  ambiguous  form,  we  choose  that  form  (a,  b,  c)  of  which  the 
first  coefficient  has  the  least  numerical  value  (if  there  are  two  such 
coefficients,  only  differing  in  sign,  we  take  the  form  of  which  the 
first  coefficient  is  positive) ; then,  as  before,  we  deduce  from  this 
the  form  (a,  b',  c),  where  b'  is  the  absolutely  least  residue  of  b 
(mod  a),  and  take  this  for  the  representative  form. 

Thus  for  D = 58,  there  is  a period  (2,  6,  —11),  (—11,  5,  3), 
(3,  7,  -3),  (-3,  5,  11),  (11,  6,  -2),  (-2,  6,  11),  etc.  The 
ambiguous  forms  are  (2,  6,  — 11)  and  (—  2,  6,  11),  from  the  former 
of  which  we  derive  the  representative  form  (2,  0,  — 29).  Or  again 
for  D=99  we  have  a period  (5,  8,  —7),  (—7,  6,  9),  (9,  3,  —10), 
(—10,  7,  5);  here  we  choose  (5,  8,  —7)  and  deduce  from  it  the 
representative  form  (5,  — 2,  — 19). 

Automorphic  Substitutions. 

82.  Suppose  that  it  has  been  discovered,  by  the  methods 
already  explained,  that  two  forms  f and  f are  equivalent.  The 
process  by  which  the  equivalence  is  established  also  furnishes  a 
proper  substitution  by  which  f is  transformed  into  f.  The 
question  arises ; is  this  the  only  substitution  by  which  the 
transformation  can  be  effected  ? and,  if  not,  how  can  we  find  all 
the  substitutions  which  transform  / into  f ? 

This  problem  may  be  at  once  reduced  to  that  of  finding  all  the 
substitutions  which  transform  f into  itself.  It  is  clear  that  if  R is 
any  substitution  which  transforms  / into  itself,  and  S any  substitu- 
tion which  transforms  / into  f,  then  the  substitution  RS  will  also 
transform  / into  /'.  Moreover,  if  Sx,  are  any  two  different 
substitutions  which  transform  / into  /',  the  substitution  will 

transform  f into  itself  Hence,  putting  = R,  we  have 

S2  = RSx : so  that  all  the  substitutions  which  convert  / into  /' 
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may  be  obtained  by  compounding  any  one  of  them,  such  as  S^, 
with  all  the  substitutions  which  leave  f unaltered. 

A proper  substitution  R which  transforms  / into  itself  is  called 
an  automorphic  substitution  (relatively  to /),  or  simply  an  automorpli 
of/ 


83.  Let  f=  {a,  h,  c)  be  a primitive  form  of  determinant  D, 
and  let  &>  be  its  principal  root ; then  if  ^ be  an  automorph, 


aco  + ^ 

(o  = ^ 

7ft)  + o 

or  yco^  + (S  — a)  ft)  — = 0. 

Comparing  this  with  + 26ft)  + c = 0,  it  follows  that 

7 = auja, 

S — a = 2bul(T, 

^ — cuja, 

where  u is  an  integer,  and  a = dv  (n,  26,  c) : that  is,  tr  = 1 or  2 
according  as  / is  properly  or  improperly  primitive.  Since 

(8  + a)  + (8  - a)  = 28, 

an  even  integer,  we  may  evidently  put  8 + a = 2^/cr,  where  t is  an 
integer.  Thus 

0L=  (t  — bu)lcr,  ^ = — culcr,  ) ... 

y — au/a,  8 = (t  + bu)/(r  J 

and  substituting  in  a8  — ^y  = 1,  we  obtain 

f — Du^  = 0-2 (ii). 


Thus  all  the  automorphs  ^ ^ 


are  expressible  in  the  form 


given  by  (i),  where  t,  u are  integers  which  satisfy  the  indeterminate 
equation  (ii). 


Conversely,  if  t,  u are  any  integers  such  that  t^  — Du^  = cr^,  the 
values  of  a,  y,  8 given  by  (i)  will  all  be  integral,  and  will 

be  an  automorph.  It  may  easily  be  verified  that  i 


is  an 


algebraical  automorph ; so  that  all  we  have  to  do  is  to  prove  that 
a,  7,  8 are  integers.  This  is  obvious  when  (r  = l;  if(7  = 2,  i)=l 
(mod  4),  and  the  equation  P — Du?  = 4 shows  that  t,  u are  both  odd 
or  both  even.  Also  6 is  odd,  otherwise  f would  not  be  primitive ; 
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therefore  t — hu  and  t + hu  are  both  even,  and  consequently  a,  B are 
integers.  Finally,  a,  c are  both  even,  and  therefore  13,  7 are 
integers. 

84.  The  equation  (ii),  although  originally  proposed  for  solution 
by  Fermat,  is  usually  known  as  the  Pellian  equation.  Its  character, 
from  our  present  standpoint,  is  essentially  different,  according  as 
D is  positive  or  negative. 

First,  let  Z)  = — A,  a negative  integer ; then,  in  general,  the 
only  real  integral  solutions  of  -f  are  t=±(T,u  = 0. 

If  cr  = 1,  A = 1,  they  are  ^ = ± I,  = 0,  and  t — 0,  u = ±1. 

If  o-  = 2,  A = 3,  they  are  ^ = + 2,  = 0,  and  ^ = ± I,  ^^  = + I. 

In  general,  therefore,  there  are  only  two  solutions;  the  only 
exceptional  cases  (for  primitive  forms)  being  A = 1,  cr  = 1,  when 
there  are  four  solutions,  and  A = 3,  cr  = 2,  for  which  there  are  six. 
Since  the  two  solutions  (t,  u)  (—  t,  — u)  lead  to  the  same  substitu- 
tion, there  is  in  general  only  one  automorph,  the  identical 

substitution ; for  the  exceptional  cases  we  have  two  and  three 
automorphs  respectively.  Thus  the  form  (1,  0,  I)  has  the 

automorphs  and  : while  (2,  1,  2)  has 

1,0\  / 1,  1\  /O, -I\ 

0,1;’  [1,  ir 

85.  On  the  other  hand,  if  D is  positive,  the  Pellian  equation 
admits  of  an  infinite  number  of  solutions.  It  can  be  shown,  in  the 
first  place,  that  there  is  at  least  one  solution  distinct  from  t — ±<7, 
11  = 0.  For  suppose  {a,  h,  c)  is  a primitive  reduced  form  of 
determinant  B for  which  a is  positive,  and  dv  {a,  2h,  c)  = a.  Let 
its  principal  root  be  expanded  into  the  recurrent  fraction 

^ * 

CO  = (0  ; di,  d^,  • . . d^i)y^, 

and  suppose  that  P^mJ^n  are  the  (2m  — l)th  and  2??ith 

convergents.  Then  since  o)  = (0;  di,  d2, ...  d^m-n  <^2m+  (o),  it  follows 
that 

P'2m—i  (O  -f  p.2m 

ft)  = , 

^2m  -i  ^ 

hence  P2m\  automorph,  and  therefore  if  we  put 

^2m/ 

P^m-i  = (t-  hu)l<7,  P2m  = - CulcT, 

qom-i  = ctulcT,  q^m  = {t  3-  bu)l a, 

t,  u will  be  positive  integers  such  that  P — Du-  = 
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For  instance,  if  D = 17,  we  may  take  the  reduced  form 
(2,  3,  - 4),  for  which  <7  = 2.  The  expansion  of  its  principal 
root  is 

(0 ; 1,  1,  3,  1,  1,  3), 

whence  = 9 = (^  — 3i6),  q^  = lQ=Uy 

so  that  t = 66,  u = 16. 

Excluding  the  case  for  which  t = a-,  u = 0,  there  will  be  one 
positive  integral  solution  of  — Dv?  = cr^  for  which  t,  u have  the 
smallest  possible  values.  This  will  be  denoted  hj  {T,  U)  and 
called  the  fundamental  solution. 


If  n is  a positive  integer,  the  expression  {T  + U \/Dy  may  be 
reduced  to  the  form  P + Q ^/D,  where  P,  Q are  integers,  so  that  if 
we  write 

fT+Us/I)\n  _Tn+  Un^D 

\ a ) <7 

Tn,  Un  will  be  rational.  Moreover  since  \JD  is  irrational,  we  shall 
have 


and  hence,  by  multiplication, 


rp  2 

n 


'T^-DU\ 


/<7^ 


= 1. 


Therefore  (Tn,  Un)  is  a rational  solution  of  f — Dy?  = a‘^.  It 
may  be  shown  that  Tn,  Un  are  integers.  This  is  evidently  the 
case  when  <7=1;  if  <7  = 2,  it  may  be  proved  by  induction  as 
follows.  Suppose  the  theorem  true  up  to  {Tn,  Un) ; then  since 
D=1  (mod  4),  the  equation  T^  — DUn^  = 4 shows  that  Tn,  Un  as 
well  as  P,  U are  either  both  even  or  both  odd.  Now 


hence 

and 


-Ai+i  -f  Un+i  \l  D T U sj  D Tn  + Un  V D 

2 2 * 2 

^ [TTn  + DUUn  , TnU+TUn  . 

Tn^,  = k{TTn  + DUUn) 

U yi-\-l  — ^{T,,U+TU^) 


are  both  integral,  and  since  they  satisfy  T^n^-i  — P U\^i  = 4,  they 
are  both  odd  or  both  even.  The  theorem  being  true  for  w = 1,  it 
is  true  universally. 
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86.  Every  positive  integral  solution  is  of  the  form  U^) 
where 

Tn+  ^ {T-V 

and  n is  a positive  integer. 

For  suppose,  if  possible,  that  {t,  u)  is  any  other  positive 
solution.  Then  t ii  \/D  > T -[- U \/D,  and  since  T + U y/D  > a, 
there  will  be  an  integer  n such  that 


T+U  sJDY  ^ t+us/n  U^/D\n+i 


■ 


a 


■ 


Multiplying  by  ^ 


T-  ^ Tn-Un's/D 

a J (T 


, which  is  positive. 


we  obtain 


where 


t +ii  \/D  f + JJ 

1 < — < ^ 

(T  <7 

, _tTn  - DuUn 

I — , 

CT 

T U 


u = 


As  in  last  article,  it  can  be  proved  that  whether  c = 1 or  = 2, 
t\  u are  integers.  Moreover 

i's  _ = I {P  - Dv?)  - DU^)  = <r'‘; 


and  this,  combined  with  t'  + u sJD  > cr,  gives  0<t'  —u  aJD  < a,  so 
that  t',  ti  are  positive  integers. 

Again,  t'  + ii'  s/D  <T  +TJ  \JD, 

and  it'  + u'  aJD)  {t'  — ii  aJB)  = cr'^  — (T+  U \JD)  {T  — U aJD)  ; 
therefore  t'  — u aJD  > T — U s/D  : 


consequently 

{t'  + u'  aJD)  - (t'  -uWD)<(T+U^/D)-(T-U  Vi)), 

and  hence  u'  < U.  Therefore  also  t'  <T;  so  that  (t',  u)  is  a 
positive  integral  solution  of  P'  — Du^  — <t^,  for  which  the  values  of 
t,  u are  less  than  T,  U.  But  this  contradicts  the  hypothesis  that 
{T,  t/)  is  the  fundamental  solution ; therefore  there  are  no  positive 


solutions  except  those  given  by 


T,,+  Un^|D  (T+UaJD 
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All  the  integral  solutions  are  given  by  (±  ±Un\  where  the 
ambiguities  are  independent. 

By  giving  to  n the  values  2,  3,  4...,  we  obtain  an  infinite 
number  of  positive  solutions  which  are  all  different,  since 

evidently  Tn+i  > Tn,  and  Un^i  > ITn- 

We  may,  if  we  like,  assign  negative  values  to  n,  and  put 

T_n  "f  'U'—n  _ / T JJ  sJD 

cr  \ (7 


since 
we  have 


/T+  UsJD\-^  T-U^JD 

\ a ) ~ a ^ 

V -P  _ Tn  — Tin  V -D 

(T  a ’ 


SO  that  T_n  = Tn,  U^n  = “ Un. 


If,  in  the  notation  of  the  hyperbolic  functions,  we  put 
cj)  = cosh“i  (^/^)  = sinh“i  {U^/Dja), 
we  shall  have  = cr  cosh  n(j>,  Un\/D  = a sinh  n(f>. 

The  convenience  of  this  is  that  the  known  formulae  of  the  hyper- 
bolic functions  may  be  used  to  express  the  relations  between  the 
different  values  (T^,  Thus  from  the  formula 


cosh  2(^  = 2 cosh^  — sinh  20  = 2 sinh  0 cosh  0, 

we  deduce  = 2T^—  cr^,  aU^n^’^T^Un ; and  so  in  other  cases. 
It  may  be  specially  observed  that 


Tn+\  — 


U — ^ jj  ^ jj 

w+l  — • ^ 71—1 } 

(T 

these  formulae  are  very  convenient  for  the  calculation  of  the 
successive  values  of  T^,  Un. 


87.  Let  o-  = I for  the  moment,  and  for  the  sake  of  uniformity 
write  To  = I,  C/o=0,  T^=T,  Ux—U.  If  ^ is  an  odd  prime,  we 
have 

V-0  = {T^  + ^JDy 

= (mod  p) 

U^  = {I)\p)U„ 


Hence 
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if  we  adopt  the  convention  that  (D\p)  = 0 when  ^ is  a factor  of  D. 

If  we  write  e for  (D  \ p),  we  have  Tp=  T^,  Up=  U^,  supposing  that 
p does  not  divide  D.  Also 

— TiTp-^  DUiUp 
Up^,  = TpU,  + T,Up= 

and  hence  in  general 

Tnp+h  — ^ne+h)  Uqfipj^h  — Une-\-'h' 

We  conclude,  therefore,  that  the  least  positive  residues  of 
{Tn,  Un)  with  respect  to  p form  a recurrent  series,  the  number  of 
terms  in  each  period  being  a factor  of  p — (D\  p). 

If  p divides  D,  = + 1 (mod  p),  and  the  same  reasoning  shows 
that  the  residues  recur  with  a period  of  p or  2p  terms,  according 
as  T = 1 or  — I (mod  p). 

With  respect  to  the  modulus  2,  the  system  of  residues  may  be 
(1,  0),  or  (0,  I),  (1,  0),  or  (1,  I),  (1,  0). 

It  is  easy  to  see  that  a similar  recurrence  will  exist  if  the 
residues  are  taken  with  respect  to  a composite  modulus  m.  Thus 
if  {T,  U')  is  the  least  positive  solution  of  — {T'j  mU') 

is  a solution  of  — Du^  = 1 for  which  u = mU'  = 0 (mod  m),  and  it 
is  the  first  of  the  kind  which  occurs.  Putting  T = mV  = 
we  have  = 1 (mod  m) ; if  = 1 (mod  m),  the  period  contains 
\ terms  ; if  not,  Tgx  = — 1 = 1 (mod  m),  U2K  = = 0 (mod 

m),  and  the  period  contains  2\  terms. 

It  does  not  seem  easy  to  assign  the  number  of  terms  in  the 
period  of  residues  when  m,  D are  given.  By  arguments  similar  to 
those  employed  in  Chap.  I.  it  is  possible  to  prove  the  following 
theorem,  which  may  serve  as  an  exercise  for  the  reader. 

Suppose  that  m contains  at  least  one  odd  prime  factor  which 
does  not  divide  D : then  if  p,  g,  r ...  are  the  different  odd  primes 
which  divide  m but  not  D,  and  if  pu  is  the  L.C.M.  of  mjpqr..., 
p — (D\p),  q — (D\  q),  etc.,  the  number  of  terms  in  a period  will 
certainly  divide  fx.  A fortiori  it  will  divide 

where  the  product  applies  to  all  odd  primes  which  divide  m but 
not  D,  and  a is  the  number  of  such  primes. 
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If  every  prime  factor  of  m divides  D,  all  that  can  be  concluded 
is  that  the  number  of  terms  in  a period  divides  2m. 

Examples.  D = l\,  T,  = 10,  U,  = S,  m = 1S.  Here,  since 
(11 1 5)  = + 1,  and  (11 1 3)  = - 1,  is  the  L.C.M.  of  5,  4,  4,  that  is,  20. 
The  period  of  residues  does  in  fact  contain  20  terms,  viz. 

(10,  3),  (49,  60),  (70,  72),  (1,  30), 

(25,  3),  (49,  30),  (55,  72),  (1,  60), 

(40,  3),  (49,  0),  (40,  72),  (1,  15), 

(55,  3),  (49,  45),  (25,  72),  (1,  45), 

(70,  3),  (49,  15),  (10,  72),  (1,  0). 

If  m = II,  there  are  22  terms  in  the  period ; namely  (10,  3), 
(1,  5),  (10,  9),  (1,  10),  etc. 

The  number  of  terms  in  the  period  is  often  less  than  ya : thus 
for  D = 11,  m = 9,  fjL  is  12,  but  the  period  is  (1,  3),  (1,  6),  (1,  0). 


88.  The  complete  system  of  automorphs  for  a primitive  form 
{a,  b,  c)  is  given  by 

fa,  _ f{Tn  - bUn)l(T,  - cUnjo-  \ 

Ws)-[  aUn/a,  (T,,  + bU^)/a)’ 


where  Tn,  Un  have  the  meaning  already  defined ; except  that  in 
this  formula  they  may  be  taken  positively  or  negatively.  If,  as 


we  have  tacitly  done  hitherto,  we  consider 


the  same  as 


g j,  it  is  sufficient  to  give  to  n all  positive  and  negative 

integral  values  and  take  T^,  Un  with  the  signs  appropriate  to  them 
in  each  case,  according  to  Art.  86. 


With  this  convention,  let  the  substitution  above  written  be 
denoted  by  Then  it  is  easily  verified  that  if  m,  n are  any 
integers, 

~ ^m+n  ~ > 


and  hence,  if  B denote 


f{T  —bU)la,  —cUI<T  \ 

V aU/a,  {T+bU)/a)^ 

Sn  = S-; 

therefore  all  the  automorphic  substitutions  may  be  expressed  as 
powers  of  the  fundamental  substitution  B. 
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It  has  already  been  shown  (Art.  85)  that  from  the  period  of  a 
reduced  form  (a,  h,  — a')  an  automorphic  substitution  may  be 
derived.  It  is  not  difficult  to  prove  that  this  is  the  fundamental 
, automorph.  For  simplicity,  suppose  that  a is  positive,  and  let  the 
derived  automorph  be 


>8'== 


nt'  -hu')i  <7, 
V au'ja, 


auja-  \ 
(t  + hu  )/cr/  ’ 


where  t'  is  positive. 

Since  P — Ifu^  — aau^  + 0-2,  t'  — hu  and  t'  + hu'  are  positive. 
If  B'  is  not  the  fundamental  automorph,  it  must  be  a power  of  it, 
say  8^.  It  follows  from  this  that  if  au  j{t'  +■  hit)  be  expanded  into 
a continued  fraction,  the  series  of  partial  quotients  will  consist  of 
those  belonging  to  the  expansion  of  a?7/(T  + 6^7),  repeated  k 
times.  But  in  the  series  d-^,  ...  d^^  derived  from  the  period  of 

reduced  forms,  such  a repetition  can  only  occur  once.  The  only 
possible  supposition  therefore  is  that  8'  = and  that  8 is  derived 
from  the  partial  quotients  di,  d^,  ...  dm-  But  these  partial  quo- 
tients lead  to  a solution,  not  of  Did'  = but  of 


P - Du^  = - 0-2 


(cf.  Art.  75).  Therefore  8'  is  the  fundamental  automorph. 

The  automorphs  of  a derived  form  are  the  same  as  those  of  the 
primitive  from  which  it  is  derived. 


89.  If  R=  is  any  substitution  which  converts  (a,  h,  c) 

into  the  equivalent  form  (a',  h\  c'),  and  if  8 is  the  fundamental 
automorph  of  (a,  6,  c),  then  all  the  substitutions  which  convert 
{a,  h,  c)  into  (a',  h',  c')  are  given  by 


where  n is  any  positive  or  negative  integer. 

The  values  of  /3n,  jn,  are 
an  = {aTn  - (ha  + cy)  Un}lo-,  ^n  = {/3Tn  - (h^  + c3)  ?74/o-, 
yn  = {yTn  + (««  d hy)  8,,  = {8T,,  + (a/3  + hh)  t74/cr. 

The  relations  between  the  original  and  the  new  variables  may 
also  be  expressed  by  writing 


ax  + (6  -f  \/D)y  = 


Tn  + !/« 


[a  (ax'  + py')  + (5  + \/B)  (yx'  -}-  hy')] ; 


or 


GROUPS  OF  REPRESENTATIONS. 


97 


and  similarly,  the  automorphs  of  {a,  6,  c)  may  be  derived  from 

ax  + {h  + s/D)y  = + ^ \/-D)y')- 

Representation  of  Numbers  resumed. 

90.  It  has  already  been  shown  (Art.  59)  that  if  a number  m 
is  properly  representable  by  a form  of  determinant  D,  D must  be 
a quadratic  residue  of  m.  Further,  if  n is  any  root  of  the 
congruence 

n^  = D (mod  m), 

and  we  put  {n^  — D)lm  = 1,  then  the  form  (m,  n,  1)  is  of  determinant 
D,  and  any  primitive  representation  m = aaP  + 2hoLy  + 07^  by  the 
form  (a,  6,  c)  of  determinant  D leads  to  a proper  substitution 

(7'  which  (a,  h,  c)  is  transformed  into  (m,  n,  1). 

In  order,  therefore,  to  determine  whether  m can  be  represented 
by  a given  form  (a,  h,  c)  we  first  find  all  the  solutions  of  n^  = D 
(mod  m) ; taking  any  one  of  these,  say  n,  we  examine  whether  the 
forms  (a,  h,  c),  (m,  n,  1)  are  properly  equivalent.  If  they  are,  the 
process  by  which  we  discover  the  equivalence  enables  us  to  form 

(OL 

’ g j which  converts  (a,  h,  c)  into  (7n,  n,  1),  and 

then  x = a,  2/ = 7 gives  a primitive  representation  of  77^  by  the 
form  (a,  6,  c).  This  representation,  moreover,  appertains  to  the 
particular  solution  {n)  of  the  congruence  n?  = I)  (mod  m). 

If,  for  a given  value  of  ?i(mod  7?i),  a particular  solution  is 
x = a,  y = y,  then  (by  Art.  89)  the  most  general  solution  apper- 
taining to  this  root  of  the  congruence  is 

_cit  — (ha-\-  C7)  u _yt  + {aa  + 67)  u 


where  a = dv  (a,  26,  c)  and  (t,  u)  is  any  integral  solution  of 

t‘^  - Div^  = a\ 

By  giving  to  t,  u all  suitable  values  we  thus  obtain  a group 
of  representations ; there  will  be  a finite  or  infinite  number  of 
representations  in  the  group  according  as  D is  negative  or 
positive. 

The  maximum  number  of  distinct  groups  will  be  equal  to  the 
number  of  the  solutions  of  the  congruence  n^  = D (mod  m). 

M.  7 
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91.  Some  illustrations  of  the  general  theory  will  now  be 
given. 

Example  1.  Suppose  D = — l.  There  is  only  one  positive 
class  for  this  determinant : its  representative  is  (1,  0,  1).  Let 
m be  a positive  integer  such  that  m or  Jm  is  odd ; then  the 
congruence  n^  = — l (mod  m)  is  solvable  if  every  odd  prime 
which  divides  m is  of  the  form  + 1.  If  this  condition  is 
satisfied,  there  will  be  a form  (m,  n,  1)  of  determinant  — 1,  and 
this  must  be  equivalent  to  the  reduced  form  (1,  0,  1) ; therefore 
m can  be  expressed  as  the  sum  of  two  squares. 

A special  case  of  this  is  the  famous  theorem  first  enunciated 
by  Fermat  {Observations  on  Diophantus,  No.  vii.) ; 

Every  odd  prime  of  the  form  + 1 can  he  expressed  in  one 
way,  and  one  way  only,  as  the  sum  of  two  squares. 

For  if  p = 4n  + 1 be  a prime  the  congruence  n^  = —1  (mod  p) 
has  two  solutions,  each  of  which  (Art.  84)  corresponds  to  four 
representations,  so  that  there  are  eight  representations  altogether : 
but  if  x — t,  y = u be  any  one  of  these,  we  get  exactly  eight  by 
putting  x=±t,  y=  ±u,  or  x=  ±u,  y=  ±t,  bo  that  if  we  neglect 
the  order  of  the  terms,  p is  expressed  in  one  way  only  in  the  form 

p = P + u^. 

For  instance,  let  p = 89.  The  roots  of  n^  = — l (mod  89)  are 
= + 34 ; taking  the  upper  sign,  and  applying  the  usual  process 
of  reduction,  we  have 

(89,  34,  13)cv.(13,  5,  2)co(2,  1,  l)cs.(l,  0,  1). 

Hence  we  derive  the  substitution 


( 0,  l^ 

lY 

0,  1\  /+S,  +2\ 

l-l,  -3; 

' V-1,  -3, 

' Ul,  -5) 

which  converts  (89,  34,  13)  into  (1,  0,  1);  and  the  second  form  is 

converted  into  the  first  by  the  inverse  substitution  ( ' ^]. 

This  gives  the  representation  89  = {—  by + {+  Sy.  If  we  start 

with  (89,  — 34,  13),  we  obtain  in  a similar  way 

89  = (+  8)2 + (-5)2  =64 + 25 

as  before. 

Example  2.  To  find  all  the  representations  o/  85  = 5 . 17  as 
the  sum  of  two  squares. 
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The  roots  of  = - 1 (mod  85)  are  n=±  13,  ± 38.  The  forms 
(85,  13,  2),  (85,  38,  17)  are  converted  into  (1,  0,  1)  by  the 

substitutions  (+2'  —9)  hence 

85  = 49  + 36  = 4 + 81. 


The  forms  (85,  — 13,  2)  and  (85,  — 38,  17)  lead  to  the  same 
results. 


Example  3.  To  find  all  the  representations,  primitive  and 
derived,  of  in  the  form  3^c^  + 2^ry  — 1 2y^. 

For  the  primitive  representations  we  solve  n^  = 37  (mod  81), 
whence  n = + 19  (mod  81).  Then  by  successive  reductions  we  find 
(81,  19,  4)cv.(4,  5,  -3)  CO  (-3,  4,  7)co(7,  3,  -4) 

CO  (— 4,  5,  3)  CO  (3,  4,  —7) 


co(  3,  1,  -12). 


From  this  is  derived  the  substitution 


-163,  -26\ 
.+  69,  +11; 


which 


converts  (3,  1,  —12)  into  (81,  19,  4);  and  the  corresponding 
representation  is  ^ = —163,  2/  = 69. 

By  Art.  89,  all  the  representations  belonging  to  the  same  set 
with  this  are  expressed  by 


■ x = — 163^  + 991it, 
y^—  69^  — 420i^, 

where  {t,  ii)  is  any  integral  solution  of  — = 1. 

Putting  t = —7S  = — T,  u = —12  — —U,we  obtain  the  simpler 
solution  x = 7,  y = and  hence  we  derive  the  general  solution  in 
the  form 

X — *7t  29W', 


y = St  + 2^u. 

The  form  (81,  — 19,  4)  is  not  equivalent  to  (3,  1,  — 12),  so  that 
the  above  solution  gives  all  the  primitive  representations. 

The  derived  representations  may  be  of  two  kinds,  according  as 
dv  (x,  y)  = S or  9.  The  former  set  is  deduced  from  the  primitive 
representations  of  9 by  (3,  1,  — 12).  Proceeding  as  before,  we 
obtain  the  representations  of  81  in  the  form 

x = — 9t-\-  4f5u, 
y — St  — 24^t, 
where,  as  before,  t^—S1v?=^l. 

7—2 
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There  are  no  representations  for  which  dv  {x,  y)  = 9.  This  is 
easily  seen  from  the  fact  that  1 is  representable  by  the  form 
(1,  0,  —37),  which  is  not  equivalent  to  (3,  1,  —12). 


Improper  Equivalence. 


92.  A few  remarks  may  be  added  with  regard  to  improper 
equivalence.  Every  form  is  improperly  equivalent  to  its  opposite 
(Art.  62);  hence  if  /is  improperly  equivalent  to  /',  it  is  properly 
equivalent  to  the  opposite  of  f\  and  conversely.  Moreover,  to 


every  proper  substitution 


which  converts  f into  the 


opposite  of  f'  corresponds  an  improper  substitution 


which  changes  f into  /',  and  vice  versa.  Thus  the  whole  theory 
of  improper  equivalence  is  practically  reduced  to  that  of  proper 
equivalence. 


There  is,  however,  one  point  of  special  interest ; the  forms  f 
and  f'  may.  be  both  properly  and  improperly  equivalent.  In 
this  case  every  form  of  the  class  to  which  f and  f'  belong  is 
improperly  as  well  as  properly  equivalent  to  itself.  It  may  be 
shown  that  the  necessary  and  sufficient  condition  for  this  is 
that  the  class  should  be  ambiguous,  that  is  to  say,  should 
contain  ambiguous  forms. 


First,  let  / f'  be  definite : then  if  we  find  a reduced  form 
equivalent  to  them,  it  must  be  equivalent  to  its  own  opposite, 
which  is  also  a reduced  form.  By  Art.  65  this  is  the  case  only 
when  the  reduced  form  is  of  the  type  {a,  -J-a,  c)  or  {a,  b,  a).  The 
first  of  these  is  ambiguous ; the  second  is  converted  by  the 

substitution  Q’  into  the  ambiguous  form  (2a  + 26,  a + 6,  a). 

Secondly,  suppose  that  / and  f'  are  indefinite.  Let  (a,  6,  — a') 
be  any  reduced  form  in  the  period  of  /.  By  the  improper 

substitution  it  is  converted  into  its  associate  (—  a',  6,  a) : 

hence  if  / f'  are  improperly  equivalent,  their  periods  must  be 
associated ; and  if  they  are  properly  equivalent  as  well,  their 
common  period  must  be  its  own  associate,  and  is  therefore 
ambiguous  (Art.  74). 
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Every  ambiguous  form  is  improperly  as  well  as  properly 
equivalent  to  itself^;  for  if  {a,  h,  c)  is  ambiguous,  and  2b=^a, 


(o'  0 improper  automorph.  Hence  for  the  double 


equivalence  of  two  forms  it  is  sufficient  as  welb  as  necessary 
that  they  should  belong  to  an  ambiguous  class. 


93.  The  effect  of  an  improper  automorphic  substitution  is  to 
interchange  the  roots  of  the  form  to  which  it  is  applied  (Art.  56) ; 

hence  if  is  an  improper  automorph  of  (a,  h,  c), 

— h — _ a (—  ^ + \/JD)  + /3a 

a y ( — b -p  V-^)  "h 

whence,  on  multiplying  up  and  equating  the  rational  and  irrational 
parts, 

a (a  + S)  = 0, 

a (ba  — a/3)  + b (by  — aB)  — yD  = 0. 

Now  a is  not  zero  ; hence 

a + 3 = 0, 

and  on  substituting  — a for  S in  the  second  equation  we  obtain 
26a  — a/3  + cy  = 0. 

The  condition  aB  — I3y=  — 1 leads  to 
a^-{-^y  = l. 

Since  a/3  - 07  = 26a, 

we  may  put  a^  + cy  = 2k, 

where  k is  an  integer ; hence 

= («  4-  6a)/a, 
y = (fc  — ba)/c, 

and  substituting  in  a'^  + /37  = 1,  we  obtain 

K^  — Da^  = ac. 

Thus  every  improper  automorph  of  (a,  6,  c)  must  be  of  the 
form 

/ X,  (k  -j-  6x)/a\ 

\(k  - b\)/c,  - X )’ 

where  (k,  X)  is  an  integral  solution  of  = ac.  Since 


1 Hence  the  term  ‘ ambiguous,’  which  is  an  unsatisfactory  rendering  of  Gauss’s 
two-headed  ; cf.  ‘ sacer  ancipiti  mirandus  imagine  Janus’  (Ov.  Fast.  i.  95). 
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improper  automorphs  exist  for  forms  belonging  to  ambiguous 
classes,  and  for  such  forms  only,  we  are  led  incidentally  to  the 
result  that  if  {a,  h,  c)  belongs  to  an  ambiguous  class,  there  will 
be  integral  solutions  of  — ac  for  which  (/c  + h\)la  and 

{K  — h\)lc  are  both  integral. 

As  an  illustration,  let  {a,  b,  c)=(2,  5,  7).  Here  D = ll,  and 

/I  5\ 

the  values  « = 5,  X = 1 lead  to  , the  improper  automorph  , 

from  which  all  the  rest  may  be  derived.  In  like  manner  the 
solution  /c  = 17,  X = — 5 leads  to  the  improper  automorph 


; on  the  other  hand,  no  improper  automorphs  can 


be  derived  from  the  solutions  « = 5,  X = — 1,  and  /c=l7,  X = 5. 


CHAPTER  IV. 


Binary  Quadratic  Forms;  Geometrical  Theory. 

94.  The  theory  of  the  reduction  and  equivalence  of  binary 
quadratic  forms  is  made  much  more  intelligible  by  the  introduction 
of  a complex  variable.  The  discussion  of  complex  quantities 
belongs  to  the  elements  of  formal  algebra,  and  will  not  be 
reproduced  here : for  convenience,  however,  a few  of  the  funda- 
mental results  will  be  stated,  and  the  notation  to  be  used  will  be 
explained. 

The  general  form  of  a complex  quantity  is 
z — a)-\-  yiy 

where  x,  y are  real,  and  = — 

The  modulus  or  absolute  value  oi  x-\-  iy  means  + + y‘^.  It 

is  denoted  by  mod  {x  -f-  yi),  or  by  \x-\-  yi\  \ in  what  follows,  the 
second  notation  will  be  exclusively  used. 

The  square  of  the  modulus  of  a complex  quantity  ^ is  called 
its  norm  and  denoted  by  Nm  (z) ; thus  if  ^ + yi, 

Nm  {z)  = + y‘^. 

The  argument  of  z = x-\-yi,  denoted  by  arg  {z),  is  a quantity  6 

oc  u 

such  that  cos  ^ , sin  ^ . It  is  many-valued,  being  deter- 

mined only  up  to  multiples  of  27r. 

95.  If  we  take  an  origin  0 and  rectangular  axes  X'OX, 
YOY,  and  mark  the  point  P whose  coordinates  referred  to  these 
axes  are  x,  y,  the  complex  quantity  z — x-\-yi  may  be  considered 
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to  be  represented  either  by  the  point  P,  or  by  the  vector  OP 
drawn  to  P from  the  origin.  In  particular,  1 and  ^ will  be 
represented  by  points  P on  OX,  O Y at  unit  distance  from  0. 
Considered  as  an  operator  sc  + yi  will  denote  the  operation  by 
which  the  vector  OA  = 1 is  converted  into  the  vector  OP  = x yi. 

The  modulus  and  argument  of  ^ + yi  are  equal  to  the  radius 
vector  and  vectorial  angle  of  P,  if  OX  be  taken  as  the  initial  line, 
and  the  radian  as  the  unit  angle.  Calling  these  r and  6,  we  have 

x + yi  — r (cos  6-\-i  sin  6)  = 


96.  If  z — x + yi,  and  z =x  yi,  the  four  fundamental 
operations  are  performed  according  to  the  formulse 

z-\-z  —{x-V  x)  + (y  + y') i = z'  + 

z-z'  = {x-x)A{y-y')i 


zz  = {xxc  — yy')  + {xy'  + xy)  i — zz, 

xx'  +yy'  {xy'-x’y) 

(K?  y‘^  x^  -\-y‘^ 

Of  these,  the  first  and  third  may  be  taken  as  definitions ; the 
second  and  fourth  are  derived  from  them  by  means  of 


{z  — z')  z —z,  and 


z—z. 


We  shall  also  require  the  following  results,  which  are  given 
here  for  the  sake  of  reference  : — 

\z-\-z  l^l^l  + l^j, 

\zz'\==\z\\z'\, 

\z\z'\^\z\l\^\, 
arg  {zz')  = arg  {z)  + arg  («'), 
arg {zlz)  = arg {z) - arg  («'), 
log  z — Log  \z\-\-i  arg  {z). 

In  the  last  formula,  Log  | z \ means  the  ordinary  real  logarithm 
of  the  real  positive  quantity  \z\. 


The  quantities  x + yi  and  x — yi  are  said  to  be  conjugate.  It 
is  sometimes  convenient  to  write  Zq  for  the  conjugate  of  ^ ; it  will 
be  observed  that  zz^  = Nm  {z)  = Nm  {zq). 
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97.  Consider  now  the  linear  transformation  of  a complex 
variable  defined  by 

, az  + h 

z — 1 y 

cz  + d 

where  a,  b,  c,  d are  any  constants,  in  general  complex,  such  that 

ad  — 6c  4=  0. 

This  may  be  regarded  as  a transformation  of  the  plane  of 
reference  by  which  the  point  z'  is  made  to  correspond  to  the 
original  point  z. 

There  are,  in  general,  two  points  which  are  unaltered  by  the 
transformation  ; for  convenience  they  may  be  called  the  stationary 
points  of  the  transformation.  They  correspond  to  the  roots  of  the 
equation 

az-\-b 

z = = , 

cz  + d 

or  cz^+  (d  — a)  z~  6 = 0. 

If  the  roots  are  Zi  and  ^2  the  equation  of  transformation  may 
be  written  in  the  ‘ normal  form  ’ 

z — ^1  -g- 

z -z^  ' z-z^' 

It  is  easily  seen  that  X = (a  — czi)l(a  — cz^),  and  it  may  be 
verified  without  difficulty  that  X satisfies  the  equation 

^ I _ a^  + + 26c 

X ad  — be 

This  is  a reciprocal  quadratic,  as  might  be  expected,  because 
the  interchange  of  z^  and  ^2  converts  X into  I/X.  When  the  roots 
Zi  and  Z2  are  distinguished,  the  value  of  X is  determined,  and 
conversely. 

It  may  happen  that  the  stationary  points  coincide : this  will 
be  the  case  when 

(a  — df  + 46c  = 0. 

Such  a substitution  is  called  parabolic.  It  is  clear  that  the 
values  of  X must  also  coincide,  each  being  equal  to  I ; and,  in  fact, 
the  equation  for  X reduces  to 

\ + i = 2, 

whence  (X  - l)^  = 0,  as  stated. 
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Z ^ Z Z ■“  z 

The  equation  ^ ^ = X now  becomes  illusory:  it  may, 
z z z^ 

however,  be  replaced  by 


where  = (a  — c^)/2c,  h — 2c/(a  + c2). 

A special  case  occurs  when  c = 0 and  a — d = 0:  here  the 
coincident  stationary  points  are  at  infinity,  and  the  transformation 
is 

z = z + k, 

where  k = h/a. 

Observe  that  k cannot  be  infinite  in  either  of  these  last 
formulse  of  transformation : for  it  will  be  found  that  k=  qo  leads 
in  each  case  to  ad  — hc  = 0,  which  was  expressly  excluded  at 
starting. 

Those  substitutions  which  are  not  parabolic  may  be  arranged 
into  three  classes,  according  to  the  value  of  X ; namely 

(i)  elliptic  substitutions,  for  which  X is  complex,  and  | X | = 1, 

(ii)  hyperbolic  „ „ „ X is  real,  and  =i=  1, 

(iii)  loxodromic  „ „ „ X is  complex,  and  | X | =^=  1. 


98.  It  is  a characteristic  property  of  a linear  substitution 
that  it  transforms  circles  into  circles.  This  important  proposition 
may  be  proved  as  follows. 

Since  the  most  general  expression  for  a linear  substitution 
involves  three  independent  quantities,  any  three  assigned  values 
Zi,  zl  may  be  made  to  correspond  to  any  other  three  z-^y  z^y  z^. 
In  fact,  the  linear  transformation  required  for  this  purpose  is 

Z Zi  Zs  Zi  Zg  Z2  Z Zi 

z'  - Z^  ” Z^  -zi'  z^-z^'  z-z^' 

or,  which  is  the  same  thing, 

zj  - zj  z-zi^z.,-z.2  Z-Zt^ 
zi  - zi  ' z'  -zi  z^-z-^'  z-z.,' 


It  is  convenient  to  write  (a^yB)  for 


-a  /B  — a 


and  call  it  a 


cross-ratio : 
written 


/3  — y / 13  - B 

in  this  notation,  the  above  substitution  may  be 


(^Zi  Z^Z^Z^  — {ZiZ^Z^^Z^. 
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Now  if  Ai,  J-2,  As,  P are  the  points  corresponding  to  Zi,  Zs,  z 
respectively, 

X,  A,As  a,p 

I \ ~ A A • pA  > 

while  arg  (z^z^Zsz)  = Z - Z A^PA^ , — 

the  angles  being  described  as  indicated  by  the  arrows  in  the 
figure;  that  is,  by  rotating  lines  from  -4 3^1  to  -4.3^2,  and  from 
PAi  to  PAs,  in  the  positive  sense. 


It  follows  from  this  that  (^i^2'2^3^)  is  real  if  and  only  if 
P } Ai,  A 2,  .43 

are  concyclic ; for  the  condition  of  reality  is  that 
Z ili^3^2  - ^ ^iP-42 

should  be  a multiple  of  tt,  and  this  is  precisely  the  condition  that 
the  four  points  should  be  concyclic,  the  angles  being  measured  as 
above  explained. 

When  (ziZ^Zsz)  is  real,  {z^z^zlz')  is  real  also:  therefore  any 
point  0 on  the  circle  ^i-s^2^3  is  transformed  into  a point  z on  the 
circle  z-[zizs. 

It  should  be  observed  that,  in  this  connexion,  straight  lines  are 
to  be  considered  as  equivalent  to  circles  of  infinite  radius ; in  fact 
a straight  line  is  in  general  transformed  into  a circle,  and  a circle 
may  be  (exceptionally)  transformed  into  a straight  line. 

99.  In  the  arithmetical  application,  it  will  be  sufficient,  for 
the  present,  to  consider  the  substitutions 

, + yS 

-2^  = 

7^+0 

where  a,  /3,  7,  8 are  real  integers  such  that  a8  — /87  — 1 . 
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The  equation  for  \ is  in  this  case  (Art.  97) 

X -{- 

= (a_l_g)2_2. 

The  discriminant  of  this  quadratic  is 

4 — {(a  + Sy  — 2}2  = (a  + Sy  {4  — (a  + 8)'^}. 

This  is  negative,  and  the  substitution  is  hyperbolic,  except  in 
the  following  cases  : — 

I.  a + 8 = 0,  whence  also  /87  + + i = 0. 

Here  the  equation  for  X is  (X  + 1)'^=0,  and  the  stationary 
points  are  the  roots  of 

- 2a2  — = 0, 

whence  z = (a  ± i)/y. 

The  substitution  may  be  written  in  the  form 

/ — (g  + i)/y  _ _z- (a  + {)/y 
z'  — (a  — i)ly  z — {a  — i)/y  ’ 

from  which  we  see  that  it  is  elliptic  and  of  period  2. 


IL  (a  + By  = l. 

It  is  enough  to  suppose  that  a + 3 = 1,  because  if  a + 3 = — 1, 
we  can  change  the  signs  of  a,  yS,  y,  3 throughout,  without  altering 
the  substitution. 

The  equation  for  X is 

X^  + X + 1 = 0, 

and  therefore,  putting  p = ^ , 


X = p or  p2. 

The  equation  for  the  stationary  points  is 
7^2  _ (2a  — l)z  — ^=0, 

2a  - 1 + 7(2a  - ly  + 4 («a  - 1) 

2y 

2a  — 1 ± ^\/3  , 

tr on  reduction 

27 

a + p a + p2 

or  . 


whence 
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If  we  take  X = p,  we  must  put  (Art.  97) 


7 


5 


^2 


ct  + p 

y 

7 


and  the  normal  form  of  the  substitution  is 


z'-(0L  + p^)/y  ^ ^ - («  + p^)/y  - 

z' - (a  + p)/y  P'  2!- (a  + p)ly  ' 

This  is  elliptic,  and  of  period  3.  The  other  substitution  of 
the  same  period  is  obtained  from  the  preceding  by  changing  p 
into  p\ 

III.  a + B = 2. 

Here  (X  — I)^  = 0,  and  the  equation  for  the  stationary  points  is 

+ = 0, 

7 


or 

The  substitution  is  parabolic,  and  may  be  written 

1 = ^ + . 

z’-{a-l)jy  z-(a-l)/y 

If  it  happens  that  7 = 0,  we  must  have  a = 8 = 1,  and  the 
substitution  becomes 

z'  = z-\-^. 

All  the  remaining  substitutions  are  hyperbolic,  the  stationary 
points  being  defined  by 

yz"^  — (a  — B)  z — 13  = 0. 


100.  As  in  last  chapter,  it  may  be  shown  that  to  every 
quadratic  equation  with  integral  coefficients  and  real  roots  corre- 
sponds a group  of  hyperbolic  substitutions  which  have  the  roots 
of  the  equation  for  their  stationary  points.  Namely,  if  the 
equation  is  reduced  to  the  form  az^  + 2bz  + c = 0,  where 

dv(a,  6,  c)  = I, 

and  if  we  put  as  usual  ¥ — aG  — D,  dv  (a,  2b,  c)  = a,  the  substitutions 
in  question  will  be  given  by 

z'  — Zj  _ /t  + U\/Dy  Z — Z:^ 

z' - Zo^  V o-  ) ' z-z^’ 

where  {t,  u)  is  any  integral  solution  of  — Did  = a^,  and  z-^,  Z2  are 
the  roots  of  az^  + 2bz  q-  c = 0. 
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(It  is  left  as  an  exercise  to  tlie  reader  to  verify  that  the 
normal  form  of  the  substitution  here  given  is  only  a transfor- 
{t  — hll)  2!  — cu 


mation  of  / 


It  is  interesting  to  see  that  the 


att2!  + (^  + bu) 

squared  factor  ensures  that  \ and  are  both  positive,  as  they 
ought  to  be,  because  X + =(ol  + 8y  — 2,  which  is  positive.) 


101.  Points  which  can  be  stationary  points  for  a substitution 
of  the  complete  group  may  be  called  critical  points ; it  appears 
that  they  fall  into  four  sets,  which  may  be  termed  respectively 

(i)  rational  points,  for  which  z — pjq, 

(ii)  surd  points  „ „ z — {p  ± \/q)lT, 

(iii)  ^-points  „ „ z—{p±  i)lq, 

(iv)  p-points  „ „ z = (p±p)lq. 

Here  p,  q,  r denote  real  integers ; in  (iii),  p and  q must  be 
relative  primes;  in  (iv),  with"  the  upper  sign  p and  q must  be 
relative  primes,  and  with  the  lower  sign  p + 1 and  q must  be 
relative  primes. 

102.  A complex  quantity  z — x-Vyi  for  which  y>0  will  be 
said  to  have  a positive  imaginary  part ; its  representative  point 
will  be  on  the  positive  side  of  the  axis  of  x. 

Two  quantities  z,  z will  be  termed  equivalent  when  real 
integers  a,  /3,  7,  S can  be  found  such  that 

,_az -1-/3 
* “7^+8  ’ 

aS  — j3y  = 1. 

The  corresponding  points  will  also  be  called  equivalent. 

Equivalent  points  are  on  the  same  side  of  the  axis  of  x. 

For  suppose  that  z'  = ^ as  above,  and  let  z^,  z^  be  the 

yz  ”1“  o 

conjugates  of  and  z \ then 

, a^o  + ^ 

^0  — ; ^ > 

yZQ  + 0 

(a8-/37)(g-^o) 

(7^  + 8)(7^r,  + 8) 

_ Z — Zg 

Nm  {yz  + S)  ’ 


and  therefore 


THE  FUNDAMENTAL  TRIANGLE. 


Ill 


If  z — x + yi  and  z'  = x'  y'i,  this  gives  yfy'  = Nm  {yz  + 8), 
a positive  quantity,  so  that  y and  y'  have  the  same  sign. 

If  y = 0,  2/'  = 0 also ; that  is,  a quantity  equivalent  to  a real 
quantity  is  also  real. 

103.  Suppose  now  that  (jd=x  + yi  is  any  complex  quantity 
with  positive  imaginary  part,  and  let  Wo  —x  — yi  be  its  conjugate. 

Consider  the  points  w which  satisfy  the  conditions 

I &)  + &)o  I < 1} 

COttfo  > 1* 

Expressed  in  terms  of  x and  y these  are 

2 I a:  I < 1, 

0^  + y‘^>l. 

Now  the  points  {x,  y)  for  which  2\x\<l,  a^-\-y'^>l,  y>0  are 
all  contained  within  the  area  which  lies  above  the  axis  of  x, 
outside  the  unit  circle  x^  + y’^  — 1=  0 and  between  the  parallel 
lines  x = ^ and  x = — ^.  (See  the  annexed  figure,  in  which  the 
area  in  question  is  shaded.) 


This  region  may  be  considered  as  a triangle  enclosed  by  three 
circular  arcs  (two  of  which  are  accidentally  straight),  the  angles  of 
the  triangle  being  0,  tt/S,  tt/S.  It  will  be  referred  to  as  the 
fundamental  triangle,  and  denoted  by  V. 

104.  The  points  on  the  boundary  of  V may  he  grouped  into 
equivalent  pairs. 

For  it  is  evident  that  the  transformation 
(I)'  = S (co)  = 0)  + 1 
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converts  every  point  &>  on  the  line  x — — \ into  a corresponding 
point  ft)'  on  ic  = and  if  one  of  these  is  on  the  boundary  of  V,  so 
is  the  other.  Also  the  transformation 


ft)'  = T (co)  = — 1/ft), 


or,  which  is  the  same  thing, 

os'  + y'i  = 


— x + yi 

-f- 


converts  every  point  ft)  on  the  circular  arc  extending  from  p to  i 
into  a point  w on  the  arc  from  ^ to  (1  + p). 


A point  will  be  called  a reduced  point  if  it  is  either  within  V 
or  on  that  half  of  the  boundary  of  V which  is  on  the  negative  side 
of  the  axis  of  y.  The  point  i is  included. 

The  reduced  points  p,  i are  critical.  The  third  vertex  of  V, 
which  is  at  infinity,  may  also  be  considered  a critical  point  for  the 
substitution  S (at)  = co  + 1. 


This  seems  the  proper  place  to  observe  that  from  our  present  point  of  view 
2:  = 00  simply  means  that  the  absolute  value  of  2;  is  infinite,  and  we  shall  have 
no  reason  to  distinguish  between  (say)  21=00,  a real  quantity,  and  2:=oo^,  a 
pure  imaginary.  We  shall  therefore  speak  of  the  point  00.  Perhaps  the 
reader  may  be  assisted  by  considering  the  effect  of  inverting  the  plane  of 
reference  into  a sphere : to  every  accessible  point  on  the  plane  will  correspond 
one  point  on  the  sphere,  but  all  the  infinite  elements  of  the  plane  will  be 
represented  by  a single  point  on  the  sphere,  and  this  representation  will  be 
sufficient  so  long  as  z = ao  can  he  iised  without  distinction  for  any  quantity  of 
which  the  norm  is  infinitely  great.  This  is  the  case,  for  instance,  in  the  theory 
of  algebraic  integrals  and  Abelian  functions  as  expounded  by  Riemann.  On 
the  other  hand,  if  we  distinguish  those  complex  quantities  z=x+yi  for  which 
Nm (2;)  is  infinite,  according  to  the  ratio  of  x to  y,  our  ‘infinite’  elements  will 
form  a linear  multiplicity.  This  is  what  is  done  in  plane  projective  geometry, 
and  it  is  for  this  reason  that  we  speak  of  ‘ the  straight  line  at  infinity  in  a 
plane.’  A great  deal  of  misunderstanding  is  avoided  if  it  be  remembered 
that  the  terms  infinity.,  infinite,  zero,  infinitesimal  must  be  interpreted  in 
connexion  with  their  context,  and  admit  of  a variety  of  meanings  according 
to  the  way  in  which  they  are  defined. 


105.  There  are  no  reduced  critical  points  except  i,  p,  00 , the 
vertices  of  the  fundamental  triangle. 

For  if  we  put  (o  — {a-\-i)ly,  the  conditions  that  co  should  belong 
to  the  fundamental  triangle  are 


7>  0, 


a 

7 


and  the  only  integral  solution  is  a = 0,  7 = 1 , whence  co  — i. 
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Similarly  co  = (a  -1  /o)/7  is  reduced  only  if  a = 0,  7 = 1 or  a = 1, 
7 = 1;  and  of  the  two  points  p,  1 + p only  p is  reduced.^ 

Obviously  no  rational  or  surd  points  can  be  reduced. 

106.  1^0  two  reduced  points  can  he  equivalent 

Suppose,  if  possible,  that 

, aoj  4-  /3 

ft)  ana  <0 

are  both  reduced. 

We  have  (by  Art.  102) 

/ / 
ft)  — ft)o  ~ 


7ft)  + B 


ft)  ^ ft)n 


now 


Nm  (7ft)  + S)  ’ 

Nm  (7ft)  + 3)  = 7^ft)ft)o  + 7S  (ft)  + ft^o)  + 

> 7^  — 78  + 3^ 

>1, 

with  a possible  exception  when  either  7 = 0,  8=  + l,  or  7=  + !, 
8 = 0.  Hence,  with  these  possible  exceptions, 

I ft)'  — ft)o'  1 < I ft)  - G)o  i . 

Bco'-l3 


But  since 


ft)  = 


— 7ft)'  -p  OL 

and  ft)'  is  reduced,  we  have  in  the  same  way 
I ft)  - ft)o|  < I ft)'  — ft)o'  |, 

except  perhaps  when  either  7 = 0,  a=±l,  ora  = 0,  7=  + !. 

It  is  impossible  that  | <0'  — two'l  < | ft)  — ft)o|  and 
I ft)'  — ft)o'  I > 1 ft)  — ft)o  I 

simultaneously.  Hence  it  is  sufficient  to  examine  the  cases 
7 = 0,  a = 8 = l 
and  ry=+l,  a = 3z=0, 

whence  also  yS  = + 1. 

The  first  case  gives  ft)'  = to  + y8, 
so  that  if  (x,  y)  are  the  coordinates  of  the  point  ft),  those  of  ft)'  will 
be  (aj  + y^,  y).  Now  P is  at  least  equal  to  1 numerically,  and  since 
the  width  of  V is  just  equal  to  1,  it  follows  that  ft)  and  ft)'  cannot 
both  be  reduced. 

In  the  second  case  to'  = — 1/ft), 
whence  Nm (co) . Nm {w)  = 1. 

M.  8 
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If  Nm  (ft))  > 1,  Nm  (co')  < 1 and  co'  cannot  be  reduced  : similarly 
if  Nm(ft)')>l,  ft)  is  not  reduced.  If  Nm  (<«)  = !,  co  can  only  be 
on  the  circular  arc  going  from  p to  and  then  co'  = — l/co  is  on 
the  arc  going  from  i to  p + 1,  and  is  consequently  not  reduced. 
(C£  Art.  104.) 


107.  We  shall  now  state  and  prove  a proposition  the  object 
of  which  may  not  be  very  evident : it  is,  in  fact,  preparatory  to 
the  important  theorem  which  follows  it. 

Within  the  area,  above  the  axis  of  x,  which  is  enclosed  by  the 
^parallel  lines  x=  and  the  line  y = c,  where  c is  a finite  ^positive 
quantity,  there  can  only  be  a finite  number  of  points  equivalent 
to  a given  point  co,  the  ordinate  of  which  exceeds  c. 

Let  ft)  = f + Tji,  where  rj>  c. 


Then  if  co'  = ^^w  + yi  be  an  equivalent  point, 

_ 1 _ V 

rf{^  + yf)+^rf^+S‘' 

Therefore  if  y > c, 

f (P  + < rjjc, 

that  is,  (^7  + + 'ff  < vIg- 

Now  since  the  expression  on  the  left-hand  side  is  the  sum  of 
two  squares  and  f,  t]  are  real,  it  is  clear  that  only  a limited 
number  of  real  integers  7,  S can  be  found  to  satisfy  the  inequality. 

Suppose  that  (7',  B')  is  any  suitable  pair  of  values,  7',  B'  being 
relative  primes.  Then  if  a,  are  any  integers  such  that 

olB'  — I3'j'  = 1, 

the  most  general  solution  of  aB'  — = 1 is 

a = a'  + mf. 


m being  any  integer. 
Hence  co' 


/3  = /8'  -i-  mB', 

a(o-\-  B a! CO  -I-  B' 

^ 

fy  CO  + o y CO  o 


Suppose,  now,  that  we  consider  points  on  the  boundary  x = - ^ 
as  belonging  to  the  area  defined  in  the  enunciation,  but  points  on 
x — as  being  outside  of  it.  Then  it  is  possible  in  one  way 
only  to  determine  the  integer  m so  that  the  conditions 
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may  be  satisfied.  Therefore  for  every  combination  (7',  8')  in 
which  y,  8'  are  relative  primes,  and  (7'f  + + 7'V< we 

obtain  one  and  only  one  point  co',  equivalent  to  o),  within  the 
area  defined  by  - J y'>c.  The  number  of  these  points 

is  therefore  finite. 

108.  We  are  now  able  to  prove  the  fundamental  proposition, 
that 

Every  point  above  the  axis  of  x is  equivalent  to  one  and  only  one 
reduced  point. 

Let  o)  = f + 'qi,  where  77  > 0. 

The  integer  m may  be  uniquely  determined  so  that 
- J < f + m < J. 

Put  ft)'  = ft)  + m ; 

then  if  | ft)'|  > 1,  to'  is  reduced : if  not,  let 

ft)"  = — 1/ft); 

then  the  ordinate  of  ft)"  = 7;/Nm  (ft)')  > 77,  except  when  Nm  (ft)')  = 1. 
If  Nm(ft)')  = 1,  either  ft)'  or  ft)"  is  reduced.  If  otherwise,  let  m'  be 
chosen  so  that 

ft,"'  = ft,"  + m'  =•-  x!"  + y'"i 

satisfies  the  conditions 

and  if  co'"  is  not  yet  reduced  put  ft)^''=  — Ijco'".  Then,  as  before, 
the  ordinate  of  co^"^  exceeds  that  of  co'"  and  a fortiori  that  of  co. 
By  proceeding  in  this  way  we  must  at  last  arrive  at  a reduced 
point,  because  the  points  co',  co'",  etc.,  all  lie  within  the  area 
defined  by 

y>7], 

and  by  the  preceding  lemma  this  area  contains  only  a finite 
number  of  points  equivalent  to  co. 

Thus  it  has  been  proved  that  to  every  point  co  above  the  axis 
of  X an  equivalent  reduced  point  can  be  found.  Further,  if  co 
were  equivalent  to  two  different  reduced  points,  these  reduced 
points  would  be  equivalent  to  each  other;  but  this  has  been 
proved  to  be  impossible  (Art.  106);  therefore  the  reduction  is 
unique. 


8^2 
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109.  If  a non-critical  reduced  point  is  transformed  hy  two 
different  substitutions  ^ ^ ^ the  transformed  points 
cannot  he  identical. 

For  if  they  were,  the  substitution 

/a,  A / h', 

U SA-7,  cl'J’ 

which  is  not  identical,  would  transform  the  reduced  point  into 
itself;  but  this  is  impossible. 


110.  It  follows  from  the  propositions  just  proved  that  by 
means  of  the  group  of  proper  unitary  substitutions,  that  part 
of  the  plane  of  reference  whicK  lies  above  the  axis  of  real 
quantities  is  divided  up  into  an  infinite  number  of  equivalent 
triangles.  A few  of  these  are  shown  in  the  figure,  where,  as 
before,  the  fundamental  triangle  is  shaded.  The  triangles  fill 
up  the  half-plane  completely,  without  overlapping : as  we  ap- 
proach the  axis  of  abscissae,  the  triangles  become  smaller  and 
smaller,  and  are  ultimately  infinitesimal.  Every  rational  point 
on  the  axis  of  x is  the  common  vertex  of  an  infinity  of  triangles ; 
no  other  point  on  this  axis  belongs  to  any  of  the  triangles. 

It  may  be  observed  that  the  whole  number  of  triangles  is  an 
infinity  comparable  with  n^,  where  n is  an  indefinitely  large 
positive  integer. 

The  propositions  which  immediately  follow  are  intuitively 
evident  from  the  figure ; they  may  be  rigorously  proved  with 
the  aid  of  the  preceding  articles. 
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Every  triangle  is  surrounded  by  three  adjacent  triangles,  each 
of  which  is  separated  from  it  by  one  of  its  sides. 

Every  p-point  is  a common  vertex  of  six  contiguous  triangles. 

The  angles  of  every  triangle  are  0,  tt/S,  tt/S,  and  its^vertices 
are  at  a rational  point  and  two  p-points  respectively. 

111.  Suppose  that  a sphere  is  drawn  touching  the  plane  of 
reference  at  the  origin  0 ; and  let  the  figure  be  projected  stereo- 
graphically  upon  the  sphere  from  the  point  diametrically  opposite 
to  0.  Then  the  triangles  in  the  plane  are  projected  into  triangles 
on  the  sphere  bounded  by  arcs  of  small  circles ; and  we  have  the 
whole  surface  of  a hemisphere  divided  up  into  a series  of  triangles, 
which  may  be  considered  equivalent  as  before  (cf.  Art.  104).  In 
particular,  the  size  of  the  sphere  may  be  so  arranged  that  the 
point  i in  the  plane  is  projected  into  the  pole  of  the  great 
circle  which  bounds  the  hemisphere ; the  spherical  figure  then 
becomes  symmetrical. 

112.  The  whole  theory  of  the  reduction,  of  definite  quadratic 
forms  may  now  be  summed  up  by  saying  that  a reduced  form  is 
one  of  which  the  principal  root  corresponds  to  a point  which 
belongs  to  the  fundamental  triangle  ; and  that  Lagrange’s  process 
of  reduction  is  a methodical  way  of  discovering  the  substitution 
whereby  the  triangle  in  which  the  principal  root  of  any  given 
form  may  lie  is  transformed  into  the  fundamental  triangle. 

The  successive  substitutions  by  which  the  reduction  is  effected 
are  all  of  the  type 

ft)  =S  — 1/ft}',  or  ft)' = 1/(8  — ft)) ; 
and  this  may  be  considered  as  compounded  of 

ft)i  = ft)  — 8 

and  ft)'  = — l/ft)i. 

Now  the  substitution  (Oi  — w—h  is  the  (— 8)th  power  of 
ft)'  = ft)  + 1 ; so  that  we  have  incidentally  a proof  of  the  important 
proposition  that 

Every  proper  unitary  substitution  may  he  expressed  as  a 
product  of  powers  of  the  elementary  substitutions 


(ft)'  = — 1/«). 
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The  substitution  S,  which  is  parabolic,  corresponds  to  a 
translation  through  unit  distance  parallel  to  the  axis  of  x. 
The  substitution  T,  which  is  elliptic,  and  of  period  2,  is  ^ 
equivalent  to  inversion  with  respect  to  the  unit-circle  3 

^2  ^ ^2  _ 1 _ 0 

followed  by  reflexion  with  respect  to  the  axis  of  y. 

The  substitution  or  tw'  = (o)  — l)/co  is  elliptic  and  - 

of  period  3 : for  it  may  be  written 

4-  p ^ ft)  + p 

Hence  {STy  = l\  that  is,  STBT8T=1.  Besides  this,  and 
T‘^  = l,  there  are  no  other  independent  identical  relations  con-  i 
necting  S and  T\  this  follows  from  the  fact  that  the  critical 
points  with  elliptic  substitutions  may  be  arranged  in  the  two  ! 
groups  of  i-points  and  p-points  (c£  Art.  99).  Each  identical 
relation  may  be  deduced  by  making  a circuit  round  an  ^-point  ii 
or  a p -point,  as  the  case  may  be.  i 

\ 

113.  Within  each  triangle  in  fig.  4 is  written  a symbol  for  ; 
the  geometrical  transformation  by  which  it  is  derived  from  V.  ' 
It  should  be  observed  that  on  account  of  STSTST=  1,  and  T^=l,  ^ 
the  transformations  may  be  written  in  a great  variety  of  ways;  ’ 
also  that  the  order  of  composition  of  the  geometrical  operations 
S,  T is  from  left  to  right ; thus,  when  TB  is  placed  inside ' a . 
triangle  it  means  that  this  is  derived  from  V by  first  performing  ; 
the  operation  T,  and  then  the  operation  8. 

It  should  also  be  observed  that,  in  conformity  with  the 
definitions  of  Art.  57,  the  substitution  co'  = 8T(co)  means  the 
result  of  combining 

0)'  — 0)1+  1 1 
and  ft)i  = — l/o), 

so  that  the  substitution  oy'  = 8T  (oy)  connects  with  a reduced  point  . 
CO  a point  co'  within  the  triangle  marked  T8  in  the  figure  (not  > 
8T):  and,  in  general,  to  obtain  the  algebraical  substitution 
co'  = R(o)),  which  converts  a reduced  point  co  into  any  point  co',  1 
we  must  reverse  the  symbol  written  in  the  triangle  to  which 
co'  belongs.  . 
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114.  We  will  now  proceed  to  discuss  the  reduction  of 
indefinite  forms. 

The  roots  coi,  co.^  of  a primitive  indefinite  form  (a,  b,  c)  of 
determinant  D are  surd  critical  points,  being  unaltered  by  the 
group  of  hyperbolic  substitutions  ^ 

f(t  — hu)l<T,  —culcr  \ 

V auja-,  {t  + bu)l(T)  ' 

where  — Du^  = <7^,  and  dv  (a,  26,  c)  = cr  (Arts.  82,  83). 

Now  let  a circle  be  described  on  the  segment  WiWg  as  diameter. 
Its  equation  is 

a {x^  + y^)  + 26^  + c = 0. 

This  circle  will  intersect  an  infinite  number  of  equivalent 
triangles  in  the  half-plane  above  y = 0.  If  one  of  these  is  the 
fundamental  triangle,  the  form  {a,  h,  c)  is  said  to  be  reduced. 

The  condition  for  a reduced  form  is  evidently  that  one  at  least 
of  the  points  p,  1+  p should  fall  within  the  circle 

a (x^  -f-  y^)  -1-  2bx  -f  c = 0. 

This  leads  to  a(a  ±b  + c)  < 0, 

or,  on  substituting  {¥  — D)/a  for  c,  and  observing  that  D is 
positive, 

± ab  + ¥ < D. 

This  may  be  written 

(2a±6)2-|-362<4A 

from  which  it  is  clear  that  only  a limited  number  of  integers  a,  b 
can  be  found  to  satisfy  the  inequality.  Therefore  the  number  of 
reduced  forms  is  finite. 


115.  If  we  operate  on  a reduced  form  {a,  b,  c)  with  the 
substitution  we  obtain  (a,  b',  c'\  where 

b'  = b + a, 
c'  = a -f  26  + c ; 

hence  a(a  — b'-\-c')  = a(a  + b + c), 

so  that  if  a(a  + b + c)  <0,  a(a-b'  -hc')<  0,  and  (a,  6',  c')  is 
reduced. 
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Similarly,  the  operation  S~^  ~ (o'  1/ 

h'  = h — a, 
c = a — 26  + c, 

whence  a(a  + b'  + c')=  a {a  — b + c);  therefore  if  a (a  — 6 4-  c)  < 0, 
(a,  b',  c')  is  reduced. 

Suppose  now  that  a (a  b + c)  > 0,  and  a(a  — b + c)<0;  then 
the  form  (c,  - 6,  a),  derived  from  (a,  6,  c)  by  the  substitution 

will  be  reduced.  For  it  is  clear  that  (a  + 6 + c) 

and  (a  — 6 + c)  have  opposite  signs : hence  either  c (c  + 6 + a) 
or  c(c  — b + a)  is  negative. 

The  same  conclusion  follows  if 

a (a  + 6 + c)  < 0 and  a (a  — 6 + c)  > 0. 

Therefore  if  (a,  b,  c)  is  any  reduced  form  there  will  be,  in 
general,  two  adjacent  reduced  forms  equivalent  to  it ; if  (a  + 6 + c) 
and  (a  — 6 + c)  have  the  same  sign,  these  forms  are  derived  from 
(a,  b,  c)  by  the  substitutions  8 and  8~^ ; while  if  (a  + 6 + c)  and 
(a  — 6 + c)  differ  in  sign,  the  substitutions  are  T and  either  8 or 
8~'^  according  as  a (a  + 6 + c)  or  a (a  — 6 + c)  is  negative. 

116.  It  may  happen  that  one  of  the  quantities  a (a  + 6 + c) 
is  negative,  while  the  other  vanishes ; in  this  case  (a,  6,  c)  will 
be  called  a critical  form.  Its  representative  circle  passes  through 
one  of  the  points  p,  p + 1 and  includes  the  other.  We  have 
+ a6  + 6^  = D,  so  that  these  critical  forms  will  only  occur  when 
2Z)  can  be  represented  by  the  form  (2,  I,  2). 

Suppose  that  (a,  6,  c)  is  a critical  form  with  n + 6 + c = 0 and 
a (a  — 6 + c)  < 0 : then  ab  is  positive.  The  substitution  8 changes 
{a,  6,  c)  into  (a,  — c,  6)  which  is  not  reduced,  because 

a{a  — c + 6)  = 2a  (a  4-  6), 

which  is  positive.  Similarly  the  substitution  T converts  (a,  6,  c) 
into  (c,  — 6,  a),  which  is  not  reduced,  because 

c (c  — 6 + a)  = 26  (a  + 6)  = +. 

On  the  other  hand  8~'^  converts  (a,  6,  c)  into  (a,  6 — a,  — 36) 
which  is  reduced,  because  a (a  4-  6 — a — 36)  = — 2a6  = — , and  is 
not  critical  except  when  a = 26. 
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Moreover,  the  substitution  converts  (a,  b,  c)  into 

(b,  — a,  c),  which  is  also  critical,  and  then  S transforms  this  into 
(b,  b — a,  — 3a),  which  is  reduced  but  not  critical,  except  when 
b = 2a.  — 

Now  if  a — 2b,  c = — 3b,  and  the  form  is  (2b,  b,  — 3b) : this  is 
primitive  only  when  6 = + 1 ; and  similarly  the  primitive  critical 
forms  for  which  6 = 2a,  a + 6 + c = 0 are  (±1,  ±2,  +3).  Therefore 
with  the  single  exception  of  D = 7,  we  are  able  to  associate  each 
critical  form  with  two  other  reduced  forms,  one  of  which  is  critical, 
and  the  other  not. 

Exactly  similar  reasoning  applies  to  the  other  case  of  critical 
forms.  The  final  conclusion  is  that  the  reduced  forms  may  be 
arranged  in  periods  such  that  each  form  is  converted  into  the  next 
following  by  one  or  other  of  the  five  substitutions 

;Sf,  B-\  T,  STS,  S-^TS-\ 

Avhere  the  last  two  are  only  to  be  applied  to  critical  forms. 

Observe  that  =(SrS)-'  = TST  ; hence  if  we 

put  U for  STS,  the  five  substitutions  are  S,  S~^,  T,  JJ,  U~^. 

An  example  will  make  this  clearer.  If  D — 37,  the  periods 
of  reduced  forms  for  the  classes  represented  by  (1,  0,  —37), 
(3,  1,  -12)  are 

1.  (1,  0,  -37),  (1,  1,  -36),  (1,  2,  -33),  ( 1,  3,  -28), 

(1,4,  -21),  (1,5,  -12),  (1,  6,  - 1),  (-1,-6,  1), 

(-1,  -5,  12),...(-1,  6,  1),  (1,  -6,  -1),  (1,  -5,  12),... 
(1,  -1,  36).  ' 

II.  (3,  1,  -12),  (3,  4,  -7)*,  (4,  -3,  -7)*,  (4,  1,  -9), 

(4,  5,  -3),  (-3,  -5,  4),  (-3,  -2,  11),  (-3,  1,  12), 

(-3,  4,  If,  (-4,  -3,  7)*,  (-4,  1,  9),  (-4,  5,  3), 

(3,  -6,  -4),  (3,  -2,  11). 

In  the  second  period  the  critical  form  (3,  4,  — 7)  is  converted 
into  (4,  -3,  -7)  by  STS,  and  (-3,  4,  7)  into  (-4,  -3,  7)  by 
S-^TS-K 
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117.  In  tabulating  periods  of  reduced  forms,  we  may  omit 

those  forms  which  are  connected  with  both  the  adjacent  ones 

by  the  substitutions  8,  S~'^ ; the  remaining  forms  may  be  called 
principal  reduced  forms.  Thus,  for  the  two  periods  given  above, 
the  principal  reduced  forms  are 

I.  (1,  6,  -1),  (-1,  -6,  1),  (-1,6,1),  (1,  -6,  -1). 

II.  ( 8,4,-7),  ( 4, -3,-7),  ( 4,  5, -3),  (-3,-5,  4), 

(_  3^  4^  7),  (_  4,  _ 3,  7),  (-  4,  5,  3),  ( 3,  - 5,  - 4). 

The  characteristics  of  a principal  reduced  form  (a,  b,  c)  are 
that  either  a + b + c and  a — b-\-  c have  opposite  signs,  or  if  one 
of  them  vanishes,  the  other  has  a sign  opposite  to  a.  Geo- 
metrically, the  representative  circle  of  a principal  reduced  form 
includes  one  of  the  points  p,  p + 1,  and  either  excludes  or  passes 
through  the  other. 

For  the  exceptional  case  -D=7,  there  are  two  periods  of 
principal  reduced  forms ; of  these  one  is 

(I,  -2,  -3),  (I,  2,  -3),  (2,  -I,  -3), 

(2,  1,  - 3), 

and  the  other  is  obtained  by  changing  the  signs  of  the  coefficients 
throughout.  All  the  principal  reduced  forms  are  critical. 

118.  Every  form  is  equivalent  to  at  least  one  reduced  form. 
For  suppose  the  representative  circle  of  the  form  constructed: 
this  will  intersect  an  infinite  number  of  triangles,  and  the 
substitution  which  transforms  any  one  of  these  into  the  funda- 
mental triangle  will  convert  the  given  form  into  an  equivalent 
reduced  form. 

119.  It  may  be  proved  by  considerations  similar  to  those 
adduced  in  Chap.  III.  that  two  equivalent  reduced  forms  must 
belong  to  the  same  period.  It  does  not  seem  worth  while  to 
give  the  proof  in  detail ; it  may  be  observed,  however,  that 
with  regard  to  the  automorphs  derived  from  the  periods,  and 
the  corresponding  chain-fractions  obtained  from  them,  a distinc- 
tion has  to  be  made  between  periods  which  contain  critical  forms 
and  those  which  do  not. 

Thus  for  i)  = 37  the  non-critical  period 

(I,  6,  -I),  (-1,  -6,  I),  (-1,  6,  1),  (1,  -6,-1) 


SHEAFS. 
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leads  to  an  automorph  of  (1,  6,  — 1)  in  the  form 


TS-^^TS^^  = 


and  exactly  as  in  the  Gaussian  theory  we  obtain  from  this  the 
expansion 

VW-6=(0;  12). 

On  the  other  hand,  the  period  of  (3,  4,  —7)  leads  to  the 


automorph  STS^TS~^TS~^TS^  = corresponding 


expansion 


^37- 4 

3 


= (i; 


^ * 

-3,-4,  3,  4). 


120.  In  conclusion,  a word  may  be  said  about  the  geometrical 
meaning  of  the  automorphic  substitutions.  The  infinity  of  tri- 
angles which  have  a common  vertex  at  a rational  point  may  be 
said  to  form  a sheaf  of  triangles.  In  particular,  those  which 
have  a common  vertex  at  infinity  may  be  said  to  constitute 
the  primary  sheaf 

Suppose  now  that  S'  is  a sheaf  with  its  vertex  at  the  rational 
point  —5/7,  where  7,  5 may  be  taken  as  relative  primes. 
Determine  a,  /3  so  that  aS  — /Sy  = 1 ; then  the  substitution 

, ao)  + /3 

® = Tx 

70)  + 0 

will  transfer  the  point  — S/7  to  infinity,  and  S'  will  therefore  be 
transformed  into  the  primary  sheaf  S. 

The  most  general  substitution  by  which  this  is  effected  is 

„ _ (g  + mf)  ft)  -I-  + mS) 

^ 7ft)  4-  5 

= ft)'  + m, 

where  m is  any  integer. 

Now  the  substitution  (o"  = ay  simply  produces  a cyclical 
permutation  of  the  triangles  of  the  primary  sheaf : hence  we  see 
that  it  is  always  possible,  and  in  one  way  only,  to  transform  any 
sheaf  S'  into  the  primary  sheaf  so  that  any  assigned  triangle  of  S' 
may  become  the  fundamental  triangle  V.  More  generally,  any 
sheaf  S'  may  be  uniquely  transformed  into  any  other,  S",  so 
that  any  assigned  triangle  of  S'  may  be  converted  into  an 
assigned  triangle  of  S". 
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It  is  now  evident  that  the  representative  circle  of  any  form 
will  intersect  the  same  number  of  triangles  in  every  sheaf  which 
it  crosses : this  number  being  equal  to  the  number  of  reduced 
forms  in  its  complete  period  as  defined  in  Art.  116. 


The  effect  of  applying  an  automorphic  substitution  is  to 
produce  a cyclical  permutation  of  the  sheafs  which  are  crossed 
by  the  representative  circle  of  the  form : that  is  to  say,  if  we 
represent  the  series  of  sheafs  in  order  by 

m+ij 1>  ^0?  ^2 Sw+i 3 


they  will  be  changed  into 

m+/^3  m+i+^3 ^h)  '^n+h>  ^w+i+/i > 

where  h is  some  integer. 

In  particular,  the  fundamental  automorph 

((T-bU)la,  -cUja  \ 

V aUja,  {T+hU)la) 

will  convert  each  sheaf  into  a consecutive  sheaf. 

The  sheafs  divide  the  upper  half  of  the  representative  circle 
into  an  infinite  number  of  equivalent  arcs ; and  the  effect  of 
applying  the  fundamental  automorph  is  to  transform  each  of 
these  into  the  next  following. 


Method  of  Nets. 

121.  Another  useful  geometrical  method  is  that  of  reseaux,  or 
nets.  Let  the  plane  of  reference  be  divided  up  into  a system  of 
equal  and  similar  parallelograms  by  means  of  two  sets  of  equi- 
distant parallel  straight  lines ; such  a system  will  be  called  a net, 
each  of  the  parallelograms  mesh,  and  each  point,  where  two  lines 
cross,  a node. 

Through  any  node^  0 draw  two  rectangular  axes  OX,  OY 
(fig.  5).  Then  if  OPRQ  is  a mesh  with  one  vertex  at  0,  and  if 

^1  =p  + qi 

^2  = r 4-  si, 

are  the  complex  quantities  corresponding  to  P and  Q,  the  net  is 
completely  defined  by  'cti,  and  may  be  denoted  by  ('cti,  -era). 
The  system  of  nodes  is  given  by 

z = nm^^  -f  ^lOTg, 

where  ni,  n liave  all  possible  integral  values,  zero  included. 
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The  quantity  ps  — qr  measures  the  area  of  the  parallelogram 
OPRQ : it  is  called  the  norm  of  the  net,  and  written  Nm  (oti,  tn-a). 


Let  a,  13,  7,  S be  any  integers  such  that  aB  — jSy—l:  then  if 

'sr/  = atn-i  + 7^2, 

”572  = + S'S72, 

the  net  (ct/,  OTs')  has  the  same  nodal  system  as  (otj  , '33-2).  Two 
such  nets  are  said  to  be  properly  equivalent,  and  we  may  write 

(tn-/,  OTg')  CO  (otj,  'STa). 

More  generally,  if  aB  — (3y  = n,  Si  real  integer,  all  the  nodes  of 
) will  belong  to  the  nodal  system  of  ('OTi,  OT-a)  but  not  con- 
versely ; in  this  case  (ot/,  'ut^)  is  said  to  be  a multiple  of  (oti,  rara)- 

It  is  easily  verified  that 

Nm  (trr/,  OT2O  = — ^7)  • Nm  (otj,  ^2), 

and  hence,  in  particular,  if 

('sr/,  OTa^)  CO  OTa),  Nm  'ao'a')  = Nm  ( UTi , 'SJ’a). 

122.  Suppose,  now,  that  f = am^  + 2bmn  -f  cn^  is  a definite 
form  of  determinant  — A ; then 

af=  {am  + bny  -H 
= Nm  {ma  + n{b  + 

This  suggests  that  the  form  of  may  be  represented  by  the  net 
(a,  b + ^VA) ; and  in  the  same  way  if/'  = a’m"^  + 2b' mn  + cn^  is  the 


126 


BINARY  QUADRATIC  FORMS. 


form  into  which  f is  converted  by  the  substitution  ^ we  may 

say  that  af'  is  represented  by  the  net  (otj,  ^2),  where 
'CTj  = act  + 7 (6  + ^V A), 

'^2  — /8a  + 3 (6  + i\/A). 

If  Si,  S2  are  the  lengths  of  the  sides,  and  di,  the  lengths  of 
the  diagonals  of  a mesh  of  the  net  ('sj-j,  -572),  we  have 

_ ^aa  + yhy  + 7^  A = aa, 
si  = (/8a  + hhy  + S^A  = ac', 
di  — (aa  + 76  + /8a  + Wf  + (7  + 3)^  A 
= a(a'+  c'  + 26'), 
di  = a(a'+c'—  26'). 

(Cf.  Art.  54.) 

123.  It  is  easily  proved  geometrically  that  every  net  is 
properly  equivalent  to  at  least  one  net  of  which  the  mesh  is  such 
that  neither  of  its  sides  is  greater  than  a diagonal. 

For  suppose  that  0 is  any  node  of  the  given  net ; then  there 
will  be  at  least  two  other  nodes  which  are  at  a minimum  distance 
from  0.  Let  P be  any  one  of  these ; then  the  line  OP  produced 
indefinitely  both  ways  will  contain  an  infinite  number  of  nodes. 
Let  this  line  be  moved  parallel  to  itself  until  it  first  passes 
through  another  set  of  nodes ; and  let  Q be  a node  on  the  line 
in  its  new  position  which  is  at  least  as  near  to  0 as  any  other 
node  on  the  new  line.  Then  the  parallelogram  OPRQ,  of  which 
OP,  OQ  are  adjacent  sides,  will  be  the  mesh  of  a net  which  contains 
all  the  nodes  of  the  given  net : moreover,  it  follows  from  the  way 
in  which  P,  Q were  chosen  that  OR  <|:  OQ  ^ OP,  while  if  RQ  is 
produced  to  P',  so  that  QP'=  RQ,  R'  is  a node,  and  PQ  = OP'^  OQ; 
hence  OPRQ  satisfies  the  geometrical  conditions  above  stated. 

Such  a net  will  be  called  a reduced  net. 

With  0 as  origin,  let  be  the  complex  quantities  as- 

sociated with  the  points  P and  Q;  the  conditions  of  reduction 
are 

+OT2I, 

lOT2|1>kl  ±^2|. 

If  ('ST^,  '33-2)  is  a reduced  net,  we  obtain  four  associated  reduced 
nets  by  variation  of  sign  from  ( + OTj  , + Of  these  (-sj-i , 'irri)  and 


REDUCED  NETS. 


127 


('STi,  — OTg)  are  improperly  equivalent,  so  that  one  of  this  pair  must 
be  properly  equivalent  to  the  given  net. 

The  nets  OTs),  (— -sti,  may  be  considered  identical; 

moreover,  if  (iss-i,  ^2)  is  reduced,  so  also  is  the  equivalent  net 
(^2,  — 1171),  hence  we  may  add  the  further  condition  IotiJ  1-372 1- 

The  corresponding  quadratic  form  af  satisfies  the  conditions 
aa'  a {a'  ± 26' + c'), 
ac  '^a{a'  ± 2b'  + c'), 
aa'  :|>  ac', 

or,  which  is  the  same  thing, 

\c'\i\a'\J(.2\b'\. 

These  are  precisely  Lagrange’s  conditions  of  reduction ; so  that 
the  method  of  nets  gives  a complete  geometrical  interpretation  of 
the  theory  of  transformation  and  reduction  as  applied  to  definite 
forms. 

It  may  be  observed  that  it  immediately  follows  from  the 
geometrical  method  that  if  (a,  h,  c)  is  a reduced  form,  a is  the 
numerically  least  of  all  the  numbers  representable  by  forms  of  the 
class  to  which  (a,  b,  c)  belongs,  and  that  if  |c|  > |n|,  c is  the  next 
least  numerically.  This  may,  of  course,  be  proved  analytically; 
and,  in  fact,  it  is  upon  the  existence  of  minimum  representable 
numbers  that  Hermite  has  based  his  general  theory  of  the  reduc- 
tion of  definite  quadratic  forms. 

124.  It  is  easy  to  see  that,  in  general,  the  geometrical  reduc- 
tion of  a net  is  unique  ; there  are,  however,  two  exceptional  cases. 
The  first  of  these  is  when  there  are  two  nodes  P,  P'  nearer  to  0 
than  any  others,  while  there  are  four  nodes  at  the  next  smallest 
distance.  These  nodes  are  the  vertices  of  a rectangle  with  its 
centre  at  0 ; and  if  OTj  is  the  complex  quantity  corresponding  to 
P,  the  quantities  which  define  the  vertices  of  the  rectangle  may 
be  taken  to  be  + ”372  > i ('^2 — ^1  ).  There  will  be  two  reduced  nets 
properly  equivalent  to  the  given  one,  say 

'372  ) and  ( ”371,  — '37i-j-'372); 

the  corresponding  reduced  forms  will  be  of  the  type  (a,  + ^a,  c) 
with  \a\  < \c\. 

Secondly,  there  may  be  six  nodes,  all  at  the  same  minimum 
distance  from  0.  They  must  evidently  be  the  vertices  of  a 
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regular  hexagon,  and  the  corresponding  reduced  forms  are  of  the 
type  (a,  + Ja,  a).  Here  there  are  three  reduced  nets,  say  (oti,  'STg), 
(tiTi,  — -G7i  4-  OTg),  (^2,  — OTi  + -OTa)  with  OTa  = e^TTi/.s  ^ there  are 

only  two  reduced  forms;  the  reason  being  that  (tn-a,  — 'sri  + ^2)  is 

connected  with  ^a)  by  the  substitution  , which  is  an 

automorphic  of  (a,  a). 

All  this  is  in  agreement  with  the  results  of  Art.  65. 


125.  The  method  of  nets  may  be  extended  so  as  to  apply 
to  the  theory  of  indefinite  forms.  We  may  construct  a perfectly 
consistent  algebra  of  ^ hyperbolic  ’ complex  quantities  z = x-\-yj 
upon  the  lines  indicated  by  the  formulae 

(®  + ui)  ± (®'  + y'j)  = («  ± ®')  + {y±  y')j, 

+ yj)  (®'  + y'j)  = + 2/2/')  + («2/'  + ^'y)J> 

Nm  (x  + yj)  — x^  — y‘^, 


arg  (x  + yj)  = cosh~^ 


= sinh~^ 


y 


— y^  ~ 2/^ 

It  is  easily  verified  that 

Nm  (^/)  = Nm  (^).Nm  (/), 
arg  {zz')  — arg  ^ + arg  z'. 


Following  the  analogy  of  the  ordinary  theory,  we  represent 
the  quantity  x + yj  by  a point  whose  rectangular  coordinates  are 
{x,  y) : then  the  formulae  for  addition  and  subtraction  have  a 
geometrical  interpretation  exactly  the  same  as  that  for  the 
ordinary  theory;  and  the  other  formulae  express  geometrical 
relations  to  the  hyperbola  x^  — y^  = 1,  Thus  if  P be  the  point 
corresponding  to  x-\-  yj,  and  if  OP  meet  the  hyperbola  in  P', 
Nm(ii?  + 2/j)  = OP/OP',  and  doXg{x-t-yj)  is  twice  the  numerical 
measure  of  the  area  of  the  hyperbolic  sector  OAP',  where  A is 
the  vertex  of  the  hyperbola  on  the  same  branch  with  P'. 


Now  if  f = am^ -\- 2hmn -t- cn^  is  any  form  with  positive  deter- 
minant D,  we  have 


af  — {am  4-  hny  - Dn^ 


= Nm  [ma  4-  w {h  -\-jfjD)], 
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We  represent  the  form  af  by  the  net  {a,  h and  it  follows 

just  as  above  (Art.  122)  that  if 
'sj-^  = 0La 

^2  = /3a  + 8 (6  + 

the  net  (otj,  may  be  taken  to  represent  af',  when  f'  is  derived 
from  f by  the  substitution  ^ . 


126.  If  we  draw  the  lines  x + y = 0,  x — y = 0,  it  is  geo- 
metrically evident  that  the  net  (oti,  OTg)  equivalent  to  (a,  b +j\/D) 
can  be  determined  so  that  the  points  -sti,  are  on  opposite  sides 
of  one  asymptote  and  on  the  same  side  of  the  other.  For  suppose 
that  OM  is  either  asymptote : choose  any  two  nodes  P,  Q,  one 
on  each  side  of  OM,  and  on  opposite  sides  of  the  other  as3rmptote, 
and  let  PQ  meet  OM  in  R.  Then  if  the  triangle  OPQ  contains  no 
nodes  within  it  or  upon  its  perimeter  (except  at  0,  P,  Q),  the  paral- 
lelogram of  which  OP,  OQ  are  adjacent  sides  maybe  taken  to  form 
a mesh  of  the  required  net : if  otherwise,  there  will  be  a point  P' 
within  or  upon  the  perimeter  of  OPR  and  a point  Q'  within  or 
upon  the  perimeter  of  OQR  such  that  OP'Q'  is  a triangle  without 
any  nodes  except  at  0,  P',  Q',  and  then  if  the  quantities  '33’i  , '33'2 
correspond  to  P',  Q',  either  of  the  nets  (tn-/,  (^/,  — W)  will 

have  the  property  required ; and  one  of  these  must  be  properly 
equivalent  to  the  given  net. 

If  we  call  a net  of  this  kind  reduced,  the  analytical  condition 
for  a reduced  net  (otj,  -572)  is  that  Nm  (wi)  and  Nm  (-572)  must  have 
opposite  signs.  Now  with  the  notation  of  last  Article 

Nm  (oti)  = aa',  Nm  — ac', 

so  that  in  the  form  /'  = (a',  h',  c')  the  coefficients  a',  c will  have 
opposite  signs.  A form  of  this  kind  may  be  termed  reduced ; and 
it  immediately  follows  (cf.  Art.  67)  that  every  form  of  determinant 
D is  properly  equivalent  to  at  least  one  reduced  form,  and  that 
the  number  of  reduced  forms  is  finite. 

It  should  be  carefully  observed,  however,  that  although  the 
number  of  reduced  forms  is  finite,  the  number  of  reduced  nets  is 
infinite.  In  fact,  if  (oti,  is  a reduced  net,  it  is  geometrically 
obvious  that  either  (ot^,  -1-  gj^  or  (wi  + -572,  -572)  is  also  reduced ; 

and  similarly  either  (-571,  gt^—gt-^)  or  f^i  — GT^,  gt^  is  reduced.  Each 
reduced  net  is  therefore  connected  with  two  adjacent  reduced  nets 
M.  9 
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by  means  of  one  of  the  substitutions  and  one  of  the 

substitutions  l)  ’ ( l'  l)  ’ same  way  every  reduced 

form  is  connected  with  two  adjacent  reduced  forms:  for  instance 
(4,  3,  —2)  is  converted  into  (8,  1,  —2)  and  (4,  —1,  —4)  by  the 

substitutions  and  ^ respectively. 


The  infinity  of  reduced  nets  belonging  to  a given  class  may  be 
arranged  into  a linear  series  by  means  of  the  above  substitutions ; 
the  corresponding  reduced  forms  will  form  a recurring  series,  and 
everything  proceeds  as  in  the  Gaussian  theory. 


AUTHORITIES. 


The  analytical  theory  of  binary  quadratic  forms  contained  in  Chap.  in. 
is  based  upon  that  given  by  Gauss  in  Arts.  153 — 222  of  the  Bisquisitiones 
Ariihmeticce : much  help  has  also  been  obtained  from  the  4th  section  of 
Dirichlet’s  Zahlentheorie,  and  Smith’s  Report  (1861)  Part  in.  The  memoirs 
of  Dirichlet  which  relate  more  particularly  to  this  part  of  the  theory  are 
entitled  Demonstration  nouvelle  d^une  proposition  relative  d la  th4orie  des 
formes  quadratiques  (Liouville,  2nd  series,  ii.  (1857)  p.  273),  and  Simplification 
de  la  the'oHe  des  formes  hinaires  du  second  degre  a determinant  positif  (ibid, 
p.  353  : translated,  with  additions,  from  the  Berlin  memoirs  for  1854). 

The  most  important  researches  anterior  to  Gauss  are  those  of  Lagrange 
contained  in  his  Recherches  d) Arithm^tique  (Nouveaux  M^m.  de  I’Acad.  de 
Berlin  1773,  1775).  Lagrange  considers  forms  of  the  type  Ax^A-Rxy-\-Cy^^ 
and  distinguishes  them  according  to  the  sign  of  B^  — ^AC’.  he  introduces  the 
ideas  of  transformation  and  equivalence,  and  shews  that  every  form  is  equiva- 
lent to  one  of  a limited  number  of  reduced  forms.  The  criteria  of  reduction 
are  that  neither  | A \ nor  1 C j is  less  than  1 5 1 : for  definite  forms,  this  leads  to 
conclusions  similar  to  those  in  the  text,  while  if  B=B^  -\AG  is  positive,  it 
follows  that  A,  G have  opposite  signs,  and  1 -S  ] :)>  sJ\B.  Correct  classifications 
are  given  for  a considerable  number  of  special  determinants,  together  with 
the  corresponding  forms  of  linear  divisors  ; in  fact,  the  memoir  abounds  in 
valuable  and  suggestive  matter,  and  is  well  worth  careful  study.  Still,  the 
improvements  which  Gauss  effected  are  undeniable,  and  he  justly  claims 
credit  {B.  A.  Art.  222)  for  the  important  distinction  between  proper  and 
improper  equivalence. 

For  the  history  of  the  Pellian  Equation,  see  Smith’s  Report  (1861)  Art.  96. 
The  first  rigorous  theory  of  its  solution  was  given  by  Lagrange : Solution  dhin 
ProhUme  dJ Aritlimetique  (Miscell.  Taurin.  t.  iv.  (1766 — 9),  or  Oeuvres,  t.  i.  p. 
671).  A list  of  fundamental  solutions  of  T^-BU‘^  — \ up  to  2)  = 1000  will  be 
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found  in  Legendre’s  The'orie  des  Nomhres.  Degen’s  Canon  PelUanns  gives 
also  the  partial  quotients  for  the  recurrent  expansion  of  iJD. 

Many  of  Euler’s  memoirs  relate  to  special  problems  of  the  theory  of 
quadratic  forms  : the  reader  is  referred  to  the  analytical  table  of  contents 
prefixed  to  the  Comment.  Arith.  (t.  i.  p.  lx). 

The  geometrical  method  employed  in  the  earlier  part  of  Chap.  iv.  first 
arose  in  connexion  with  the  theory  of  elliptic  modular  functions.  The  best 
authority  on  this  subject  is  Klein’s  Vorlesungen  iiher  die  Theorie  der  elUp- 
tisehen  Modulfunctionen^  edited  by  R.  Fricke,  of  which  the  first  volume  only 
has  yet  appeared  (Leipzig,  1890).  In  this  work  full  references  are  given  to  the 
numerous  papers  on  the  subject ; the  part  which  relates  more  particularly  to 
quadratic  forms  will  be  found  on  pp.  163 — 268.  According  to  Klein  (l.c. 
p.  250,  note)  the  first  application  of  the  ‘ Modultheilung  ’ to  the  theory  of 
indefinite  quadratic  forms  was  made  by  H.  J.  S.  Smith  in  his  paper  Snr 
les  equations  modulaires^  written  in  1874  and  published  in  the  Atti  dell’  Acc. 
Reale  dei  Lincei,  t.  i.  (1877).  However,  there  can  be  little  doubt  that  the 
modern  development  of  the  modular-function  theory  dates  from  Dedekind’s 
letter  to  Borchardt  (Crelle,  Ixxxiii.  (1877),  p.  265),  and  is  principally  due  to  the 
researches  of  Klein  and  his  school.  Special  reference  should  be  made  to 
Hurwitz’s  Orundlagen  einer  independenten  Theorie  der  elliptischen  Modulfunc- 
tionen  (Math.  Ann.  xviii.  p.  528). 

On  the  method  of  nets,  see  Gauss’s  review  of  Seeber’s  work  on  ternary 
quadratics  (Werke,  ii.  p.  188,  or  Gott.  Anz.  July  1831) ; Dirichlet,  Ueher  die 
Reduction  der  positiren  quadratischen  Formen  mit  drei  unhestimmten  ganzen 
Zahlen  (Crelle,  xl.  (1850),  p.  209)  ; Poincare,  Sur  un  mode  nouveau  de  repre- 
sentation geometrique  des  formes  quadratiques  definies  ou  indefinies  (Journ. 
de  r^lcole  Polyt.  call.  47  (1880),  p.  177). 

An  interesting  modification  of  Gaussian  methods  is  given  by  Hurwitz  : 
Ueher  eine  hesondere  Art  der  Kettenhruch-Entivickelung  reeller  Grossen  (Acta 
Math.  xii.  (1889),  p.  367). 

Hermite’s  important  memoirs  on  quadratic  forms  will  have  to  be  con- 
sidered later  on  : it  may  be  mentioned  here  that  the  criteria  for  a principal 
reduced  form  (Art.  117)  are  enunciated  by  Hermite  in  his  paper  8ur  V intro- 
duction des  variables  continues  dans  la  theorie  des  nomhres  (Crelle,  xli.  (1851), 
p.  207). 


CHAPTEK  V. 


Generic  Characters  of  Binary  Quadratics. 

127.  As  already  explained,  the  classes  of  binary  quadratic 
forms  belonging  to  the  same  determinant  D may  be  arranged  into 
orders,  according  to  the  values  of  dv  {a,  h,  c)  and  dv  {a,  26,  c),  where 
(a,  6,  c)  is  any  form  of  the  class  considered.  The  classes  belonging 
to  each  order  may  be  further  arranged  into  groups,  each  of  which 
constitutes  a genus.  The  principle  of  this  distribution  depends 
upon  a few  simple  propositions,  the  proof  of  which  will  now  be 
given. 

Let  {a,  h,  c)  he  a primitive  form  for  which  dv  (a,  26,  c)  = <t  ; 1 
then  it  is  always  possible  to  assign  integers  x,  y,  prime  to  each  other ^ | 
so  that  {ax^  + 2hxy cy^)l(T  = n may  he  prime  to  any  prescribed  j 
number  m. 

For  suppose  that  p,  p,  p"...  are  the  different  primes  which 
divide  aja,  cjcr  and  m simultaneously;  q,  q\  q"...  those  which 
divide  ajcr  and  m,  but  not  cja;  r,  r',  r"...  those  which  divide  cja  i 
and  w,  but  not  aja]  finally,  s,  s',  s"...  those  which  divide  m,  but 
not  aja-  or  c/<r. 

Let  P =ppp" ...  I 

Q = qq'q"... 

R = rrr"... 

8 = ss's"....  : 

Since  (a,  6,  c)  is  primitive,  26/o-  is  prime  to  P.  Now  choose  . 
X,  y so  that  both  are  prime  to  P,  x a multiple  of  Q,  but  prime , 
to  jR,  2/  a multiple  of  R,  but  prime  to  Q,  xy  a multiple  of  8,  but  ■ 
not  divisible  by  the  square  of  any  of  the  prime  factors  of  8.  This 
may  be  done  in  an  infinite  number  of  ways  and  still  leave  x,  y 
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prime  to  each  other.  The  simplest  way  is  to  put  x = QB' , y =RS", 
where  8 = S'S”  is  any  resolution  of  S into  two  factors. 

This  particular  choice  of  x,  y gives 

ax^^  + 2hxy cy^  c <,/  i x ^ 

^ = _iZ ^ ~ • 2/  9i)> 

■=-  ,x^  (mod  r), 

<r 

= — (mod  p), 

Cb  C 

= - x^  or  -y^  (mod  s), 

<7  <7 

according  as  2/  or  ^ = 0 (mod  s). 

Here  p,  q,  r,  s denote  any  prime  factors  of  P,  Q,  R,  8 re- 
spectively ; and  it  easily  follows  that  n is  prime  to  P,  Q,  R and  8, 
and  therefore  also  to  m. 

A special  case  of  this  theorem,  which  is  often  useful,  is  that  we 
can  always  find  a number  a7i  capable  of  primitive  representation 
by  (a,  h,  c)  and  such  that  n is  prime  to  2P,  or,  which  is  the  same 
thing,  odd  and  prime  to  P. 

128.  Now  suppose  that  (a,  6,  c)  is  a properly  primitive  form . 

of  determinant  P,  and  let  n,  n be  any  two  integers  prime  to  2P 

and  capable  of  primitive  representation  by  (a,  6,  c).  Then  if  we 
put 

n — aoL^-\-  2hoirf  + 07^ 

n = 26/38  + cP, 

we  have  identically 

nn  —x^  — Dy^j 

where  x = aoL^  + 6 (a8  + -p  C78, 

y = aS-  j3y. 

(Cf.  Art.  55.) 

From  this  identity  we  draw  the  following  six  conclusions : — 

I.  If  p is  any  odd  prime  factor  of  P,  {n\p)  — (n  \p). 

For  since  nn  b x^  (mod  p),  (nn\p)  = 1,  and  therefore 
in\p)  = {n'\p). 
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II.  If  D = 3 {mod  4),  (-  1)^  = (- 1)^ 

For  nn' = y'^  {modi  4),  and  since  nn'  is  odd,  one 

of  the  numbers  x,  y is  odd,  and  the  other  even ; therefore 
mi  = 1 (mod  4),  whence  n=n  (mod  4),  and 

(_  l)i(’i-i)  =(— 

III.  1/ D = 2 {mod  8),  (-  l)i = (- 1)^ 

We  have  W = — 2^^  (mod  8),  and  x must  be  odd,  so  that 

00^  = 1 (mod  8) ; also  2y^  = 2 or  0 (mod  8)  : hence  nn  =±  \ (mod  8), 
and  therefore  n^±n  (mod  8),  (mod  16),  and  the  theorem 

follows. 

IV.  IfD  = 6 {mod  8),  (-  ^ ^n'-i)+Un'^-i), 

Here  nn  =x^-\-  2y'^  (mod  8),  and  x is  odd ; so  that  nn'  = 1 or  3 
(mod  8)  according  as  y is  even  or  odd ; therefore  n=n  or 
3w'  (mod  8)  respectively,  and  in  each  case  the  truth  of  the  pro- 
position may  be  verified.  This  is  obvious  if  n = n (mod  8) ; if 
n = 3n'  (mod  8),  we  have 

J {n  - 1)  + i(^2  _ _ 1 _ 1)  _ 1 (^'2  _ 1)  = 1 ^ ^ (^2  _ ^'2) 

= n'  + n'2  (mod  8) 

= 0 (mod  2). 

V.  If  D = 4^  {mod  8),  (—  = (— 

For  nn'  = x^=l  (mod  4),  and  therefore  n=n  (mod  4). 

VI.  If  D = 0 {mod  8),  (—  = (—  and 

In  this  case,  nn'  ^ x‘^=l  (mod  8),  and  therefore  n^n  (mod  8). 

It  will  be  observed  that  these  theorems  express  properties 
which  are  common  to  all  odd  numbers,  prime  to  H,  representable 
by  the  given  properly  primitive  form. 

Thus  theorem  I.  states  that  these  numbers  are  all  quadratic 
residues  of  p (an  odd  prime  factor  of  D),  or  else  all  non-residues ; 
theorem  II.  asserts  that  when  D = S (mod  4),  the  numbers  in 
question  are  all  of  the  form  4A;  + I,  or  else  all  of  the  form  4A;  + 3 ; 
and  so  on. 

129.  Let  p,  p,  p" ...  be  the  different  odd  prime  factors  of  D ; 
and,  as  above,  let  n be  any  odd  number  prime  to  D and  represent- 
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able  by  the  properly  primitive  form  {a,  h,  c).  Then  it  has  been 
proved  that  the  symbols 

(n\p),  {n\p'),  (n\p")... 

will  have  values  which  may  (and  in  fact  do)  depend  on  the  form 
{a,  h,  c),  but  not  upon  the  particular  value  of  n.  They  are  called 
the  quadratic  characters  of  the  form. 

Besides  these,  except  when  D = 1 (mod  4),  there  will  be  one 
or  more  supplementary  characters.  Putting,  for  convenience, 

(_  l)l(n-i)  = ^ 

the  supplementary  characters  are  for 

D = 2,  3,  4,  6,  7,  0 (mod  8), 

, x>  x>  xf’  X’  X i' 

respectively. 

The  totality  of  all  the  particular  characters  of  any  form, 
quadratic  and  supplementary,  makes  up  its  complete  or  generic 
character.  Since  any  number  representable  by  {a,  6,  c)  is  repre- 
sentable by  any  other  form  of  the  same  class,  we  may  speak  of 
the  generic  character  of  a class.  Classes  which  have  the  same 
complete  character  are  said  to  belong  to  the  same  genus. 

130.  The  following  table,  taken  from  Dirichlet  (Crelle,  xix. 
(1839),  p.  338),  shows  in  a convenient  form  the  assignable  characters 
of  properly  primitive  classes.  In  every  case,  >8^  denotes  the  largest 
square  which  divides  i),  so  that  D = FS^  or  2PS^  where  P is  a 
product  of  different  odd  primes  p,  p',  p",  etc. ; finally  r,  r',  r\  etc. 
are  the  odd  prime  factors  of  /8  which  do  not  divide  P.  The  object 
of  the  vertical  line  which  separates  the  particular  characters  into 
two  groups  will  be  seen  afterwards. 


I.  P = P/S2,  P = 1 (mod  4). 


^ = 1 (mod  2) 
>8=2  (mod  4) 
>8=0  (mod  4) 


{n\p),  {n\p'), 
{n\p),  (re Ip'), 
(re  Ip),  (re  Ip'), 


(re|r),  (re|r'),  ... 

X,  (rejr),  (relr'),  ... 

X,  'jr,  (re|r),  (re|r'),  ... 


II.  D = P = 3 (mod  4). 


>8=1  (mod  2) 
>8=2  (mod  4) 
>8=0  (mod  4) 


X,  {n\p),Wp'):  ■ 
X>  (Mp)’  Mp')>  ■ 
X,  (re|p),  (relp'), . 


in\r),  {n\r),  ... 
{n\r),  {n\r'),  ... 
ijr,  («|r),  (re|r'),  ... 
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III.  D = P = 1 (mod  4). 

;Sf=l  (mod  2)  I aJt,  {n\p),  {n\p'),  ...  {n\r),  {n\r'),  ... 

>S  = 0(mod2)  I {n\p),  {n\p'),  ...  %,  (?^|r),  (?i|r'),  ... 

IV.  D = 2P8\  P = S (mod  4). 

^=1  (mod  2)  I (n\p),  (n\p'),  ...  (n\r),  {7i\r'),  ... 

;Sf=  0 (mod  2)  I %,  'yfr,  {n\p),  (n\p'),  ...  {n\r),  {n\r'),  ... 

131.  It  should  be  observed  that  in  order  to  assign  the  value 
of  a particular  character  {n\p)  for  a given  form  {a,  h,  c)  it  is 
sufficient  to  find  a number  n representable  by  (a,  h,  c)  and  prime  ;• 
to  p ; and  in  the  same  way  the  supplementary  character  or  \ 
characters  (if  any  exist)  may  be  inferred  from  any  odd  number 
representable  by  the  form.  Now  the  extreme  coefficients  of  the 
form  are  numbers  representable  by  it ; and  if  {a,  h,  c)  is  properly 
primitive,  one  or  other  of  the  numbers  a,  c must  be  prime  to  any  ^ 
given  prime  factor  of  D,  and  one  or  other  of  them  must  be  odd.  }? 
All  the  particular  characters  of  a properly  primitive  form  may 
therefore  he  determined  from  its  extreme  coefficients. 

For  example,  let  the  form  be  (6,  3,  13).  Here 
i)  = _69  = -3.23  = 3 (mod  4), 

and  the  particular  characters  are  (7il3),  (w|23),  and  %.  From  the 
coefficient  13,  which  is  odd  and  prime  to  3,  we  obtain 


j^;  = (-l)6  = + ],  (n\S)  = (U\2)  = + l; 

and  from  the  coefficient  6,  we  find 


(7^|  23)  = (6 1 23)  = (2 ! 23)  (3 1 23)  = (+  1)  (+  1)  = + 1.  * 
Therefore  the  total  character  of  the  form  is 

(n\S)  = + l,  (7^|23)  = ^-l,  % = + l; 
or,  as  Gauss  would  express  it, 

1,  4 ; ES,  E2S. 

132.  In  the  case  of  improperly  primitive  forms,  the  characters 
will  be  as  in  the  first  line  of  Dirichlet  s table,  except  that  n will 
denote  an  odd  number  the  double  of  which  is  represented  by  the 
form.  Here  again,  the  total  character  may  be  assigned  by  inspec- 
tion of  the  extreme  coefficients  of  the  form. 

Thus,  if  the  form  be  (10,  5,  — 4),  for  which  i>  = 65  = 5.13,  the 
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particular  characters  are  (^^|  5)  and  (?i|  13).  Putting  n — — 4/2  = — 2, 
we  have(n|5)=(-2|5)  = -l,  (n|  13)  = (- 2|  13)  = - 1. 

The  generic  characters  of  derived  forms  may  be  at  once  inferred 
from  those  of  the  primitive  forms  from  which  they  are  derived. 

133.  The  following  tables  are  given  by  way  of  furtherTllustra- 
tion.  For  the  negative  determinants,  representatives  of  the  positive 
primitive  classes  only  have  been  given.  Each  line  of  a table  gives 
the  total  character  of  a genus,  and  representatives  of  all  the  classes 
belonging  to  that  genus.  Improperly  primitive  genera,  when  they 
exist,  are  separated  from  the  rest  by  a horizontal  line.  Derived 
genera  are  omitted. 

i)  = -96. 


(«!3) 

% 

+ 

+ 

+ 

(1.  0,  96),  ( 4,  2,  25) 

- 

+ 

- 

(5,  2,  20),  ( 5,-2,  20) 

- 

- 

- 

(3,  0,  32),  (11,  5,  11) 

+ 

- 

+ 

(7,  3,  15),  (7,-3,  15) 

i)  = -99. 


1 («|3) 

(«111) 

1 

+ 

+ 

(1,  0,  99),  (4,  1,  25),  (4,  -1,  25) 

- 

+ 

(5,  1,  20),  (5,  - 1,  20),  (9,  0,  11) 

+ 

+ 

( 2,  1,  50) 

- 

+ 

(10,  1,  10) 

i)  = 136. 


(«|17) 

X 

'{J/' 

4- 

+ 

+ 

( 1,  0,  -136), 

(-8, 

0, 

17) 

+ 

- 

+ 

(-1,  0,  136), 

( 8, 

0, 

-17) 

- 

- 

- 

( 3,  1,  - 45), 

( 3, 

-1, 

-45) 

- 

+ 

- 

(-3,  1,  45), 

(-3, 

-1, 

45) 
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i)  = 150. 


(»13) 

(m|6) 

+ 

+ 

+ 

( 1,  0, 

-150) 

- 

+ 

- 

(-1, 0, 

150) 

- 

- 

( 3,  0, 

- 50) 

- 

- 

+ 

(-3,  0. 

50) 

2)  = 185. 


(n|5) 

(»137) 

+ 

+ 

( 1,  0.  - 185) 

- 

- 

( 6,  0,  - 37) 

F 

+ 

( 2,  1,  - 92) 

- 

- 

(10,  5,  - 16) 

134.  The  particular  characters  of  the  form  (1,  0,  — D)  are  all  1 

+ 1.  This  form  is  called  the  principal  form  of  determinant  D,  ■; 
and  the  class  and  genus  to  which  it  belongs  are  called  the  || 
principal  class  and  principal  genus.  | 

135.  It  will  be  observed  that  in  each  of  the  above  examples,  | 

the  number  of  complete  characters  which  actually  exist  is  pre- 
cisely half  that  which  is  a priori  assignable.  For  instance,  when 
i)  = — 96,  there  are  three  particular  characters  (7^|3),  %,  yjr;  and  n 
since  each  may  be  either  + or  — , the  number  of  complete  charac-  m 
ters  possible  a priori  is  2®  or  8,  whereas  only  four  of  these  actually  I 
occur.  n 

It  may  be  proved  by  the  law  of  quadratic  reciprocity  that  at  « 
least  half  of  the  assignable  characters  of  properly  primitive  classes  | 
are  impossible.  Thus  if  is  a positive  odd  number  representable  " 
by  a form  / of  determinant  i),  then  (Art.  59)  D is  a quadratic  j 
residue  of  n,  and  therefore  if,  in  the  notation  of  Dirichlet’s  table,  | 
D = or  2P>S•^  it  follows  that  P or  2P,  as  the  case  may  be,  is  ; 
a quadratic  residue  of  n. 
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Applying  the  generalised  law  of  reciprocity  (Art.  42),  we  have 


in  the  first  case 

(Pk)=i, 

{n\P)  = {n\P)  (P|^)  = ; 

that  is. 

Therefore  if 

D = P8\  Psl  (mod  4), 
{n\p){n\p). ..=!■, 

while  if 

D = PS\  P = 3 (mod  4), 
X.{n\p){n\p)...  = l. 

On  the  other  hand,  if  {2P\n)  = 1,  that  is,  if 

we  have 

(«|P)= 

(—  ^ (Pj^)  {n\P)  = ; 

hence  if 

P = 2P/Sf^  P = 1 (mod  4), 
f.(n]p)(nlp')...  = 1; 

while  if 

D = 2PS\  P = 3 (mod  4), 

= 1- 

Comparing  these  results  with  the  table,  it  appears  that  in 
every  case  the  product  of  all  the  particular  characters  in  any  line 
of  the  table  which  are  to  the  left  of  the  vertical  line  of  division 
must  be  equal  to  + 1.  It  is  easy  to  see  that  this  condition 
excludes  precisely  one  half  of  the  assignable  characters. 

The  theorem  that  half  the  assignable  characters  are  impossible 
will  be  subsequently  proved  independently  of  the  law  of  reciprocity, 
thus  affording  a new  proof  of  that  law ; and  it  will  further  be 
shown  that  actual  genera  always  exist  for  the  remaining  characters, 
and  that  each  genus  of  the  same  order  contains  the  same  number 
of  classes. 
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Composition  of  Forms. 


136.  Let  F = AX^  + WXY  + GY^ 
be  any  binary  quadratic  form  of  determinant  D = — AG. 

Suppose  that  by  means  of  the  bilinear  substitution 

X = poxx'  + p^xy'  + p^yx  + p^yy') 

Y = q,xx  + q-,xy'  + q^yx  + q^yy'] 

F becomes  ff',  where 

f=z  ax^  + 2bxy  + cy^,  f = aV^  + Wx  y + c'y'^ ; 

then  we  say  that  F is  transformed  into  ff  by  the  substitution 


(1), 


Wo  5 9^2  > ^3' 


In  all  that  follows  it  will  be  assumed  that  the  coefficients  of 
the  substitution  are  integral ; and  we  shall  write 

■P=Mi-Mo.  Q=i’o9'2-Mo,  (2) 

S = Piqi-p.2qi,  T = p,q.,-p.,qi,  lf=^pjqs-pm ''  ' 

where  observe  that  PU  — QT  RS  = 0 identically. 


The  substitution,  or  transformation,  is  said  to  be  primitive,  if 
P,  Q,  R,  S,  T,  U have  no  common  divisor. 

Write  IP  — aG  = d,  h'^  — a' c'  = d! ; 

and  let  ilf,  m,  m be  the  greatest  common  divisors  of  A,  2R,  G ; 
a,  26,  c ; o! , 26',  d respectively. 

We  may  regard  the  equations  which  define  X,  F,  as  a linear 
transformation  of  the  single  set  of  variables  x,  y,  by  means  of 
which  the  form  (A,  B,  G\x,  yY  becomes 

{fa,fh,fc\x,yy. 
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A = 


.(3) 


The  determinant  of  the  substitution  is 

q,x  + q^y',  q^x'  + q^y' 

= Qx^  + (i^  + >Sf)  x'y'  + Ty\ 

and  it  follows  from  the  invariant  property  of  the  discriminant 
that 


that  is, 

Similarly,  putting 


dp  = DA^ 


.(4). 


^ p,0G+p^y,  pix+p^y  \ 
q,x  + q^y,  qxX  + q^y\ 


.(5) 


= Px‘^  {R  — 8)  xy  + Uy^, 

we  have  d'f^  = DA'^ (6). 

Let  ^ = dv{Q,  R + 8,  T), 

B'  = dv{P,R-8,  U); 
then  evidently,  by  (4)  and  (6), 

dm'^  = DB%  d'm^  = 

Again  let  k — dv(P,  Q,  R,  8,  T,  U) ; 

then  it  can  be  easily  proved  that 

k — dv{h,  h'). 

For  suppose  dv  (3,  B')  = /j,:  then  //,  divides  P,  Q,  T,  U,  2R,  28, 

and  therefore  either  k = jx  or  k = ^/jl.  In  the  latter  case  fx  must 

be  even,  Pjk,  Qjk,  Tjk,  Ulk  must  all  be  even,  and  R/k,  8/k  both 
odd.  But  this  is  inconsistent  with  the  identity 

R 8^Q  T_P 

L*  i/*  L*  I/*  I/'  L* 

tv  tv  tv  tv  tv  tv 

therefore  k = fx  = dv  (8,  8'). 

Hence  Dk^  = dv  (D8^,  D8'^) 

= dv{dm'^,  d'wP) (7). 

It  is  clear  that  djD,  d'jD  are  rational  squares ; so  that  putting 
d/D  = n^  d'ID.  = n'^ (8), 

n,  n'  will  be  rational. 

It  has  been  proved  that 

= A'2  = ny2, 
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we  can  therefore  choose  the  signs  of  n,  n',  so  that 
A = nf,  A'  = n'f-, 

having  done  this,  we  find  by  comparison  of  coefficients 

A 

a 2h  c 
Q R + S T 
a'~  W 


(9). 


The  form  f is  said  to  be  taken  directly  or  inversely,  according 
as  n is  positive  or  negative  : and  similarly  for  /', 

It  may  be  verified  that 

A A'  = (^1^2  - + (i?o93  +^3^0  -p^qi)  XY 

+ {'PiP2-p^'Pz)  (10) 

identically ; and  comparing  this  with 

A A'  = nf . n'f=  nn'F, 

we  infer  that 


gig2  - Ms  _ Poqz  + p^q,  - -p^qx  _ P1P2 -poPs  _ , .... 

A ~ 2B  ~ ^ 


A 


G 


Conversely,  if  the  nine  equations 

P = an',  R — S = 2bn',  U = cn' 

Q = an,  R + S=  2b'n,  T = c'n 

qxq2  - ^0^3  = ^nn',  Poqs  + p^qo  - Pxq2  - ^2^1  = ^Bnn', 
PxP2  - PoPs  = Onn' 


are  satisfied,  then  the  substitution 
F into  ff. 


'Po,  Pi,  Pi,  Ps\  transtorm 
yqo,  qi,  ft.  ft/ 


Gauss  obtains  the  system  (fl)  by  direct  comparison  of  the  coefficients  in 
the  identity 

{A,B,  CU,  Yf  = {a,b,clx,yfx{a',h',c'lx\yy: 
this  leads  to  nine  equations  such  as 

^PqPi  + B {p^q^  +^i9'o)  + Gq^q^  = ah', 

and  so  on  : from  these  the  equivalent  set  (i2)  is  derived  (see  D.  A.  Art.  235). 
The  simplified  method  here  adopted  is  due  to  H.  J.  S.  Smith  {Report,  Arts. 
106,  107). 


137.  It  follows  from  the  identity 
AX^A-  2BXY  A- GY^  = (ax^  + 2bxy  + cy^)  (a'x'^  + 2b'x'y'  A-  c'y'^) 
that  M divides  mm'.  It  can  be  shewn  that  mm'  divides  Mk^. 


gauss's  deductions. 
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For  by  equating  the  coefficients  of  xy,  y'^  in  the  above 
identity,  we  obtain 


dX  dX 
dy 

r+2jB 


dy) 


dx  ' dy 

.at- 


dx  J 

dx'  dy  \dx'  dy  dy  ' dx) 

o/  = 4(' 


,dY  d_Y 
dx ' dy 


h--(i2). 


dXx^  . „„0X  3F  . „(dY\^ 


dy'dy  \dyj 


Multiply,  in  order,  by 


/9FY 

dY  dY 

/0FY 

\dy)  ’ 

dx'  dy' 

\dx} 

and  add ; thus 

(d_X  dJF^d^  = 
\dx'  dy  dy'  dx) 


0FV 

dy) 


©]/'■ 


Every  term  on  the  right-hand  is  divisible  by  mm' : hence  the 
expression  on  the  left,  that  is  is  divisible  by  mm'.  In  the 
same  way  we  can  prove  that  2J5A^  OA^  are  each  divisible  by  mm' : 
and  therefore  mm'  divides  Md^.  Similarly  mm'  divides  Md'^ : and 
hence  finally  Mk‘^  = dv  {Md‘^,  Md'^)  is  divisible  by  mm'. 


Again  let 

= dv  {A,  B,  G),  in  = dv  (a,  h,  c),  m'  = dv  (a',  b',  c') ; 
then  it  can  be  proved  in  precisely  the  same  way  that  mm'  divides 


It  will  now  be  supposed  that  A;  = 1,  so  that  the  transformation 
is  primitive.  When  this  is  the  case,  F is  said  to  be  compounded 
of  / and  /'. 

It  follows  from  what  has  been  already  proved  that  in  the  ease 
of  composition 

D = dv  {dm'^,  d'm^) 

M = mm',  iTO  = 0 (mod  mm') 

and  also  that 

mn'  = V d'm?ID,  and  m'n  = V dm'^jD 
will  be  integers  and  relatively  prime. 

The  second  of  equations  (12)  shews  that  01  divides  mm' : and 
in  the  same  way  it  divides  m'm : hence  if  m = m and  m'  = m', 
that  is,  if /,  f'  are  both  properly  primitive  or  derived  from  properly 
primitive  forms,  F is  properly  primitive,  or  derived  from  a properly 
primitive  form  ; whereas  in  any  other  case  jTO  = ^mm'  = ^M,  and 
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F is  improperly  primitive  or  derived  from  an  improperly  primitive  I 
form. 

138.  We  are  now  confronted  by  the  fundamental  problem: — 

Given  two  forms  (a,  h,  c),  {a',  c'),  to  find,  when  possible,  a 

form  {A,  B,  G)  compounded  of  them,  each  component  form  being  \ 
taken  in  a prescribed  way. 

In  order  that  a solution  may  be  possible,  the  ratio  of  the 
determinants  of  the  given  forms  must  be  a rational  square. 
Suppose  this  to  be  the  case ; let  d,  d',  m,  m!  have  the  same 
meanings  as  before,  and  let  I)  — dv  {dni^,  d!mF)  taken  with  the 
same  sign  as  d,  d'. 

Let  n = fdjD,  n!  = fd'/D, 

the  sign  of  each  being  taken  positive  or  negative  according  as  the ; 
corresponding  form  f or  f'  is  to  be  taken  directly  or  inversely. 
Then  n,  n'  are  rational,  and  mn\  m'n  are  integers  and  relatively 
prime. 

Hence  by  the  hrst  six  of  equations  (H),  P,  Q,  R,  8,  T,  U are 
determined : and  it  is  easily  seen  that  they  are  all  integral  and 
relatively  prime,  so  that  k = \. 

The  next  step  is  to  find  eight  integers  Po,  Pi,  P2>  Pz>  <][o>  <][s 

so  as  to  give  P,  Q,  R,  8,  T,  U these  known  values. 

Consider  the  skew-symmetrical  system  of  equations 
x-JJ  — xfiT  + x.^8  — 0 
— XqU  + X2R  — XsQ  = 0 

XqT  — x^R  -H  XgP  = 0 

— X(,8  + XiQ  — X2P  = 0 : !j 

these  are  equivalent  to  two  independent  relations;  for  if  we  I 
multiply  the  first  three  equations  in  order  by  R,  T,  U respectively 
and  add,  we  are  led  to  the  identity 

x,(PU-QT  + R8)  = 0; 
and  similarly  for  any  other  group  of  three. 

Now  let  Oq,  Oy,  62,  Os  be  any  multipliers  whatever,  and  put 

Vo  = OiP  + O2Q  + OsR, 

Vi  — ~ OqP  + O28  -f-  OsT, 

V2  = - OoQ  - O18  -1-  OsU, 

V3  = - OoR  - OfiT  - O2U, 


GENERAL  METHOD  OF  SOLUTTON. 
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then  the  preceding  set  of  equations  may  be  satisfied  (and  in  the 
most  general  manner)  by  putting 

Xo  : = 7)0  : 7ji  ' V2  ' Vs- 

We  may  suppose  Oo,  0^,  0^  to  be  rational,  or  indeed  integral, 
and  chosen  so  that  7)o...7)^  do  not  all  vanish;  and  then^we  may 
suppose  Xo,  x-^,  x^,  X2  to  have  integral  values  proportional  to 

Vq,  Vi>  V2,  Vs- 

Call  these  values  qo,  qi,  q^,  q^',  we  may  take  them  so  as  to  have 
no  common  divisor,  and  therefore  we  can  determine  four  integers 
TTi,  TTa,  TTg,  such  that 

TToqo  + TTig'i  + + '^sqs  = 1* 

Further,  let  Po,  pi,  Ps  be  the  values  of  rjo,  t)^,  773  when 
^0>  ^1)  ^2)  '^sl 

then  po,  pi,  P2,  Ps,  qo,  qx,  q^,  qs  will  be  a set  of  eight  integers  such 
as  is  required. 

We  have  in  fact 

p^qi  - Pi^Q  = (ttiP  + TTsQ  + TTsE)  qx  + (ttoP  - TTa/Sf  - TTgT)  q^ 

= (TTogo  + + 772^2  + 77-3^3)  P 

-^'TTsi-qo^^qiQ-qsP) 

+ TTs  (—  q^T  + qxP  — qsP) 

=p, 

since  tto^o  + tti^i  + Tr^q^  + tTs^s  = 1, 

and  the  coefficients  of  7r2,  tts  in  the  other  terms  vanish. 

This  is  one  of  the  equations  which  have  to  be  satisfied : and 
the  rest  may  be  verified  in  a similar  way. 

It  remains  to  be  proved  that  the  values  of  A,  B,  C derived 
from  the  last  three  of  equations  (11)  are  integral.  Returning  to 
the  identity 

{P^2  Uy^^}  {Qx'^  + {R  + B)  x'y'  + Ty'^] 

= nr!  {AX^^  + 2PXF+  GY% 

and  remembering  the  meaning  of  S,  8',  we  see  that  if  (P  + >Sf)/8 
and  {B  — S)/h'  are  both  even,  2 Ann',  2Bnn,  2Cnn'  are  divisible 
by  288'. 

Now  1)8^  = dm'^,  and  therefore  8^  = m'^n^ : similarly  — 
and  hh'jnn'  — ± mm'  = an  integer.  If,  then,  as  in  the  case  now 

M.  10 
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considered  Ann' jZh' = ± Ajmm'  is  an  integer,  a fortiori  A is  an 
integer,  and  similarly  B,  G are  integers. 

On  the  other  hand,  if  either  {R  + 8)!^  or  {R  — S)IB'  be  odd, 
then  either  26/m  or  2h'lm  is  odd,  and  hence  either  m or  m is 
even:  2 Ann',  2Bnn',  2Cnn'  are  divisible  by  Bh',  the  quotients 
(neglecting  sign)  being 

2Almm',  2Blmm',  2Clmm' 

and  since  mm' / 2 is  an  integer,  we  conclude,  as  before,  that  A,  B,G 
are  integers. 

139.  It  will  be  observed  that  a form  F compounded  of  f f in 
a prescribed  manner  may  be  found  in  an  infinite  number  of  ways : 
but  it  can  be  shewn  that  all  such  forms  are  properly  equivalent. 

For  suppose  F = {A,  B,  G)  and  F'  = {A',  B',  G')  to  be  any  two 
such  forms,  and  let 

Wo.  5^2.  qJ  ’ Wo'.  q^'J  ■ ■ 

be  two  primitive  substitutions  which  transform  F,  F'  respectively 
mtoff. 

Then  po'g/  - V = Mi  - Pi?o  = ; 

and  similarly  for  any  other  corresponding  pair  of  determinants. 

Now  let  integers  (01),  (02),  (12),  etc.  be  chosen  so  that 
(01)  (po^i  -Pi^o)  + (02)  {p,q^ -p2qo)  + ...  = 1, 
or  say  t (X,  p)  ( “ VH-q><)  = 1 ^ 

and  put 

S (X,  ft)  ( - pM  = a, 

^ (^.  p)  - P^P>^)  = A 

2 (X,  fx)  (q/q^  - q;q>)  = 7, 

2 (X,  p)  (p^q^'  - p^qO  = S.  I 

Then  if  v is  any  one  of  the  numbers  0,  1,  2,  3, 

ap^  + fiq^  = 1{\,  p)\p,{  p^'q^  - Pilq^)  + 3.  ( p>.Pt!  - Pi^p>!)] 

= 2 (X,  p)  ( Pk  {p,q^  - ppi,)  - p;  {ppix- p^q;)] 

= 2 (X,  p)  { p^  ( pjq;  - p;qj)  - p;  ( pjq^'  - p^qj)  | t 
= l(\,p)pj{p/q;-p;qy')  , 

=l\'^i\p){  p>.qi.  - p^qi.)  ‘ 
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\ 


Similarly 


+ Bq,  = qj ; 


and  hence 


1 p^  > Pt^ 

+ ctpp.  + ^q^ 

'ypK+Bq^,  ypp,+  Bq^ 

= (aS-^y)(  pyq^  - p^q>)  : 
therefore  aB  — fiy  = 1. 

Now  if  X,  Y are  the  variables  of  F,  and  X',  Y'  those  of  F', 


X'  = PqXx'  + PxX^j'  + + p^yy' 

= (apo  + ^go)  icoc'  + ... 

= aZ  + /3F, 

and  similarly  Y'  — yX  + 8 F ; 

from  which  it  is  clear  that  F is  transformed  into  F'  by  the  proper 
substitution  , so  that  F,  F'  are  equivalent. 


It  is  obvious  that,  conversely,  if  F is  compounded  of  /,  f'  and 
F'  is  properly  equivalent  to  F,  then  F'  is  also  compounded  of  /,  f 
in  the  same  way  as  F is. 

More  generally,  if  F'  is  transformable  into  .ff\  but  not  necessarily  com- 
pounded of  / and  /',  and  if,  as  before,  F is  compounded  of  /,  /',  then 
F'  contains  F. 

For  with  the  same  notation  as  before,  we  shall  have 
PM-P\<1^  = ^ etc., 

and  it  can  be  shewn  that,  as  before. 


-Pfl^K  = («^ - /3r)  -PiPlx)  • 

hence  ab  — ^y  = k, 

and  F'  is  transformed  into  Fhy  the  transformation  of  determinants  : 

that  is,  F is  contained  in  F'. 

Many  of  the  succeeding  propositions  may  be  generalised  in  the  same  way. 


140.  Let  f be  transformed  into  an  equivalent  form  by 

the  substitution  ; then  it  is  clear  that  F is  transformed 

\y,  B) 

into  (f)f'  by  the  substitution 

X = (pox'  + p^y')  (ax  + ^y)  ^(p^x'  YpzV')  (yos  + By), 

Y = ( p,x'  + q,y')  (ax  + M + ( + W')  (7^  + By), 


that  is. 


/a^o  + 7P2,  api  + 7p3,  PpoYB>p^>  Ppi-\-Bpz\ 

Wo  + 7^2,  agi  + 753,  Pq^  + Bq^,  pq^-^-BqJ' 

10—2 


148 


COMPOSITION. 


Let  the  determinants  of  this  matrix  be  called 
P\  Q',  R\  S',  T,  U', 

and  let  = {a",  h",  c"). 

Then  we  find  by  direct  calculation 

P'  = a^P  + ari{R-S)  + r^'^U 
= n'  {aoL^  + 26a7  + ^7^)  = 5 

and  similarly  R'  — S'  = 2h"n', 

U'  = c'V. 

Again,  Q'  = (aS  - /57)  Q = (aS  - ^7)  a'n, 

and  so  R'  S'  = 2 {ah  — Sy)  b'n, 

T'  = {ah  — ^y)  c'n. 

Finally, 

(agi  + 7^3)  {Sq,  + hq^)  - {aq,  + 7^2)  {Sq^  + ^^3) 

= {ah  - ^7)  {q^q^  - q,q^) 

= {ah  — Sy)  Ann'; 

and  similarly  the  other  two  corresponding  expressions  formed  as 
in  the  last  three  of  equations  (11)  reduce  to 

2 {ah  — Sy)  B'nn',  {ah  — /3y)  Gnn' 

respectively.  j 

Now  if  (j)  is  properly  equivalent  to  f,  ah  — Sy  = we 

conclude  that  F is  compounded  of  <^,  f'  in  the  same  way  as  it  is 
compounded  of  f and  If,  on  the  other  hand,  aS  — y87  = — 1, 
so  that  (j)  is  improperly  equivalent  to  f,  F is  still  compounded  of 
(j)  and  /',  but  n has  to  be  taken  with  a different  sign ; that  is, 
(j)  has  to  be  taken  inversely  or  directly  according  as  f was  taken 
directly  or  inversely. 

It  follows  that  in  all  problems  of  composition  we  may  sub- 
stitute for  any  form,  taken  inversely,  an  improperly  equivalent 
form,  for  example  its  opposite,  taken  directly.  In  future,  unless 
the  contrary  is  expressly  stated,  it  will  be  supposed  that  all  forms 
which  are  compounded  are  taken  directly. 

I 

141.  It  is  now  evident  that  we  may  speak  of  the  composition' 
of  classes;  namely,  if  f,  f are  any  two  forms  belonging  to  classes 
K,  K',  then  any  form  F compounded  of  them  will  belong  to  a 
perfectly  determinate  class,  which  may  be  said  to  be  compounded 
of  K,  K'  and  denoted  by  KK'. 
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It  is  clear  that  the  symbols  K'K,  KK'  mean  the  same  thing, 
because,  in  compounding  two  forms,  the  process  has  been  sym- 
metrical with  respect  to  the  components. 

A class  can  always  be  compounded  with  itself : this  process  is 
called  duplication,  and  the  class  resulting  from  the  duplication  of 
K is  denoted  by 

142.  The  composition  of  forms  may  be  treated  in  another, 
and  in  some  respects  a simpler  way,  which  is  due  to  F.  Arndts 

Let  /,  f,  d,  d',  m,  m!  have  the  same  meanings  as  before ; let 
D = dv  {dm'^,  d'm^),  n = \/dlD,  n'  = d'fD. 

Then  we  see,  as  before,  that  mn'  and  m'n  are  integers  and  relatively 
prime. 

Now  suppose  that  hy  definition 

P = an' , Q = a'n,  R = b'n  -f  hn  , 

JJ=cn',  T—c'n,  S — b'n  — bn': 

then  it  follows  from  the  definitions  that  P,  Q,  R,  S,  T,  U are  all 
integers  and  relatively  prime. 

Let  IX  = dv  (P,  Q,  R) ; then  we  can  prove  the  following  pro- 
positions : — 

(i)  The  integers  ab',  a'b,  bb'  Dun',  are  all  divisible  by  pi. 

(Observe  that  Dnn'  — 'd dd',  and  is  therefore  an  integer,  since, 
by  supposition,  djd'  is  a rational  square.) 

We  have 

ab' . mn'  — b'mP,  ab' . m'n  = m'  (aR  — bP), 

a'b . m'n  = bm'Q,  a'b . mn'  — m {a'R  — b'Q), 

(bb'  4-  Dnn)  mn'  = m (b'R  — c'Q),  (bb'  4-  Dnn')  m'n  = m'  (bR  — cP). 

Now  all  the  expressions  on  the  right-hand  of  these  equations 
are  divisible  by  fx:  and  since  mn',  m'n  are  prime  to  each  other, 
the  truth  of  the  proposition  is  evident. 

(ii)  In  the  next  place,  aa'  is  divisible  by  fx^. 

Since  aa' . mn'  — a'mP,  and  aa' . m'n  = am'Q, 

we  see  that  aa'  is  divisible  by  p.  Hence  aa'P,  aa'Q,  aa'R  are  all 
divisible  by 


1 Orelle,  t.  56,  p.  64  (1859). 
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Again  aa'S  = ah'Q  — a'bP, 

aa'T  = ab'R  — (bb'  + Dn7i')  P, 
aa'  U = a'bR  - (bb'  + Dnn')  Q. 

Hence,  and  from  (i),  we  infer  that  aa'S,  aa'T,  aa'U  are  all 
divisible  by  fP',  and  since  P,  Q,  R,  S,  T,  U have  no  common 
divisor,  it  follows  that  aa'  is  divisible  by  [P. 


(iii)  Let  aa'j^^  = A ; then  an  integer  B can  be  found  so  as  to 
satisfy  simultaneously  the  three  congruences 

\ 


Q 


bb'  + Dnn' 


V (mod  A). 


Choosing  integers  a,  /3,  7 so  that 

clP  + SQ  "b  yR  — /^) 

1 , -r,  ab'  a'b  ^ bb'  + D^in 

let  us  put  B=  — .aH . S -{ 7 ; 

then  it  may  be  verified  that  this  value  does  in  fact  satisfy  all  the 
congruences. 

For  we  have 

fjb  (PB  — ah')  — P {ab'a  4-  a'bS  + (bb'  + Dnn')  7}  — ^lab' 

= ah'  (fJ^  — ^Q  — jR)  - fJiab' 

■\-P[a'bS  + (bb'  + Dnn')  y] 

= S [ofbP  - ab'Q}  + 7 {(bb'  + Dnn')  P - ab'R]. 

Substituting  for  P,  Q,  R their  values,  and  writing  (b'‘^  - a'c') 
for  Dn'^,  this  reduces  to 

(bn'  — b'n)  — yc'n]  aa', 
that  is,  to  — (SS  + yl) aa. 

Hence  fx  (PB  — ab')  = 0 (mod  aa') ; 

and  therefore 


~ . B — ~ 0 (mod  A). 


It  may  be  similarly  verified  that  the  other  congruences  are 
satisfied : in  fact 

fjb  (QB  — ab)  = (aS  -\-yU)  aa' , 
fjb  [RB  — (bb'  + Dim')]  = (aT  + SQ)  aa. 


Arndt’s  method. 


151 


Since  P//>t,  Qlfju,  Rlfi  are  relative  primes,  it  follows  that  all 
values  of  B which  satisfy  the  three  congruences  simultaneously, 
are  congruous  (mod  A). 

After  some  easy  reduction,  we  find  that 
^2  ^^2  — 2)^  = aa'  {acV  + a' + ccV  ^ 

+ 2h'c^<y  + 2hc'ya  + 2 (66'  — Dnn')  ol^], 
whence  — Z)  = 0 (mod  A). 

B^  — D 

Putting  — 2 — ==  determinant 

jA. 

D,  and  it  can  be  shewn  to  be  compounded  of  (a,  6,  c)  and 
(a',  6',  c'). 


In  fact,  if  we  put 

Jf  = ^y,  ^ ^ ^,y 


66'  + Dnn  — BCbn  A-  h'n)  , 
+ /^-  — - — -yy> 


aa 


an'  , a'n  , bn'  + b'n  , 
Y=—xy  +--xy  + 2/2/, 

fj,  ^ 


all  the  coefficients  of  the  substitution  are  integral,  and  we  have 
identically 

-(cix  + by  + ny^D)  {a!  so'  + h'y'  + n'y' '~JD)  = AX  + BY  + Y>JD, 

H' 

with  a similar  identity  obtained  by  changing  the  sign  of  f^D 
throughout. 

Multiplying  these  together,  we  obtain 
Aaf.a'f'  = AF, 

r 

and  therefore,  since  A = aa'jy?, 

F=ff\ 


that  is,  F is  transformable  into  ff'. 

It  is  easily  proved  that  the  six  determinants  of  the  trans- 
formation are  P,  Q,  P,  S,  T,  U:  hence  the  substitution  is  primitive, 
and  F is  compounded  of  f and  /'. 

In  every  case,  then,  where  composition  is  possible,  we  can 
compound  (a,  6,  c),  (a',  6',  o')  into  (A,  B,  G),  where 

A = aa'jyAy 
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Here 


an  „ ah' 

— . B = — 

//, 


an  „ o!h 

— B = — 

^ /A 


V (mod  A), 


h'n  -\-hn'  „ _ bh'  + Dnn 

B — 


IM 

G={B^-D)IA. 
D = dv  {dm'^,  d'm?) ; 


n = JdlD,  n’  = Jd'ID; 
fi  = dv(an,  a'n,  b'n  + hn'). 


143.  Suppose  that  K,  K',  K"  are  three  classes  the  deter- 
minants of  which  are  in  the  proportion  of  three  square  numbers : 
and  let  f,  f\  f"  be  any  three  forms  belonging  to  them.  Then  by 
compounding  f and  f'  we  get  a form  of  the  class  KK' , and  by 
compounding  this  with  f",  we  get  a form  belonging  to  the  class 
{KK')  K".  If  we  first  compound  f'  with  f",  and  then  the  result 
with  f,  we  get  a form  of  the  class  K {K'K"), 

It  will  now  be  shewn  that  the  two  forms  obtained  by  these 
different  processes  are  equivalent,  or,  which  is  the  same  thing, 
that  the  classes  {KK')  K"  and  K {K'K")  are  identical. 

Let  (a,  b,  c),  {a',  b',  c'),  {a",  h",  c")  be  the  forms  /,  /',  f" ; 
d,  d',  d"  their  determinants,  and  so  on;  the  notation  being  as 
before,  with  the  addition  of  corresponding  symbols  for  f". 

Then  by  Arndt’s  process  we  may  compound  /,  f'  into  (A,  B,  G), 
or  F say,  where  A = aa'j^ji^,  etc.  as  above.  The  determinant  of  F 
h D = dv  {dm^,  d'wF) ; and  M = dv  {A,  2B,  G)  = mm. 

By  the  same  process  let  us  compound  F and  f"  into  a form 

o = (A,  B,  r). 

Let  A be  the  determinant  of  O. 

Then  A = dv  {Dm"'\  d"AF). 

Now  since  B = dv  {dm'^,  d'm^), 

Dm"'^  = dv  {dm  '^m"'^,  d'm"'^m-)  : 
also  d"M‘^  = d"m^m''^ : 

therefore  A = dv  {dm'hn"'\  d'm"'W,  d"nirm'% 

Let  us  write  v=\/dlA,  v'=\/d'lA,  v"=^/d"IA\ 
these  quantities  are  all  rational : and  moreover  iti  ni'v,  m"mv\ 
mm'v"  are  all  integers,  and  relatively  prime. 
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Further,  let  iV  ='\/BIA  = vjn  = v jn'. 

We  have  A = Aa" — aa'a" 

where  ^ = dv  {Av'\  a"N,  Nh"  + v"B). 

Now  iJL  = dv  (an',  a'n,  nh'  + n'b), 

and  therefore  ^fjb  divides  the  following  integers : 

fjb . Av"  = aa'v" , 
an' .a"  N=  a"  av', 
a'n . a"N  — a'a"v, 

{nh'  + n'h) . a" N = a"  (vh'  + v'h). 

Again,  since  an'B  = ah'  (mod  /jlA), 
therefore  an  (Nh"  + v"B)  = a (v'h"  + v"h')  (mod  fiAi"). 

Hence  we  see  that  (jl/m'  divides  a (v'h"  + v"h')  ; and  similarly  it 
divides  a'  (v"h  + vh"). 

Finally,  since  (h'n  + hn')B  = hh'  4-  Dnn' 

= hh'  + Aw'  (mod  ijlA), 

we  have 


(Nh"  + v"B)  (h'n  -f  hn')  = vh'h"  + v'h"h  + v"hh'  + Jlvv'v"  (mod  ,xAv"), 
so  that  fifi  divides 

vh'h"-\-v'h"h  + v"hh'  + ^vv'v". 

It  is  easy  to  see  that  the  seven  integers  aa'v",  a'a"v,  etc.  have 
no  common  divisor  greater  than  iJUfA : hence  putting  [jufA  = a,  we 
have 

(T  = dv  \a!a"v,  a"av',  aa'v",  a (v'h"  + v"h'), 
a'  (vh"-\-v"h),  a"(vh'  + v'h), 
vh'h"  + v'h"h  + v"hh'  + Avv'v"]. 


It  will  be  observed  that  this  determination  of  a,  like  that  of  A, 
is  symmetrical  with  reference  to  f,  f,  f". 

Take  X,  Y to  be  the  variables  of  F,  f,  r]  those  of  <I> : then  the 
successive  compositions  give  rise  to  the  identities 


1^ 


(ax  + + vyY^)  (a'x'  + h'y'  + vy'^/N) 


= AZ  + BF+iV^FVA 


(i), 


and  I {AX  + BY+  NY^X)  (a'W  + V'y"  + v"y"^X) 

= A^  4-  B?;  + (ii). 
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Hence  by  substitution 

= ^ {ax + V A) (a V + h'y'-\- vy'\l/^){a"x”+  h"y"-\-  v"y"\/A) . . (iii). 


Now  it  follows  from  (ii)  that  rj  are  lineo-linear  functions  of 
x",  y",  X,  Y with  integral  coefficients  : and  from  (i)  that  X,  Y are 
similar  functions  of  x,  y,  x',  y'  with  integral  coefficients : hence 
7]  are  trilinear  functions  of  x,  y,  x',  y\  x",  y"  with  integral 
coefficients. 

Multiplying  out  the  right-hand  side  of  (iii)  and  comparing 
with  the  left-hand  side,  we  have 


a'a"v  , „ a"av  „ , aa'v"  , , 

7}  = XX  y X xy  xx y 

<T  (T  a 


, a{v'h"  + v"h')  , a'{v"h-Vvh")  a"{vh'-¥v'h)  „ , 

+ -A — ^ ixyy  4--^ ^yy  + — ^ ^ yy 


4 


vh'h"  4 v'b"h  4 v'W  4 ^vv'v' 


yyy 


and  it  has  in  fact  been  proved  that  all  the  seven  coefficients  are 
integral  and  relatively  prime. 

We  have 


o-Af  = {ax  -f  by)  {a'x'  4 b'y')  {a"x"  4 b"y") 

4 A [v'v" {ax+by)y'y" +v"v{a'x' -\-b'y')y"y  + vv' {a"x" -\-b"y")yy'] 
-g-Bt), 


and  hence  we  conclude  that  B simultaneously  satisfies  the  fol- 
lowing seven  congruences : — 

a'a"b  — va'a"  B = 0 
a"ab'  — va"a  B = 0 
. aa'b"  — v'aa'  B = 0 

ab'b"  4 i^avv"  — a {v'b"  -f  v''b')  B = 0 / j a \ 

> (mod  crA). 

a'b"b  4 ^a'v'v  — a'  {v'b  4 vb")  B = 0 
a"bb'  4 ^a"vv  — a"  {vb'  4 v'b)  B = 0 

bb'b"  4 A {bv'v"  4 b'v'v  4 b"vv') 

- {vb'b"  4 v'b"b  4 v"bb'  4 I^w'v")  B = 0 > 

Again  since  B is  determinate  (mod  A),  and  since  in  the 
above  congruences  all  the  coefficients  of  B are  divisible  by  cr,  it 
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follows  that  the  seven  integers  a'a"h,  a"ah',  aa'b",  ah'h"  -f  Aav'v", 
a'b"b  + AaV'v,  a"bb'  + Aa'W,  bb'b"  + A {bv'v"  + b'v”v  + Vvv')  are 
all  divisible  by  a,  and  that  the  congruences  may  be  replaced  by 

■a'a"b  va' a"  „ . . , . , 

B = 0 (mod  A), 

(T  a 

and  so  on. 

Now  suppose  that  by  Arndt’s  process  we  first  compound/'  and 
/"  into  F'  and  then  compound  F'  and  / into  (A',  B',  T')  : and  let 
a',  A'  be  the  quantities  corresponding  to  cr,  A.  Then  it  follows 
from  symmetry  that  a = cr  and  A'  = A : hence  A'  = A,  and  there- 
fore the  congruences  satisfied  by  B'  are  the  same  as  those  satisfied 
by  B : hence  the  forms  (A',  B',  T'),  (A,  B,  T)  are  equivalent,  and 
we  may  in  fact  suppose  them  identical. 

This  proves  that  (KK')  K"  — K (K'K"),  and  the  symbolical 
notation  for  the  composition  of  classes  is  fully  justified,  because 
the  commutative  and  associative  laws  of  multiplication  are  both 
satisfied \ Instead  of  {KK')  K"  or  K {K'K")  we  may  write 
without  ambiguity  KK'K"  and  call  this  the  class  compounded  of 
K,  K',  K"  . 


As  an  example  of  the  direct  composition  of  three  forms,  let 
/=(2,  1,2)  /' = (4,1,7)  /"  = (3,0,4). 


Here 

d=-3,  d'=-27,  d"=-l2, 

m=  2,  m'  = 1,  m"=  1 : 

and  hence 

A=— 3,  i/=l,  v=3,  v"  = 2. 

We  find 

(T  = dv  (12,  18,  16,  4,  8,  12,  -16) 

= 2; 

and  therefore 

A = 2. 3.4/22  = 6. 

The  congruences  to  be  satisfied  by  B are 
6-6B  = 0 
3-9B  = 0 
8B  = 0 

18  + 2B  = 0 y (mod.  6), 
12  + 4b  = 0 
12  + 6B  = 0 
12  + 8B  = 0 / 

whence  B = 3 (mod.  6). 


1 The  distributive  law  is  not  required,  since  such  a symbol  as  K + K'  will  not 
occur.  Gauss  writes  K+K'  instead  of  KK' : this,  of  course,  is  equally  legitimate, 
but  not  quite  so  convenient  or  suggestive. 


156 


COMPOSITION. 


Taking  B = 3,  we  have 


so  that  the  result  of  the  composition  is 

(6,  3,  2)  ~ (2,  1,  2). 

This,  of  course,  might  have  been  foreseen,  on  finding  A = — 3 ; for  it  is  clear 
that  the  resultant  class  will  be  improperly  primitive,  and  there  is  only  one 
such  class  for  A = — 3. 

If  we  wish  to  find  the  trilinear  substitution  which  transforms  (A,  B,  F)  or 
(6,  3,  2)  into//''/",  we  put 

-2)  (4^'  +y'  + 3y'V - 3)  + 2y"s! - 3) 

^Qx  + Zy+ysJ-  3, 

and  hence  by  expanding,  and  comparing  both  sides, 

Y = Qx'x"y  + ^x"xx'  + ^xx'y"  + '^xy'y"  + ^x'y"y  + Qx"yy'  — Syy'y'\ 

X = 2xx'x''  — ’^x!x”y  — AiX"xy'  — Aixx'y"  — ^xy'y"  — ^x'y"y  - ^x"yy'  + ’^yy'y”. 

144.  It  is  now  evident  that  if  any  number  of 

forms  whose  determinants  are  proportional  to  n square  numbers, 
and  if  K^,  K^-.-Kn  are  the  classes  to  which  they  belong,  then  it  is 
possible  to  find  a form  compounded  of  /],/2.../w;  and  in  whatever 
order  the  forms  are  compounded,  the  resulting  form  will  belong  to 
one  and  the  same  class,  whose  determinant 

A = dv 

taken  with  the  same  sign  as  that  of  d^,d2...dn.  This  class  may 
therefore  be  denoted  without  ambiguity  by  The 

classes  K need  not  be  all  different : thus  we  may  have  such 
compositions  as  are  denoted  by  and  so  on. 


145.  Consider  more  particularly  the  composition  of  two  forms 
/,/'  of  the  same  determinant  and  for  which  m,  m'  are  relatively 
prime.  Then  if  D be  the  determinant  of  the  form  F = {A,  B,  G) 
compounded  of  them,  we  have 


D = d = d',n  — n'=l,  and  yb  = dv  {a,  a\h 
Putting,  as  before,  A = aa'lyu^,  B is  determined  by  the  congruences 


a „ ah' 
— n = - 


-B  = 


hYh' 

At 


B = 


a'b 

hh'^-D 


y (mod  A). 
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Also  M = dv  {A,  2B,  G)  = mm  : 

and  if  :^  = dv{A,B,G),  m = dv{a,h,c),  m'  = dv{a\h\c), 
then  if  Xti  = m and  tn'  = m',  = M,  while  in  every  other  case 

Hence  we  at  once  infer  the  following  conclusions : — ^ 

(i)  If  f'  is  properly  primitive,  F belongs  to  the  same  order 

as  f. 

(ii)  Any  class  is  unaltered  by  composition  with  the  principal 

class. 

For  if  y'  = (1,  0,  — D),  we  have  ya  = 1,  A = a,  and  the  congruences 
to  find  B are 

aB  =0,  B = b,  hB  = D (mod  a), 
whence  B = h (mod  a),  and 

If  then  H denote  the  principal  class,  so  far  as  composition  is 
concerned  we  may  write  H=l. 

(iii)  Two  opposite  properly  primitive  classes  compound  into 
the  principal  class. 

Namely  if  /=  {a,  b,  c),  f = {a,  — b,  c), 

fi  = a,  A = l,  5 = 0 (mod  A), 
and  F = (1,  0,  —D). 

Hence  if  K denote  a properly  primitive  class,  we  may  express 
its  opposite  by  K~^. 

(iv)  If  A'  is  a properly  primitive  class,  and  O any  class, 
there  is  one  and  only  one  class  which  compounded  with  K will 
give  $ : namely 

(v)  If  K is  properly  primitive,  and  are  all  dif- 
ferent, then  all  different. 

For  if  we  suppose  = then  compounding  each  with 

we  get  = Og  contrary  to  hypothesis. 

(vi)  The  duplication  of  a properly  primitive  ambiguous  class 
produces  the  principal  class. 

For  an  ambiguous  class  is  its  own  opposite ; so  that,  if  K 
is  a properly  primitive  ambiguous  class,  K = K~^,  and  therefore 
= KK-^  = 1. 

Conversely,  if  ^^  = 1,  = K {KK-^)  = K \ that  is, 

K is  its  own  opposite,  and  therefore  ambiguous. 
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(vii)  The  class  compounded  of  the  opposites  of  any  number 
of  properly  primitive  classes  is  the  opposite  of  the  class  com- 
pounded of  those  classes. 

For  example,  {KL)  = K~^  K . L~^L  = 1 : therefore 

K~^L~^  = {KL)~^ : and  so  for  any  number  of  classes. 

In  particular,  the  class  compounded  of  any  number  of  am- 
biguous classes  is  itself  ambiguous. 

146.  We  are  now  able  to  compare  the  numbers  of  classes 
belonging  to  the  different  orders  of  a given  determinant  D. 

Suppose  D is  divisible  by  a square  number  w?,  and  let  D = Am^. 
Then  there  will  be  an  order  Q derived  from  the  properly  primitive 
order  of  determinant  A.  As  the  simplest  representative  form  of 
this  order  we  may  take  (m,  0,  — mA).  If  A = I. (mod  4)  there  will 
also  be  an  order  derived  from  an  improperly  primitive  order  of 
determinant  A : and  we  may  take  for  its  simplest  representative 
form  (2??^,  m,  \m  (I  - A)). 

Now  let  /=  (a,  5,  c)  be  any  properly  primitive  form  of  deter- 
minant A : and  let  us  suppose,  as  we  may  do  (see  Art.  127)  that  a 
is  prime  to  2mA : then  the  form  (a,  6m,  cwf)  is  properly  primitive, 
and  it  is  easily  verified  that  (mn,  mb,  me)  is  compounded  of 
(a,  hm,  cm^)  and  (m,  0,  — mA). 

Similarly  every  class  of  the  order  H'  will  contain  a form 
(2ma,  mb,  2mc)  in  which  a is  prime  to  2mA : and  this  form  is 
compounded  of  (2m,  m,  Jm  (1  — A))  and  (a,  mb,  ^^m^c),  the  latter 
of  which  is  properly  primitive. 

We  conclude  therefore  that  every  class  of  a derived  order  may 
be  obtained  by  compounding  the  simplest  class  of  that  order  with 
a properly  primitive  class. 

Again,  every  class  of  the  order  may  be  obtained  by  com- 
pounding any  assigned  class  of  the  order  with  a properly  primitive 
class.  For  let  O be  the  assigned  class,  any  other  class,  the 
simplest  class,  K,  L properly  primitive  classes  which  compounded 
with  ^0  give  respectively.  Then  =^qL—<^LK~^: 

that  is,  <!>'  is  obtained  from  <I>  by  compounding  it  with  the  properly 
primitive  class  LK~^. 

Now  let  ^1,  be  all  the  classes  belonging  to  a given 

derived  order:  and  let  jF,,  F2...Fn  be  all  the  properly  primitive 
classes  of  the  same  determinant.  Then  the  classes 
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include  all  the  classes  ; therefore  v cannot  exceed  n.  It  can 
easily  be  shown  that  is  a multiple  of  v.  In  fact,  ii  n>v,  some 
two  or  more  of  the  classes  niust  be  identical. 

Suppose 

Let  be  any  properly  primitive  class  not  contained  in 
and  let  K = F^F{~^,  so  that  F^  — KF^\  then  KF^,  KF^.-.KFjs  will 
be  properly  primitive  classes  different  from  each  other  and  from 
the  preceding  set ; and  putting  KF^  = Fi,  we  have 

F'^^  = F'^,  = ...=F^'^,. 

Proceeding  in  this  way,  we  see  (as  in  a similar  case.  Art.  18) 
that  maybe  arranged  in  groups  each  containing 

k identical  classes,  the  classes  of  any  two  groups  being  different ; 
and  therefore  n = vk,  that  is,  is  a multiple  of  v. 

147.  It  is  evident  that  k is  equal  to  the  number  of  properly 
primitive  classes  which,  compounded  with  the  simplest  (or  any 
other)  class  of  the  derived  order,  reproduce  that  class : and  the 
problem  of  determining  k was  considered  from  this  point  of  view 
by  Gauss \ who  did  not,  however,  succeed  in  obtaining  a complete 
solution.  The  following  investigation,  which  depends  on  the 
theory  of  transformation,  is  due  to  Lipschitz^. 

We  consider  in  the  first  place  two  determinants  D and  D'  — Dp^, 
where  ^ is  a prime. 

Let  /=  (a,  h,  c)  be  any  properly  primitive  form  of  determinant 
D,  and  let  us  suppose  that  a is  prime  to  p.  Then  applying  to  f 
the  substitution 


where  aB-^y=p, 

or,  say,  a substitution  of  order  p,  we  obtain 

/ = {o!,  F,  c'),  suppose, 

a form  of  determinant  Dp\  Suppose  that  ail  possible  substitutions 
P are  applied  to  f,  and  let  us  examine  how  the  resulting  forms 
may  be  classified. 


J D.  A,  Arts,  253— G, 


2 Crelle  liii.  (1857),  p.  238. 
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Let  U = 
tion  : then 

PU  = 


(^/  , where  a'B'  — jS'y  = 1,  be  any  unitary  substitu- 

fa,  fa',  ^faa'  + ^j,  a0'  + l3S'\_ 

\7,  \7^  ^ / \7a"  + 

is  a substitution  of  order  p.  It  is  clear  that  the  forms  Pf  and 
P'f  are  equivalent,  the  first  being  transformed  into  the  second 
by  the  substitution  U.  The  substitutions  P,  P'  may  be  called 
equivalent : and  we  need  only  consider  the  non-equivalent  P-sub- 
stitutions. 


Since  aS  — ^<y=p,  and  p is  prime,  it  is  evident  that  dv  (7, 8)  = 1 
or  p. 

First,  let  dv  (7,  S)  = 1 : then  putting  a'  = 8,  7'  = — 7,  and  deter- 
mining h'  so  that  a'S'  — ^'ry'  — -f  SS'  = 1 , the  substitution  P U 


or  P'  becomes 


Moreover  the  general  values  of  /3',  S'  are 


of  the  form  -t  kh,  So'  — ky,  where  k is  any  integer : hence 
h — a^Q  -f  /SSo'  + k (aS  — ^y)  = Aq  + kp : we  may  therefore  suppose 
that  h is  replaced  by  its  least  positive  residue  (mod  p). 

Similarly,  if  dv  (7,  S)  =p,  we  may  put  a'  = S/p,  7'  = — yjp,  and 
then  determine  /3',  S'  so  that  a'S'  — ^'y  = 1,  and  PU  — . 

Hence  every  substitution  of  order  p is  equivalent  to  one  of  the 
following  (p  -f  1)  representative  substitutions  : 


(Si)  = 


148.  We  will  now  apply  these  (p  + 1)  substitutions  to  the 
properly  primitive  form  {a,  h,  c)  of  determinant  D. 

First  let  p be  an  odd  prime. 

Then  c)  = this  is  properly  primitive, 

since  a is  prime  to  p. 

Again  ^ h,  c)  = (a,  h',  c'), 

a = ap% 
h'  = (ah  -f  h)  p, 
c'  = a/i^  -H  2hh  -\-  c. 


where 
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From  these  equations  we  deduce 
p^a  = a, 
p^h  = pb'  — ha', 
p^c  = p^c'  — 2phh'  — h^a', 

and  since  dv  {a,  2h,  c)  = 1,  we  infer  that  — . 

dv  (a  , 2b',  c)  = l,  p or  p^. 

Now  ac  = {ah  + 6)^  — i) ; and  therefore  if  p divides  c it  will  be 
possible  to  choose  h so  that 

{ah  + — D = 0 (mod  p), 

and  since  a is  prime  to  p the  converse  is  true. 

There  are  four  cases  to  consider : — 


(i)  D divisible  by  p^.  The  congruence  in  h has  one  solution, 
given  by  aA  + 6 = 0 (mod  p):  this  value  of  h makes  b'  and  c 
divisible  by  : so  that  in  all  there  are  p properly  primitive  forms 
{a',  b',  c)  and  one  form  for  which  dv{a',  2b',  c')=p\ 

(ii)  D divisible  by  p but  not  by  p^.  As  before,  the  congruence 
has  one  root,  and  for  the  corresponding  form,  dv  {a , 2b',  c')  = p. 
The  remaining  p forms  f'  are  properly  primitive. 

(iii)  D not  divisible  by  p,  and  {D\p)  = l.  The  congruence 
has  two  roots  given  by 

ah  + b ± \JD  = 0 (mod  p) : 

there  are  two.  forms  f for  which  dv{a',  2b',  c')  = p,  and  (p  — 1) 
properly  primitive  forms. 

(iv)  D not  divisible  byp,  and  {D\p)  = — 1.  The  congruence 
is  insoluble,  and  all  the  (p  + 1)  forms  f are  properly  primitive. 

In  every  case  the  number  of  properly  primitive  forms  f may 
be  expressed  by  p — {D\p),  with  the  convention  that  (D|p)  = 0 
when  Z)  = 0 (mod  p). 

Next,  let  p = 2. 


Here 


(o'  2)^^’  ^ properly  primitive. 


since  a is  supposed  odd. 
% h 


Again  ^ properly  primitive  except  when 

{ah  + 6)2  — Z)  = 0 (mod  2). 


M. 


11 
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If  Z)  is  odd  the  congruence  has  one  root  given  by 
ah + 1 = 1 (mod  2), 

and  if  D is  even,  there  is  again  one  solution  given  by 
ah  + h = ()  (mod  2). 

In  the  former  case,  dv  {a',  h',  c')  = 2,  and  dv  {a',  W,  c')  = 2 or  4 
according  as  i)  = 3 or  1 (mod  4) : in  the  latter, 

dv  (a',  h',  c')  = dv  (a!,  2h',  c')  = 2 or  4 
according  as  D = 2 or  0 (mod  4). 

In  every  case  there  are  two  properly  primitive  forms, 

149.  Every  properly  primitive  class  of  determinant  can 
be  derived  from  a properly  primitive  class  of  determinant  D by 
means  of  one  of  the  (p+  1)  representative  substitutions  of  order  p. 

For  let  (A,  B,  G)  be  any  properly  primitive  form  of  determinant 
Dp^,  in  which  A is  prime  to  p.  Apply  to  it  all  possible  substitu- 
tions of  order  p : then  the  resulting  forms  of  determinant  Dp^  fall 
into  (p  + I)  sets,  the  forms  of  each  set  being  equivalent,  and  those 
of  one  set,  and  only  one,  having  a divisor  p^  Suppose 


where  aS  — = p;  then  (a,  b,  c)  is  a properly  primitive  form  of 

determinant  D : and  it  is  easily  verified  that 


that  is,  {A,  B,  G)  is  derivable  from  (a,  h,  c)  by  the  substitution 


Moreover  the  class  to  which  {a,  h,  c)  belongs  is 


\-y,  olJ' 

perfectly  determinate.  For  if 


but  all  the  forms  of  divisor  p^  derivable  from  (A,  B,  G)  belong  to 
the  same  class : therefore  (p^a',  p^U,  p-c')  oo  (p'^a,  p^b,  p^c)  and 
consequently  (a,  b\  c') oo  (a,  b,  c). 
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150.  If  now  are  representatives  of  the  n properly 

primitive  classes  of  determinant  D,  the  first  coefficient  of  each 
form  being  prime  to  p,  and  if  we  apply  to  each  of  them  the  (_p  + 1) 
reduced  substitutions  of  order  p,  we  obtain  altogether  n{p  — (i)|^)} 
properly  primitive  forms  of  determinant  Dp‘^,  among  which  will  be 
found  representatives  of  all  the  properly  primitive^classes.  It 
remains  for  us  to  discover  how  many  of  these  are  equivalent.  It 
follows  from  the  last  paragraph,  and  from  the  fact  that  /i,/2.../n 
all  belong  to  different  classes,  that  any  two  such  equivalent  forms 
must  be  derived  from  the  same  form/.  Suppose  then  that 

c)^{A,B,G), 

(“/  h,  c)  = (A',  B',  C), 

where  aS  — I3y=  ol'B'  — jS'y  =p,  and  (A',  B' , G')  oo  {A,  B,  C). 


If  the  unitary  substitution  transforms  (A',  B',  G')  into 

(A,  B,  G),  then 

/a',  /3'YX,  ya\ 

W',  p) 

changes  (a,  h,  c)  into  (A,  B,  G)  and  must  therefore  be  of  the  form 

where  (Ti,  Ui)  is  an  integral  solution  of  — DU^  = 1.  Operating 

(g/  

/ ^, ) , we  get 

~7,  aj 

(p\pp\_l  h',  -^'YTi-hUi,  -cUiYa,  I3\ 

\pv,  pp)  ~ y,  aUi,  Ti  + h Ujy,  B) 


'Ti-bUi,  -cUiYa,  A 
aUi,  T+hUiXy,  Bj’ 


A,  B 

r,  A 


say 


so  that  the  conditions  for  equivalence  are  expressed  by 
A = B = r = A = 0 (mod  p). 


Since  and  may  be  taken  from  the  reduced  sub- 

stitutions of  order  p,  there  are  only  two  distinct  cases  to  consider. 

11—2 
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First,  let 


(\  _ (P,  h\ 

(a',  0"\ 

1 

o 

W i 

-J  ~ U,  ij 

II 

; then  it  will  be 


found  by  actual  calculation  that 


K=f{T,-hU,\ 

B = p {h{Ti-hUi)-cUi}, 

r = 'paTJi, 


A = + (all  + 


The  single  condition  necessary  for  equivalence  is  therefore 
Ti  + (ah  + 6)  C/i  = 0 (mod  p). 

Since  a is  prime  to  p,  this  gives  one  determinate  value  for  h, 
such  that  0 < /i<p,  except  when  Ui  = 0 (mod  p).  Let  be  the 
least  positive  value  of  Ui  which  is  divisible  by  p;  then  putting 
1,  2...(cr— 1)  in  the  above  congruence  we  get  (cr  — 1)  corre- 
sponding values  of  h.  Call  these  hi,  i,  each  being  positive 

and  less  than  p.  Then  the  forms 


(o'  (^=  1,  2...0--1) 

are  all  equivalent  to  ^^a,b,  c).  Moreover  they  are  all  different, 
and  there  are  no  other  forms 


(o'  equivalent  to  (^’  c). 

For,  supposing  neither  Ui  nor  Uj  = 0 (mod  p)  we  have 

TjUj-T^Uj 

~ aUi  Uj 

^ Uj-i 

aUiUj 

and  therefore  hj  = hi,  if  and  only  if  Uj_i  = 0 (mod  p)  that  is,  if 
j — i = 0 (mod  cr). 

Altogether  then  we  have  a set  of  cr  equivalent  forms  derived 
from  (a,  h,  c)  by  the  substitutions 

fl,  0)  fp,  hi\ 


DERIVED  AND  PRIMITIVE  ORDERS  COMPARED.  165 


In  a similar  way  we  find  that 

(J  J c)  6,  c), 

if  {h  — W)  Ti  — {hh'a  + (A  + A')  6 + c}  = 0 (mod  'p\ 

that  IS,  If  h ^ (mod  p). 

Let  hi  be  the  least  positive  value  of  h'  derived  from  this 
congruence.  It  is  clear  that  the  value  of  hi  is  determinate  except 
when  there  is  a solution  of  the  Pellian  equation  such  that 

haUi  + {Ti-\-hUi)  = 0 (mod^), 

in  which  case  h,  6)  co  ^"^a,b,c)  by  the  preceding 

We  also  find  that 

{ nh'^  -L  9/i/»  J_  TT.  . 

(mod  p). 


case. 


, , . , _ {ah^  + 2hh  + c)  Uj_i 

- [haUi-\-(Ti  + bUi)}  {haUj  + {Tj-\-bUj)} 


If 


ah?  + 2bh  + c = 0 (mod  p),  b,  c)  is  not  properly  primi- 

tive; rejecting  these  cases,  when  they  exist,  we  see  that  h/  = hi  if 
and  only  j = i (mod  cr). 

As  before,  we  have  a set  of  cr  equivalent  forms,  viz.  these  are 
derived  from  {a,  b,  c)  by  the  substitutions 

/p,  hi\  /p,  hi\  (p,  K'\ 

Vo,  1 VO,  1 y-'-Vo,  1 )’ 


(where  observe  hj  = h),  or  else  by  the  substitutions 


(P, 

I (P>  k'\ 

(p,  hiJ\ 

A.  ON 

(P> 

k+i  \ 

fP>  hA 

\0,  1 > 

lo,  1 )■ 

"VO,  1 / 

’ VO,  p) ' 

VO, 

1 )■ 

"VO,  1 ) 

according  as  h does  not,  or  does,  satisfy  a congruence  of  the  form 
haUi  + {Ti  -\-bUi)  = 0 (mod  p). 

Since  the  same  reasoning  applies  whichever  form  (a,  b,  c)  be 
taken,  we  conclude  that  the  total  number  of  properly  primitive 
classes  of  determinant  Dp^  is 

a having  the  meaning  above  explained,  and  {D\p)  being  put  equal 
to  0 if  i)  is  divisible  by  p,  or  if  ^ = 2. 
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151.  By  successive  applications  of  this  result  it  is  easy  to 
conclude  that  if  D'  = and  n,  n'  are  the  numbers  of  properly 
primitive  classes  of  determinants  D,  D'  respectively, 

”'-v 


where  the  product  relates  to  all  odd  primes  p which  divide  S,  but 
not  D,  and  where  a is  the  index  of  the  first  integral  solution 
{T,,  U,)  of  T^-DU^  = 1 for  which  U,  is  divisible  by  S.  The 
result  may  also  be  expressed  in  the  form 


n'  = 7iS. 


logiT+U^/JD) 
log  (T+uyn') 


n 


where  {T,  U),  {T',  U')  are  the  fundamental  solutions  of  T'^  — DU^=1, 
and  T‘^  — D'  = 1 respectively.  In  this  form  it  was  originally 
obtained  by  Dirichlet,  although  by  means  of  a very  different 
method,  which  will  be  explained  later  on. 


When  D' , and  therefore  D,  is  negative,  the  Pellian  equation 
has  in  general  only  two  solutions,  viz.  T — ±1,  U=0:  it  is  easily 
seen  from  the  foregoing  analysis  that  all  the  substitutions  of  order 
p give  non-equivalent  forms,  and  that 


If,  however,  L = — 1,  the  equation  T^-DU^  = 1 has  four 
solutions,  T — ±1,  i[7'  = 0,  and  T=  0,  U = ±1\  the  derived  forms 
may  be  grouped  into  equivalent  pairs,  and 


n = . n 


P )■ 


152.  It  will  be  observed  that  the  preceding  analysis  enables 
us  not  only  to  determine  the  number  of  properly  primitive  classes 
for  a determinant  when  that  for  a determinant  D is  known, 
but  also  to  compare  the  numbers  of  properly  primitive  classes  for 
any  two  determinants  which  are  in  the  ratio  of  two  square 
numbers.  It  is  clear  also  that  we  can  find  the  ratios  of  the 
numbers  of  classes  in  the  different  derived  orders  for  any  deter- 
minant, because  the  number  of  classes  in  any  derived  order  is 
equal  to  the  number  of  (properly  or  improperly)  primitive  classes 
for  the  determinant  from  which  the  order  is  derived. 
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153.  In  order  to  complete  the  investigation,  we  have  to 
compare  the  number  of  improperly  primitive  classes  with  that 
of  the  properly  primitive  classes  for  the  same  determinant. 

Let  (j)  = (2a,  h,  2c)  be  an  improperly  primitive  form  of  de- 
terminant 

D — lf  — 4ac  = 1 (mod  4) : 

and  suppose  (as  we  may  do)  that  a is  odd.  Applying  to  <b  the 
reduced  substitutions  of  order  2,  viz. 

I,  0\  (2,  0\  /2,  I\ 

0,  2]  ’ Vo,  l)  ^ vO,  1)  ’ 

we  obtain  2<f>x,  2(^2;  2^3  where 

= (a,  b,  4c), 

02  = (4a,  b,  c), 

03  = (4a,  2a + b,  a + b + c). 

The  first  of  these  is  properly  primitive : with  regard  to  the 
others  we  have  to  distinguish  the  cases  D=1  (mod  8)  and  D = 5 
(mod  8). 

li  D=1  (mod  8),  a,  b are  odd,  c is  even,  and  therefore  02,  03 
are  improperly  primitive.  Thus  0 is  transformable  into  the  double 
of  one  and  only  one  properly  primitive  form ; and  it  may  be  proved 
as  above  (Art.  149)  that  the  double  of  every  properly  primitive 
form  is  derivable  from  an  improperly  primitive  form  by  a substi- 
tution of  order  2.  Hence  if  D=1  (mod  8)  the  numbers  of 
properly  and  improperly  primitive  classes  are  equal. 

If  i)  = 5 (mod  8),  c is  odd,  and  0i,  02,  03  are  all  properly 
primitive : we  have  to  discover  how  many  of  them  are  equivalent. 

Suppose  that 

(4a,  b,  c)  = {^  4c),  (aB-^y  = l), 


then  4a  = aa^  -I-  2bay  -h  4c7^ (I), 

b = aajS  -f  b (aS  -f-  ^y)  + 4C7S (2), 

c = a^^-\-2bl3S  + 4>cS^  (3), 

.'.  0 = a(x/3  + 2b^y  + 4<cyS (4), 

and  hence  cy  = a^  (/3y  — aS)  = — a/3. 

Putting  y = aU,  13  = — cU, 


(4)  gives  a — 4ih  = — 2bU, 
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and  writing  a + 48  = 27^, 

where  T is  evidently  integral,  we  have 

a = T-hU, 

8 = (r+8t^)/4. 

Now  from  (1)  we  obtain 

4(^2  = {aa  + — Drf, 

and  on  substituting  for  a,  <y  their  values,  divides  out,  and  we 
find 

T^-nu^  = 4^. 

The  condition  for  ejc^uivalence  is  therefore  that  solutions  of 
— DU^  = 4i  must  exist  for  which 

T+bU=0  (mod  4). 

We  have  (T-\-bU){T-bU)^  4^(1  - ac U% 

and  a,  c are  both  odd.  If,  then,  U is  even,  T+bU  cannot  be 
divisible  by  4 : for  if  it  were,  T—bU  would  be  odd,  and 

{T-bU)  + {T-\-bU)==2T 

would  be  odd,  which  is  absurd,  since  T is  supposed  integral. 
Therefore  U must  be  odd.  Conversely  if  U is  odd,  T and  bU  are 
both  odd,  and  therefore  by  taking  U with  the  proper  sign  we  can 
make  T+bU  divisible  by  4. 

If  (^1,  t/i)  is  the  fundamental  solution,  and  is  even,  all  the 
subsequent  values  of  U will  be  even  too ; therefore  must  be 
odd. 

Suppose  this  to  be  the  case,  and  let  the  sign  of  be  chosen 
so  that 

+ 6 = 0 (mod  4). 

Then  putting 

a^  = T^-bU^,  = 

r^,  = aU„  h,  = l{T,-vbU,), 

-g  integral  unitary  substitution  which  transforms 
(a,  b,  4c)  into  (4a,  b,  c). 

Changing  the  sign  of  U^,  put 

a.2  = Ti  + bUi,  = 

= -aU^,  8.,  = ^(^1  - bU^), 

then  82  is  half  an  odd  integer;  Wo  is  divisible  by  4,  72  are  odd. 
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Hence  ^{a^,  + -I  (72  + 2S2) 

are  integers,  and  it  may  be  verified  that 


/«2,  K«2  + W2)\ 

\72r  2(72+232)/ 


is  an  integral  unitary  substitution,  which  transforms  (%  6,  4c)  into 
(4u,  2a-\-h,  u + 6 + c). 

Expressed  in  terms  of  Wj,  /3i,  71,  3i  this  substitution  is 


t 


We  conclude,  then,  that  if  Ui  is  even,  no  two  of  the  forms 
01  ^ 02 > 03  ^1*6  equivalent,  and  that  if  is  odd,  they  all  belong  to 
the  same  class. 

When  D is  negative,  the  equation  — DU^  = ^ has  in  general 
only  two  solutions  T = + 2,  U = 0 ; the  only  exception  is  when 
i)  = — 3,  in  which  case  there  are  six  solutions  T=±l,  U=±l, 
T = ±2,  U =0.  Thus  when  D = — S,  0i , 02,  03  are  all  equivalent : 
for  all  other  negative  determinants  they  belong  to  three  different 
classes. 

The  results  thus  obtained  are  exhibited  in  the  following  table, 
where  n,  n denote  the  number  of  properly  and  improperly  primi- 
tive classes  respectively,  and  (2\,  U-^  is  the  fundamental  solution 


of  T-^-DU^  = 4^. 


I.  D positive. 


i)  = 1 (mod  8), 


n — n, 


D = 5 (mod  8),  Ui  odd  : n'  = n, 

J)  = 5 (mod  8),  Ui  even : n 

II.  D negative. 

i)  =}.  _ 3,  = ^n, 

D = — 3,  n = n. 


As  an  illustration  suppose  = 21,  0 = (6,  3,-2).  The  asso- 
ciated forms  are 


0,  = (3,3, -4),  02  = (12,  3,-1),  03  = (12,  9,  5). 
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We  have  Tj  = 5,  tT,  = 1,  and  calculating  oci,  it  will  be 

found  that 

S 2)^3,  3, -4)  = (12,  3,-1), 

(-  J _?)[3>3,-4)  = (12,9,5), 

and  hence  n'  = n,  as  it  should  be. 

It  may  be  inferred  from  the  foregoing,  and  can  be  proved 
independently,  that  when  U-^  is  odd,  is  also  odd,  and  even : in 
fact,  the  solutions  {Ti,  fall  into  three  sets  corresponding  to  the 
triple  grouping  of  the  properly  primitive  with  reference  to  the 
improperly  primitive  classes. 


Composition  of  Genera. 

154.  Let  K,  K'  be  two  properly  primitive  classes  of  deter- 
minant D,  and  let  n,  n'  be  two  numbers  prime  to  each  other  and 
to  2D  representable  by  forms  of  the  classes  K'  respectively ; 
then  it  follows  from  the  theory  of  the  composition  of  classes  that 
nn'  is  representable  by  a form  of  the  class  KK'  which  is  com- 
pounded of  K and  K'.  The  generic  character  of  KK'  may 
therefore  be  inferred  from  nn  \ and  it  is  easily  seen  that  any 
particular  character  relating  to  KK  may  be  obtained  by  multi- 
plying together  the  corresponding  characters  relating  to  K 
and  K'. 

For  the  quadratic  characters  this  is  obvious  since 
{nn'\p)  = {n\p){n’\p). 

With  regard  to  the  supplementary  characters  we  have 
{n  — 1)  {n'  — 1)  = 0 (mod  4), 
so  that  — 1)  -f-  {n'  — 1)  = {nn  — 1)  (mod  4), 

therefore  \{n  — l)  + \{n—l)  = ^{nn'  — 1)  (mod  2), 
and  hence  x X i^')  = X (^^')  ■ 

again  {n^  — 1)  (71'^  — 1)  = 0 (mod  64), 

whence  ^{n^n'^  — 1)  = -J(7i2  — l)-l- — 1)  (mod  8), 
and  therefore  ^jr  {KK')  = xjr  {K)  yfr  {K'). 

The  genus  to  which  KK'  belongs  is  said  to  be  compounded  of 
the  genera  which  contain  K,  K' ; and  the  genus  compounded  of 
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the  genera  F,  A may  be  represented  by  FA.  The  composition 
of  any  genus  with  itself  gives  the  principal  genus,  i.e.  that  which 
contains  the  principal  class. 

If  one  of  the  classes  K,  K'  is  improperly  and  the  other  properly 
primitive,  KK'  is  improperly  primitive ; and  it  is  easily  seen  that, 
as  before,  its  particular  characters  are  obtained  by  multiplying 
together  those  of  K and  K'. 

If  both  K and  K'  are  improperly  primitive,  KK  is  the  double 
of  a properly  primitive  class,  and  the  characters  of  this  properly 
primitive  class  are  obtained  by  multiplying  together  those  of  K 
and  K.  For  if  2n,  2n  are  two  numbers  representable  by  K and 
K respectively,  n,  n'  being  prime  to  each  other  and  to  2D,  the 
particular  characters  of  K,  K are  inferred  from  n and  n' : and  if 
KK  = 2L,  the  characters  of  L are  inferred  from  nn',  since  2nn'  is 
representable  by  KK',  and  therefore  nn  by  L. 

155.  Each  genus  of  the  same  order  contains  the  same  number 
of  classes. 

Let  r,  F'  be  any  two  genera  of  the  same  order,  and  let  F 
contain  the  classes  K^,  K^.-.Ky.  Suppose  K to  be  any  class 
contained  in  F',  and  let  P be  a properly  primitive  class  such  that 
PP'i  = K.  Then  the  classes  PK^,  PK^...PKy  will  all  be  different 
and  will  all  belong  to  F',  since  their  total  characters  are  the  same. 
Hence  F'  contains  at  least  as  many  classes  as  F.  In  the  same 
way  F contains  at  least  as  many  as  F'.  Therefore  they  contain 
the  same  number  of  classes. 


Number  of  Ambiguous  Glasses. 

156.  The  following  is  Gauss’s  investigation  of  the  number  of 
properly  primitive  ambiguous  classes  for  a given  determinant  D. 
In  order  to  avoid  a trivial  exception,  it  will  be  supposed  that  D 
is  not  equal  to  — 1.  This  case  is  immediately  disposed  of  by 
observing  that,  when  P = - 1,  there  is  only  one  class  and  this  is 
ambiguous. 

It  will  be  remembered  that  a form  (a,  b,  c)  is  ambiguous  if 
25  = 0 (mod  a) ; also  that  {a,  b',  c')  co  (a,  b,  c)  if  5'  = 5 (mod  a),  the 
determinant  being  the  same  in  both  cases.  It  is  therefore  only 
necessary  to  consider  forms  of  the  types  {a,  0,  c)  and  (25,  5,  c). 
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17t^ 

We  obtain  a properly  primitive  form  (a,  0,  c)  by  resolving  D 
into  any  two  factors  which  are  prime  to  each  other,  and  taking 
one  of  them,  with  either  sign,  for  a.  Each  resolution  of  D thus 
gives  rise  to  four  ambiguous  forms : but  since  (c,  0,  a)  co  (a,  0,  c), 
and  we  wish  to  find  the  number  of  ambiguous  classes,  we  may 
reject  two  of  the  four,  retaining  those  for  which  |a|<|c|.  If  is 
the  number  of  different  primes  which  divide  D,  the  number  of 
forms  which  we  obtain  in  this  way  is 

For  example  if  Z)  = — 90  = — 2 . 3^ . 5,  the  forms  are 
(±  1,  0,  ± 90),  (±  2,  0,  ± 45),  (±  5,  0,  ± 18),  (±  9,  0,  ± 10) : 
that  is  8 or  2^  in  all. 

A properly  primitive  form  (26,  h,  c)  is  obtained  by  taking  for  b 
any  (positive  or  negative)  divisor  of  D such  that  c — (If  — D)l2h  is 
an  integer  prime  to  26.  Now  c being  odd,  = 1 (mod  8),  and 
therefore 

B — h‘^  — 2hc  = {h  — cy  — c^=S  (mod  4)  or  =0  (mod  8), 
according  as  6 is  odd  or  even.  Hence  B must  be  of  the  type 
8n,  8n  + 3,  or  8?^  + 7 if  there  are  to  be  any  forms  of  the  kind  now 
considered. 

First  suppose  B=S  (mod  4).  Then  if  we  take  for  6 any 
divisor  of  B,  6 is  necessarily  odd,  ¥ — B=2  (mod  4)  = 0 (mod  6), 
so  that  c is  certainly  integral  and  odd : also  2g  — b — Bjb,  so  that 
c is  prime  to  6 if,  and  only  if,  B/b  is  prime  to  6.  Since  6 may  be 
taken  positively  or  negatively,  we  thus  obtain  2.2^=  2"+^  forms, 
n having  the  same  meaning  as  before. 

Next  let  B = 0 (mod  8),  so  that  6 must  be  even.  Then  since 
2c  = 6 — B/b,  we  see  that  by  dividing  B into  any  two  even  factors 
6,  Bjb  which  have  no  common  divisor  except  2,  c will  be  odd  and 
prime  to  ^6,  and  therefore  also  to  26.  In  this  way  we  get  alto- 
gether 2^'*'^  forms,  allowing  for  variation  of  sign  in  6. 

For  instance  let  H = 120  = 8 . 3 . 5 : the  forms  are 
(±  4,  ± 2,  + 29),  (±  8,  ± 4,  + 13),  (±  12,  ± 6,  + 7),  (±  24,  ± 12,  ± 1), 
(±  20,  ± 10,  + 1),  (±40,  ±20,  ±7),  (±60,  ±30,  ±13), 

(±120,  ±60,  ±29): 

in  all  16  = 2^ 

In  every  case  the  forms  (26,  6,  c)  may  be  arranged  in  pairs 
such  as 

(26,  6,  c),  (26',  6',  c), 
where  6'  = 2c  — 6 = — B/b. 
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Observing  that  6 6'  = 2c  = 0 (mod  c), 

we  have  (2b,  b,  c)  oo  (c,  b',  2b')  co  (2b',  — b',c) 


CO  (2b',  b',  6), 

so  that  we  need  only  retain  that  form  which  has  the  smallei 
middle  coefficient.  Thus  we  have  left  2'^  forms  (2b,  b,  c)^  for  which 
\b\<WD\, 

Now  let  fjb  denote  the  number  of  odd  primes  which  divide  D, 
so  that  n = fjL  or  /a  + 1 according  as  D is  odd  or  even ; then  the 
total  number,  iV,  of  properly  primitive  ambiguous  forms  which  we 
have  retained  (including  both  types  when  they  exist)  will  be 
according  to  the  following  table. 


B = 0 (mod  8), 
„ = 4 (mod  8), 
„ = 3 (mod  4), 
„ = 2 (mod  4), 
„ =1  (mod  4), 


]Sf  =2.2^  = 2^+^ 
„ =2^  = 2^+h 

,,  =2.2^  = 2t^^\ 
„ =2^  = 2^+h 


Comparing  this  result  with  the  scheme  of  generic  characters 
(Art.  130)  it  appears  that  in  every  case  N is  equal  to  the  number 
of  assignable  total  characters  for  the  determinant  B. 


157.  In  the  case  when  B is  negative,  the  forms  retained  will 
be  half  positive  and  half  negative.  We  now  reduce  the  system  to 
one-half  by  rejecting  all  the  negative  forms.  The  \N  positive 
forms  which  remain  all  belong  to  distinct  classes.  For  every  form 
(a,  0,  c)  is  reduced,  because  a < c:  and  every  form  (2b,  b,  c)  is 
reduced  unless  2b  > c,  in  which  case  the  equivalent  form  (c,  c — b,c) 
is  reduced,  because  2b  > c gives  c>  2(c  — b),  where  observe  that 
c — 6 is  positive,  because  b (which  is  positive)  < — Bjb  <2c  — b, 
and  therefore  2 (c  — 6)  > 0. 

No  two  of  the  reduced  forms  (a,  0,  c),  (2b,  b,  c),  (c,  c — b,c)  can 
be  opposite  or  identical;  so  that,  finally,  the  number  of  positive 
properly  primitive  ambiguous  classes  is  JA. 

Next,  suppose  that  B is  positive.  Let  (a,  b,  c)  be  any  one  of 
the  N forms  which  have  been  retained.  Choose  b'  so  that 

b'  = b (mod  a),  and  0 < \JB  — b'<\a\: 
this  can  always  be  done,  and  in  one  way  only. 


174 


COMPOSITION. 


Let  d = — D')\a : then  {a,  6',  c')  is  equivalent  to  (a,  h,  c), 

and  we  can  show  that  it  is  also  reduced.  The  conditions  for  this 
are  that  0 <h'  < \/D  and  \/D  — 6'  < | a | < \/D  + 6'.  Now  if  | a | < \/D 
it  is  clear  from  the  conditions  by  which  1)  was  determined  that  h' 
is  positive  and  <\IB,  and  since  | a | <\JD,  a fortiori  \ a | <\ID  + h', 
so  that  {a,  h',  c')  is  reduced.  If  \ a\  > fD,  the  form  (a,  h,  c)  must 
be  of  the  type  (2h,  b,  c),  where  \ h\<  \/D.  Putting  h'  = \b\  we  have 
b'  = b (mod  26)  while  0 < \/B  — b'<  < | a | : that  is,  | 6 | satisfies 

the  conditions  which  determine  6'.  Moreover 

|a|  = |26|  = 2|6|<  \JB  + | 6 | < ^B  + 6' : . 
hence  {a,  b',  c)  is  reduced. 

In  this  way  we  replace  every  one  of  the  N forms  by  an 
equivalent  reduced  ambiguous  form ; and  these  reduced  forms  are 
all  different. 

It  can  be  proved  that  every  reduced  properly  primitive  am- 
biguous form  will  be  found  among  the  above  set.  For  suppose 
{a,  b,  c)  is  any  reduced  properly  primitive  ambiguous  form  : then 
because  it  is  reduced  0 < 6 < fB,  and  hence  if  6 = 0 (mod  a), 
\a\<dB,  and  the  form  (a,  0,  c'),  equivalent  to  (a,  6,  c),  is  one  of 
our  original  set,  and  hence  (a,  6,  c)  is  the  corresponding  reduced 
form  of  the  final  set.  If  6 is  not  divisible  by  a,  a is  even,  and 
{a,  6,  c)  oo  (a,  Ja,  c) : while,  since  for  a reduced  form  \a\<2\/B,  it 
follows  that  \a  divides  D,  and  | | < fB,  so  that  {a,  Ja,  c)  is  one 

of  the  original  set,  and  therefore  as  before  (u,  6,  c)  is  the  corre- 
sponding reduced  form. 

Every  ambiguous  class  contains  two,  and  only  two,  reduced 
ambiguous  forms ; therefore,  finally,  the  number  of  properly 
primitive  ambiguous  classes  is  ^N. 

158.  The  number  of  improperly  primitive  ambiguous  classes 
{when  any  exist)  is  equal  to  the  number  of  properly  primitive 
ambiguous  classes  of  the  same  determinant. 

For  let  {a,  6,  c)  be  any  properly  primitive  ambiguous  form. 
Then  if  6 is  odd,  a must  be  odd  also : for  if  a were  oddly  even  c 
would  also  be  oddly  even,  because  B = 1 (mod  4),  and  the  form 
would  not  be  properly  primitive.  Hence  6 = 0 (mod  a)  and 
G B 0 (mod  4).  If  6 is  even,  a and  c must  both  be  odd : and  the 
equivalent  form  {a,  a + 6,  c)  comes  under  the  preceding  case. 
Thus  when  B = 1 (mod  4)  every  properly  primitive  ambiguous 
class  contains  a form  {a,  6,  4c)  where  a,  6 are  odd  and  6 b 0 (mod  a). 
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This  is  one  of  the  three  forms  derivable  from  the  improperly 
primitive  ambiguous  form  (2a,  h,  2c)  by  the  reduced  substitutions 
of  order  2 ; therefore  every  properly  primitive  ambiguous  class  is 
connected  with  an  improperly  primitive  one. 

Now  let  0 = (2a,  b,  2c)  where  6 = 0 (mod  a) 
be  any  improperly  primitive  ambiguous  form  ; 

= (a,  6,  4c), 

(^2  = (4<^,  6,  c), 

(ps  = (4a,  2a  + 6,  a + 6 + c): 

then  (^1  is  properly  primitive  and  ambiguous,  and  we  have  to 
prove  that  </)2,  (ps  cannot  belong  to  properly  primitive  and  am- 
biguous classes  except  when  cpico  (p2<^  (p3- 

When  D=1  (mod  8),  (p^,  cp^  are  not  properly  primitive  (see 
Art.  153),  and  the  theorem  is  proved.  If  D = 5 (mod  8)  let 
/,  = (4,  1,  HI  - B)),  /,  = (4,  3,  H9  - m 
and  let  Oj,  Og,  <I>3,  be  the  classes  containing  cpi,  (p^,  <pi,fi,f2- 

Then  it  may  be  verified  that 

according  as  6 = 1 or  3 (mod  4). 

Hence  if  ^2,  are  ambiguous  classes,  so  must  be  and  F^. 
Now  F^^  — F^,  and  Fi  = F-i^'.  hence  if  F^,  F^  are  ambiguous, 
= i^2  = 1>  and  therefore  <pic<>  (p2<^  (ps- 

In  every  case,  then,  there  is  a (I,  1)  correspondence  between 
the  properly  and  improperly  primitive  ambiguous  classes,  and 
therefore  the  number  of  classes  of  each  kind  is  the  same. 

The  method  of  this  article  is  applicable  to  the  more  general  problem  of 
Art.  153.  For  in  the  general  case,  since  (p2  is  compounded  of  cpi  and  either  A 
or  /g,  it  follows  that  if  <p2~  (pi,  either  or  /g,  and  therefore  also  the  other, 
must  belong  to  the  principal  class  ; and  also  that  if  this  is  so,  <pi~  <p2~(p3- 

Now  it  is  easily  found  that  (1,  0,  -D)  is  transformed  into  A l^J 
substitution 

fT,  UT+I)U)\ 

where  T^  — DU^  = 4 : and  it  can  be  proved  as  above  (p.  168)  that  if  {T,  U)  is 
any  integral  solution  in  which  U is  odd,  we  can  choose  the  sign  of  U so  as  to 
make  the  substitution  integral.  This  being  done,  the  substitution 

/ r,  1{ZT-DU)\ 

\-U,  H T-2U))^ 

is  also  integral  and  unitary,  and  transforms  (1,  0,  — D)  into/g. 
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This  is  the  point  of  view  from  which  Gauss  regards  the  correspondence 
between  the  properly  and  improperly  primitive  classes.  (See  D.  A.  Art. 
256.  VI.) 

159.  If  AT  is  a class  of  any  actually  existing  genus,  belongs 

to  the  principal  genus.  Let  K^  = H,  and  let  1,  A^,  be 

all  the  properly  primitive  ambiguous  classes.  Then  H is  produced 
by  the  duplication  of  K,  KA^,  KA^...KA]c-i,  but  by  that  of  no 
other  class.  Hence  if  S be  the  number  of  classes  of  the  principal 
genus  which  can  be  produced  by  duplication,  the  total  number  of 
classes  of  which  the  duplicates  belong  to  the  principal  genus  is  8/c. 
But  the  duplicate  of  ever^  class  belongs  to  the  principal  genus. 
Therefore  if  g be  the  number  of  existing  genera,  v the  number  of 
classes  in  each  genus,  gv  = k8.  Now  8 cannot  exceed  v : therefore 
g cannot  exceed  h : that  is. 

The  number  of  actually  existing  genera  cannot  exceed  that  of 
the  propeiiy  primitive  ambiguous  classes. 

160.  From  this  and  Art.  157  we  at  once  infer  the  impossibility 
of  half  the  assignable  generic  characters,  and  this,  it  will  be  ob- 
served, independently  of  the  law  of  quadratic  reciprocity.  We 
have,  in  fact,  the  material  for  a new  and  entirely  different  proof  of 
that  law ; this  is  Gauss’s  ' demonstratio  secunda,’  (D.  A.  Art.  262). 

We  observe  that  when  Z)  = — 1,  2,  — 2 or  an  odd  prime  ±p=l 
(mod  4),  there  is  only  one  genus,  namely  the  principal  genus : and 
that  ii  D = ±pq=l  (mod  4),  where  p,  q are  primes,  there  cannot 
be  more  than  two  genera.  The  law  of  reciprocity  is  established 
by  the  following  propositions : — 

1.  If  a is  any  positive  number  of  the  form  4?i  4-  3,  — INa. 

For  if  — 1 were  a residue  of  a,  we  could  find  integers  b,  c such 
that  —\  = b‘^  — ac,  and  then  {a,  b,  c)  would  be  a form  of  determinant 

— 1 with  the  character  = — 1,  which  is  impossible. 

2.  If  is  a prime  and  = 1 (mod  4),  — iRp. 

For  the  form  (—1,  0,  p)  must  belong  to  the  principal  genus  for 
the  determinant  p (which  is  the  only  existing  genus),  and  therefore 

- IRp. 

3.  If  is  a prime  and  = 1 (mod  8),  both  -1-  2 and  — 2 are 
residues  of  p. 

This  follows  from  the  consideration  of  the  forms 

(±8,  l,+i(;)-l))  or  (+8,3, +i(Z-9)) 
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according  as  ^ = 9 or  =1  (mod  16).  In  either  case  we  infer 
± SRp,  and  therefore  ± "^Rp. 

4.  If  a is  any  number  = 3 or  5 (mod  8),  2Na. 

For  otherwise  we  could  find  a form  {a,  b,  c)  of  determinant  2, 
with  the  character  yj/  = — 1. 

5.  If  a is  any  number  = 5 or  7 (mod  8),  — 2Ncl 

For  otherwise  there  would  be  a form  (a,  h,  c)  of  determinant 
— 2 with  the  character  = — I. 

6.  If  p is  a prime,  and  = 3 (mod  8),  — 2Rp. 

For,  considering  the  generic  characters  for  the  determinant  2p, 
the  forms  (1,  0,  - 2p),  (—  1,  0,  2p)  show  that  these  are  (n  |^)  = + 1, 

— -pi,  and  (n\p)  = — l,  = — 1.  Now  the  form  (—2,0,p) 
gives  = + 1.  and  therefore  also  (—  2 | p)  = + I,  that  is,  — 2Rp. 

The  theorem  may  also  be  proved  by  combining  (1)  and  (4). 

7.  If  p is  prime  and  = 7 (mod  8),  2Rp. 

One  of  the  forms  (8, 1,  i (p  + 1)),  (8,  3,  i (p  + q))  of  determinant 
— p,  is  properly  primitive : and  since  there  is  only  one  genus,  we 
infer  SRp  and  therefore  2Rp. 

We  might  also  combine  (1)  and  (5). 

8.  Let  p,  q be  two  odd  primes.  Then  first,  if  p = 1 (mod  4), 
and  qNp,  we  shall  have  pNq.  For  otherwise  we  could  find  a form 
{q,  b,  c)  of  determinant  p with  the  character  (r?  |p)  = — I. 

Secondly,  if  p = 3 (mod  4),  and  qRp,  then  —pNq.  For  other- 
wise there  would  be  a form  {q,  b,  c)  of  determinant  — p with  the 
character  (n  |p)  = — 1. 

Thirdly,  if  p = 1 (mod  4)  and  qRp,  then  pRq.  If  g = 1 (mod  4) 
this  follows  from  the  first  case,  because  pNq  would  involve  qJVp. 
If  g = 3 (mod  4)  then  — g = I (mod  4)  and  — qRp,  since  — IRp. 
Hence  by  the  second  case  we  infer  pRq. 

Lastly  if  p = 3 (mod  4),  and  qRp,  then  — pRq. 

If  g = 1 (mod  4)  it  follows  from  the  first  case  that  pRq,  and 
therefore  —pRq. 

If  g = 3 (mod  4),  then  the  forms  (1,  0,  — pq),  (—  I,  0,  pg)  shew 
that  the  generic  characters  for  the  determinant  pg  are  (?i  |p)  = + I? 

I g)  = -p  1,  or  else  (^  |p)  = — 1,  {n\q)  = — \.  The  form  (9,  0,  — p) 
gives  (n  Ip)  = -p  1,  and  therefore  (— p | g)  = + 1,  that  is,  —pRq, 

This  completes  the  proof  of  the  law  of  reciprocity. 

M. 
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161.  It  is  a remarkable  fact  that  every  class  of  the  principal 
genus  may  be  obtained  by  duplication : that  is  to  say,  in  our 
former  notation  (Art.  159),  8 = v,  and  therefore  g^h  Two  proofs 
of  this  important  proposition  will  be  given  later  on,  one  depending 
on  the  theory  of  ternary  quadratic  forms,  and  the  other  derived 
from  Dirichlet’s  transcendental  analysis.  Meanwhile,  the  truth  of 
the  theorem  will  be  assumed,  for  the  purpose  of  giving  a more 
complete  account  here  than  would  otherwise  be  possible  of  the 
relations  which  connect  the  different  classes  in  respect  to  com- 
position. 

Let  H be  any  class  of  the  principal  genus,  other  than  the 
principal  class.  Then  since  there  are  only  v distinct  classes  in  the 
genus  altogether,  and  since  the  (v  + 1)  classes  H, 
all  belong  to  it,  at  least  two  of  them  must  be  identical. 

Suppose  where  \>  g:  then  =1,oy  where 

y is  a positive  integer  not  greater  than  v.  Let  f now  denote  the 
least  positive  integer  such  that  W=l:  then  / may  be  called  the 
exponent  to  which  the  class  H appertains : and  the  classes 
1,  H,  may  be  said  to  form  a period. 

Exactly  as  in  the  analogous  theory  of  residues  to  a prime 
modulus  (see  Art.  18),  it  may  be  proved  that  f divides  v,  so  that 
every  class  of  the  principal  genus  satisfies  the  symbolical  equation 

= 1. 

Again,  the  period  of  will  contain  fjd  terms,  where 
d = dv{m,f):  in  particular,  if  f is  prime  to  m,  it  will  contain 
f terms.  If  f is  prime,  the  period  of  will  contain  f terms,  for 
all  values  of  m. 

162.  If  the  principal  genus  contains  a class  G appertaining  to 
the  exponent  the  determinant  is  said  to  be  regular.  In  this 
case,  the  period  of  G comprises  all  the  classes  of  the  principal 
genus,  and  the  class  G enjoys  properties  similar  to  those  of  a 
primitive  root  of  a prime  modulus.  For  instance,  taking  (j  as  a 
‘base,’  any  class  of  the  principal  genus  may  be  specified  by  its 
index  : there  will  be  <f>  (v)  classes  such  as  G,  any  one  of  which  may 
be  taken  for  a base,  etc.  etc. 

When  the  determinant  is  regular,  the  principal  genus  contains 
one  or  two  ambiguous  classes,  according  as  v is  odd  or  even.  For 
if  G'^  is  ambiguous,  G^'^  = I and  therefore  2m  = 0 (mod  v) : hence 
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if  V is  odd,  the  principal  class  is  the  only  ambiguous  class  in  the 
genus,  while  if  v is  even,  is  also  ambiguous. 

If,  then,  the  principal  genus  contains  more  than  two  ambiguous 
classes,  the  determinant  is  certainly  irregular.  This  consideration 
enables  us  to  discover  irregular  determinants.  For  instance,  the 
three  primes  3,  13,  61  are  such  that  each  is  a quadratic  residue  of 
each  of  the  other  two ; and  the  determinant  — 2379  = — 3.13.61 
is  irregular,  because  the  principal  genus  contains,  besides  the 
principal  class,  the  three  ambiguous  classes  (3,  0,  793),  (89,  0,  61), 
(13,  0,  183). 

163.  It  may  also  be  shewn  that  every  negative  determinant 
of  the  form  — {8km  + 3)  when  k is  any  positive  integer  (not 
zero),  and  m any  odd  positive  integer  greater  than  1,  is  irregular. 
For  let  fi  = {m^,  m,  8km  + 4),/2  = (4m^,  m,  2km  + 1),  and  let 

be  the  classes  to  which  /i  and  belong.  Then  and  are 
properly  primitive  classes  of  the  principal  genus,  and  it  can  be 
shewn  by  Arndt’s  formulae  of  composition  (Art.  142  above),  that 
and  Ki  = K^~^,  whence  also  = 1. 

Moreover  and  belong  to  different  classes ; for  either  /j  or 
the  adjacent  form  {8km  + 4,  — m,  m^)  is  reduced ; and  similarly 
either  or  its  equivalent  {2km  + 1,  —m,  4m^)  is  reduced ; the  two 
reduced  forms  are  in  no  case  equivalent,  and  neither  of  them  is 
the  principal  form. 

We  thus  obtain  three  distinct  periods  of  three  terms, 
{l,K,,Ki\  {I,  K,Ki). 

But,  in  the  case  of  a regular  determinant,  a period  of  three  terms 
can  only  occur  when  v is  divisible  by  3 ; and  even  when  this  is  the 
case  there  is  only  one  such  period,  namely  (1,  G^!^,  G^''/‘^)  where  G 
is  a base  of  the  period  of  principal  classes.  The  determinant 
considered  is  therefore  irregular. 

We  see,  then,  that  an  infinite  number  of  irregular  determinants 
may  be  found ; it  should  be  observed,  however,  that  we  cannot 
obtain,  in  either  of  the  ways  just  explained,  all  the  irregular  deter- 
minants which  exist : thus  there  are  prime  irregular  determinants, 
such  as  — 307.  It  does  not  appear  to  be  possible  to  find  a general 
formula  which  will  apply  to  all  cases. 

164.  Returning  to  the  case  of  a regular  determinant,  suppose* 
that  G is  any  class  whose  period  comprises  all  the  classes  of  the 
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principal  genus : then,  by  the  theorem  which,  for  the  present,  we 
are  anticipating,  there  is  a class  H such  that  G = If  v is  odd, 
we  may  evidently  put  H = and  in  fact  this  proves  the 

theorem  about  duplication  for  this  special  case.  The  principal 
genus  (1,  GiG^,...G''~^)  contains  only  one  ambiguous  class:  and  if 
Ai,  A<i...Ak-i  are  the  other  ambiguous  classes,  the  remaining 
genera  will  be 

(A„  A,G,  A,G\..A,G^-^\ 

(A,,  A,G...A,G^-^)...(A,_„  A,_,G...A,_,G^-^). 

Next  suppose  that  v is  even.  In  this  case  H cannot  belong  to 
the  principal  genus ; for  if  it  did,  we  should  have  H = G^  and 
Q2m-i  _ 2^  which  is  impossible.  There  will  therefore  be  two  asso- 
ciated genera,  the  principal  genus 

(1, 

and 

If  (7  is  a class  of  any  other  existing  genus,  all  the  classes  of 
that  genus  will  be  given  by 

((7,  GH\ 

and  there  will  be  an  associated  genus 

{CH, 

It  is  also  evident  that  every  genus  contains  either  two 
ambiguous  classes  or  none : viz.  if  any  genus  contains  an 
ambiguous  class  A,  it  will  also  contain  AH''  and  no  others.  Half 
of  the  existing  genera  will  contain  no  ambiguous  classes. 

We  may,  if  we  please,  adopt  a similar  arrangement  when  v is 
odd,  by  putting  H — A being  any  ambiguous  class,  not 

the  principal  class.  Thus  in  all  cases  we  have  a class  H with  2v 
terms  in  its  period ; and  the  genera  arranged  in  corresponding 
pairs 

{A,  Am,  AH\. . .Am^-^),  (AH,  Am,. . .Am''-% 

where  A is  ambiguous:  each  ambiguous  genus  being  associated 
with  one  that  is  non-ambiguous,  or  ambiguous,  according  as  v is 
even  or  odd. 

165.  In  illustration,  we  give  the  complete  tabulation  of  the 
primitive  classes  for  D — — 365.  There  are  four  genera,  each 
containing  five  classes : so  that  both  modes  of  arrangement  are 
possible. 
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Characters  Comp. 


(s)(i). 

(ii). 

( 1> 

0, 

365) 

+ 

+ + 1 

1 

( 6, 

1, 

61) 

r 

9 

( 9. 

-2, 

41) 

( 9, 

2, 

41) 

/* 

( 6, 

-1, 

61) 

/» 

9' 

(11. 

3, 

34) 

+ 

- - / 

a^g^ 

(15, 

5, 

26) 

p 

(^i9" 

(10, 

5, 

39) 

p 

ai 

(15, 

26) 

p 

a^g 

(11. 

-3, 

34) 

p 

a^g^ 

( 2, 

1, 

183) 

- 

+ - a 

( 3, 

1, 

122) 

ap 

a^g 

(18, 

23) 

ap 

a^g^ 

(18, 

-7, 

23) 

ap 

a^g^ 

( 3, 

-1, 

122) 

ap 

a^g^ 

(17, 

-3, 

22) 

- 

- +af 

^z9^ 

(13, 

30) 

ap 

Cf'39'‘ 

( 5. 

0, 

73) 

ap 

as 

(13, 

5, 

30) 

ap 

cts9 

(17, 

3, 

22) 

ap 

166.  When  the  determinant  is  irregular,  the  classes  of  the 
principal  genus  cannot  be  arranged  in  one  period;  it  will  be 
possible,  however,  to  assign  a certain  number  of  bases  such  that 
all  the  classes  of  the  genus  are  expressible  by  powers  and  products 
of  powers  of  these  bases : and  any  particular  class  may  then  be 
specified  by  means  of  two  or  more  indices. 

Suppose  that  g is  the  highest  exponent  to  which  any  class  of 
the  principal  genus  appertains  : then  the  exponent  belonging  to 
any  class  of  the  genus  will  divide  g.  This  is  proved  by  shewing 
(compare  Art.  20)  that  if  H,  K appertain  to  the  exponents  e,  /, 
HK  will  appertain  to  the  exponent  g,  where  g is  the  least  common 
multiple  of  e and  /. 

Again  g divides  v,  the  number  of  classes  in  the  genus.  For  if 
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1,  O,  be  any  period  of  g terms,  then  the  classes  of  the 

genus  may  be  arranged  in  sets  such  as  G,  CG,  GG^.  ..CG^~^,  no  two 
of  which  have  a class  in  common. 

The  quotient  vjg  is  called  by  Gauss  the  exponent  of  irregu- 
larity. In  Gauss’s  tables  relating  to  definite  forms,  which  include 
more  than  4,900  negative  determinants,  the  only  exponents  of 
irregularity  which  occur  are  2 and  3,  with  one  exception, 

i)  = - 11907, 

for  which  it  is  9.  According  to  Pepin,  the  exponent  is  also  9 for 
i)  = -6075. 

For  further  details,  especially  with  regard  to  the  choice  of 
bases  for  irregular  determinants,  and  the  arrangement  of  classes 
not  contained  in  the  principal  genus,  the  reader  is  referred  to 
Smith’s  Report,  Arts.  118,  119. 


AUTHOKITIES. 

Gauss  : D.  A.  Arts.  234—265. 

Demonstration  de  quelques  theorhnes  concernant  les  periodes  des  classes  des 
formes  hinaires  du  second  degre  (Werke,  ii.  266). 

Tafel  der  Anzahl  der  Classen  binarer  quadratischer  Formen  (Werke,  ii. 
449),  with  notes  and  corrections  by  Sobering  (ibid.  p.  521). 

Smith,  H.  J.  S.  Report  on  the  Theory  of  Numbers,  Part  iv.  (Report  of 
British  Ass.  1862). 

Dirichlet-Dedekind  : Vorlesiingen  uber  Zahlentheorie  (3rd  edition  1879) 
Supplement  x.  See  also  Dirichlet  : De  forrnarmn  hinariarum  secnndi  gradus 
cornpositione  (Crelle,  xlvii.  (1854)  p.  155). 

Arndt,  F.  : Auflosung  einer  Aufgabe  in  der  Composition  der  quadratischen 
Formen  (Crelle,  Ivi.  (1859)  p.  64). 

Ueher  die  Anzahl  der  Genera  der  quadratischen  Formen  (ibid.  p.  72). 
Lipschitz,  R.  : Einige  Sdtze  aus  der  Theorie  der  quadratischen  Formen 
(Crelle,  liii.  (1857)  p.  238). 

ScHERiNG,  E,  : Die  Fundamental- Classen  der  zusammensetzharen  anthme- 
tischen  Formen  (Gottingen  1869).  Also  in  vol.  xiv.  of  the  Abhandl.  d. 
konigl.  Gesellsch.  d.  Wiss.  zu  Gottingen. 

Poincar:^,  H.  : Sur  un  mode  nouveau  de  representation  geometrique  des 
formes  quadratiques  definies  ou  indefnies.  (Jom-n.  de  I’Ecole  Poly  technique, 
cah.  47,  t.  xxviii.  (1880)  p.  177.)  See  especially  pp.  226  and  following. 

The  theory  of  composition,  as  now  understood,  is  principally  due  to  Gauss. 
Some  special  cases  of  composition  were  discovered  previously,  such  as 

(A'Hy2)  (.^’'^  +y2)  = _ yy'Y  _|. 

with  the  analogous  theorem  of  Euler’s  for  the  product  of  sums  of  four  squares 


AUTHORITIES. 


183 


The  most  interesting  of  these  earlier  results  will  be  found  in  Lagrange’s  memoir 
Sur  la  solution  des  prohlemes  ind4termmes  du  second  degre  (Hist,  de  I’Acad.  de 
Berlin  1767)  § vi.  Lagrange  demonstrates  a general  theorem,  which  is 
equivalent  to  what  would  now  be  called  the  duplication  of  the  form 

n (.Tj + + x^O^  + . . . + 

where  x■^^,  x,^^...x^  are  the  variables,  and  the  product  sign  extends  over  all 
values  of  6 for  which  6^-A=0,  A being  any  integer.  See  also  the  additions 
to  Euler’s  Algebra,  § 9. 

In  Vol.  LX.  of  Crelle’s  Journal  (1862)  p.  357  there  is  a table,  calculated  by 
Cayley,  which  gives  the  complete  classification  of  primitive  binary  quadratic 
forms  for  negative  determinants  from  I)=  — I to  i)=  — 100,  and  for  positive 
determinants,  other  than  squares,  from  Z)  = 2 to  Z)  = 99.  The  generic  charac- 
ters are  also  given,  and  the  composition  of  the  different  classes  is  indicated  by 
symbols  as  on  p.  181  above.  The  table  also  contains  the  periods  of  reduced 
forms  for  the  positive  determinants.  There  is  a supplementary  table  relating 
to  the  thirteen  irregular  negative  determinants  which  are  numerically  less 
than  1000. 


OHAPTEK  VII. 


Cyclotomy. 

167.  The  theory  of  indices  and  power-residues  cannot  have 
failed  to  remind  the  reader  of  the  binomial  equation  — 1 — 0, 
upon  which  depends  the  division  of  the  period  of  the  circular 
functions.  The  analogy  is  by  no  means  accidental,  and  there  are, 
in  fact,  many  arithmetical  results  which  are  most  simply  expressed, 
and  most  easily  proved,  with  the  aid  of  the  complex  roots  of  unity ; 
moreover,  as  Gauss  first  pointed  out,  the  problem  of  cyclotomy,  or 
division  of  the  circle  into  a number  of  equal  parts,  depends  in  a 
very  remarkable  way  upon  arithmetical  considerations.  We  have 
here  the  earliest  and  simplest  example  of  those  relations  of  the 
theory  of  numbers  to  transcendental  analysis,  and  even  to  pure 
geometry,  which  so  often  unexpectedly  present  themselves,  and 
which,  at  first  sight,  are  so  mysterious. 

168.  The  equation  x‘^—l=0  has  m roots,  of  which  only  one 
is  real,  namely  1.  Expressed  in  terms  of  circular  functions,  the 
roots  are  given  by 

2A7r  . . ^hiT  ,,,  .. 

Xh  = cos h ^ sm = 

m m 

{h=0, 

From  this,  and  de  Moivres  theorem,  the  propositions  which 
immediately  follow  may  be  deduced  without  any  difficulty ; in 
order,  however,  to  preserve,  as  far  as  possible,  the  analogy  with 
binomial  congruences,  they  will  be  proved  independently. 

If  a is  any  root  of  — 1=0,  and  e is  any  integer,  a®  is  also 
a root,  because  = 1. 

Let  f be  the  least  positive  integral  exponent  (not  zero)  such 
that  0L^  = 1.  Since  a’"=  1,  it  is  clear  that  such  an  exponent  must 
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exist,  and  cannot  exceed  m.  It  is  called  the  exponent  to  which  a 
appertains.  The  root  1 appertains  to  the  exponent  1,  and  is  the 
only  one  of  the  kind. 

The  quantities  1,  a,  a^,. where  a, /have  the  same  meanings 
as  before,  are  all  roots  of  — 0.  Moreover  they  are  all  different, 

because  if  we  had  oiP  = ofi  with  p < /and  g </  it  would  follow  that 
(xP-9  = 1,  or  a-^'  = 1,  with  f < / which  is  impossible. 

The  exponent /is  a divisor  of  m.  For  if  not,  let 

dv{m,f)  = h<f, 

and  choose  integers  p,  q such  that  pm  + qf=  S ; then 

a«  = (a“y'(a-0«  = l, 

where  S < / contrary  to  the  condition  by  which  / is  defined. 

Let  1,  a,  b,  c...l  be  the  </>  (/)  numbers  which  are  less  than  / 
and  prime  to  it ; then  the  quantities 

a,  CL^,  a^...aL 

are  all  different  and  all  appertain  to  the  exponent/  The  proof  of 
this  is  exactly  similar  to  that  of  Art.  19. 

In  particular,  there  are  0 (m)  roots  of  — 1 = 0 which  apper- 
tain to  the  exponent  m.  These  are  called  primitive  mth  roots  of 
unity. 

All  the  roots  of  may  be  arranged  into  groups,  each 

group  consisting  of  the  0 (/)  roots  appertaining  to  the  exponent 
/ where  / is  any  divisor  of  m. 

It  follows  that  the  problem  of  finding  all  the  roots  of  — 1 = 0 
is  the  same  as  that  of  finding  all  the  primitive  roots  of 
_ 1 _ 0^  = x^'  —1—0,  etc. 

where  m,  d,  d',  etc.  are  the  different  divisors  of  m,  unity  and  m 
inclusive. 

169.  Let  m and  n be  any  positive  integers  prime  to  each 
other ; then  if  a,  yS  are  primitive  roots  of  — 1 = 0 and  — 1 = 0 
respectively,  a/3  is  a primitive  root  of  x^'*^  — 1=0. 

For  suppose,  if  possible,  that  appertains  to  the  exponent  d, 
so  that 

(a/3/- 1 = 0 

with  d < mn.  Then  since  (a/3)”*'’^  — 1=0,  d must  divide  mn,  and 
hence  d — m'n',  where  m',  n'  divide  m,  n respectively. 
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Suppose  that  m <m,  and  put  k = nln\  which  is  an  integer. 
Then 

1 = = a’”''"' 

_ Qfjn'n 

since  /3"'  = 1.  Now  c??;  (m,  m'n)  = m',  so  that  we  can  find  integers 
a:,  y such  that 

xm'n  + ym  = m ; 

and  hence  — (a™''’*')*  {cC^^y  = 1, 

with  m'  <m\  but  this  is  impossible.  Similarly  the  hypothesis 
n < n leads  to  - 1,  which  is  impossible ; therefore  m = m, 
n'  = n,  d = mn,  and  the  proposition  is  proved. 

By  the  repeated  application  of  this  theorem,  the  discovery  of 
the  primitive  roots  of  — 1 = 0,  where  m=p^  r^...  is  made  to 
depend  upon  finding  the  primitive  roots  of  — 1 = 0,  — 1 = 0, 

etc. ; p,  q,  r...  being  the  different  prime  factors  of  m. 

170.  For  the  present,  we  shall  suppose  that  m is  an  odd  prime, 
p,  so  that  the  equation  considered  is 

xP-l=0. 

This  has  p roots,  of  which  (p  — l)  are  primitive  and  satisfy  the 
equation 

mP 1 

— = x^~^  + x'-i^-'^  + . . . + 4- 1 = 0. 

^ x—1 

When  there  is  no  risk  of  ambiguity,  X will  be  used  instead  of 
Xp  to  denote  the  polynomial  (x^  — l)/(x—  1). 

If  r is  any  root  of  X = 0,  then  all  its  roots  are  given  by 
r,  The  equation  is  therefore  of  the  type  discussed  by 

Abel  in  his  Memoir e siir  une  classe  pai'ticuliere  d’ equations  resolubles 
algehriquement  (Crelle  iv.  (1829),  p.  131),  all  the  roots  being  ex- 
pressible as  rational  functions  of  any  one  of  them.  It  is,  so  to  speak, 
the  normal  form  of  Abelian  equation  with  real  integral  coefficients ; 
the  roots  of  all  such  equations,  according  to  Kronecker,  being 
expressible  as  rational  functions  of  complex  roots  of  unity.  (See 
Serret,  Algebre  Superieure  (4th  ed.)  ii.  p.  684.) 

171.  The  polynomial  X is  irreducible,  in  the  sense  that  it 
cannot  be  expressed  as  the  product  of  two  polynomials  of  lower 
degree  with  rational  coefficients. 

Many  proofs  of  this  very  important  proposition  have  been  given ; 
the  one  which  will  be  adopted  here  is  due  to  Eisenstein  (Crelle 
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xxxix.  (1850),  p.  166).  Before  giving  it,  however,  it  will  be 
necessary  to  prove  a lemma  which  was  first  enunciated  by  Gauss. 
(D.A.  Art.  42.) 

The  lemma  is  as  follows  : 


Let  F(x)  = ooP  + +. . .+  be  a polynomial  in  x 

with  integral  coefficients,  the  coefficient  of  the  highest  power  of  x 
being  unity  : then,  if  F (x)  can  be  expressed  as  the  product  of  two 
other  polynomials 

f(x)  = x^^'  + hx^^-^  + +. . .+  hm, 

</)  (x)  —X'^+  CxX^~^  + + . . .+  C^, 

where  m ■\-n  = 'p,  and  the  coefficients  are  rational,  these  coefficients 
hi,  Ci  must  also  be  integral. 

We  may  suppose  that  hi,  Ci  are  reduced  to  their  lowest  terms. 
Assuming  that  they  are  not  integral,  let  p he  Si  prime  which  occurs 
in  any  of  the  denominators ; then  among  the  coefficients  hi  there 
will  be‘  one,  say  b^,  the  denominator  of  which  contains  p to  a 
higher  power  than  the  denominator  of  any  of  the  preceding 
coefficients  5i,  h2,...hh-i,  and  to  at  least  as  high  a power  as  any  of 
the  following  denominators  ; and  similarly  among  the  coefficients  Ci 
there  will  be  one,  say  c*,  the  denominator  of  which  involves  a 
higher  power  of  p than  the  denominator  of  any  of  the  preceding, 
and  at  least  as  high  a power  as  any  of  those  which  follow.  It 
may  happen  that  p does  not  occur  at  all  in  the  denominators  of 
the  hi]  in  this  case  we  put  bji  — 1,  and  in  the  same  way  we  may 
have  to  put  C;i;  = 1,  but  we  cannot  have  5^  = 1 and  C]c=l  simul- 
taneously. Hence  we  may  write 


hu 


fr 


where  a+  /3  1,  and  e,f,  e',f  are  integers  prime  to  p. 


Now  the  coefficient  of  in  the  product  of  f{x)  and  (^(x) 

is  equal  to 

hhCk  4-  bh+i  Cjc-i  4-  bh+2  Ck-2  + • • • 


+ bh-i  C]c+i  4-  hh^2  c*+2  + • • • 


The  first  term  of  this  expression  is  ee'jff'p^^^,  and  the  denomi- 
nators of  the  other  terms  cannot  involve  p to  so  high  a power  as 
hence  the  sum  of  all  the  terms  must  be  of  the  form 

P + Qp^ 
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where  F,  R are  integers  prime  to  p,  and  7 is  a positive  integer  at 
least  equal  to  1.  This  expression  is  necessarily  a fraction,  because 
p is  a factor  of  the  denominator,  and  the  numerator  is  prime  to  p. 
This  is  inconsistent  with  the  assumption  that  the  coefficients 
oif<\)  or  F are  all  integral ; and  the  lemma  is  therefore  proved. 

Eisenstein’s  proof  of  the  irreducibility  of  X depends  on  the 
following  proposition  : — 

If  p is  a prime  number,  the  polynomial  /{sc)  is  irreducible  if  the 
coefficient  of  the  highest  power  of  x is  unity,  the  absolute  term  + p, 
and  all  the  other  coefficients  divisible  by  p. 

It  is  clear  that  if f{x)  can  be  resolved  into  the  product  of  two 
polynomials  with  rational,  and  therefore  integral  coefficients,  we 
must  have 


f{x)  = + bpa^^-^  + . . . + &m-i^  ± 1)  + . . . + Cn~x  X ±p). 

The  coefficient  of  x on  the  right  hand  is 
± Gn-i  ±pbm-i, 

and  since  this  is  divisible  by  p,  we  have  Cn~i  = 0 (mod  p).  The 
coefficient  of  x^  is 

i 2 "h  + pbm~2} 

and  from  this  we  infer  that  Cn-2  = 0 (mod  p).  Proceeding  in  this 
way,  we  find  that  all  the  coefficients  Ci,  c^, ...  Cn-i  are  divisible  by 
p ; hence  the  coefficient  of  on  the  right-hand  side  of  the 
assumed  identity  is 

±1+  cfm-i  + cJom-2  + . . . = ± 1 (mod  p) ; 

but  this  contradicts  the  hypothesis  that  it  is  divisible  by  p.  The 
assumed  resolution  into  factors  is  therefore  impossible. 


To  apply  this  to  the  polynomial  X,  we  first  transform  it  by 
changing  x into  x-\-l’,  it  is  obvious  that  if  the  new  polynomial  X' 
is  irreducible,  so  also  is  X.  Now  the  value  of  X'  is 


(^  + 1)^-1 
(^•+1)-1 


= -1-  px^-^  q- 


p{p-V) 


the  coefficients  being  those  of  the  binomial  expansion  (1  + xY. 


All  the  coefficients  except  the  first  are  divisible  by  p,  so  that 
X'  satisfies  the  conditions  laid  down  in  the  preceding  proposition ; 
hence  X',  and  therefore  also  X,  is  irreducible. 
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172.  Let  r be  any  root  of  the  equation  X = 0 ; then  every 
rational  integral  function  of  r with  rational  coefficients  may  be 
reduced,  without  altering  its  value,  to  the  form 
Co  + c{r  + 02^2  + ...  + 

For  suppose  that  F{r)  is  any  rational  integral  function  of  r, 
the  degree  of  which  exceeds  {p  — 2).  By  the  process  of  algebraical 
division  we  can  establish  the  identity 

F{x)=QX-\-R, 

where  the  degree  of  R is  less  than  — 1).  Putting  x = r,  we 
have  F (r)  = the  value  of  R when  x=r\  and  this  is  an  expression 
of  the  form  given  above. 

Since  the  coefficient  of  the  highest  power  of  aj  in  X is  unity,  it 
follows  that  if  the  coefficients  of  Fir)  are  all  integers,  the 
coefficients  Co,  Ci,  etc.  will  also  be  integers. 

The  reduction  thus  effected  is  unique.  For  if  we  put 
Co  + Cir  + + . . . + = Cq  + c/r  + + . ..  + c'p-^rP-^, 

so  that  (co  - CoO  + (ci  - c/)  r + . . . + (Cp_2  - c'p-^)  = 0, 

we  must  have 

Co  Co  — Cx  Cl  = . . . = Cp_2  C p—2  ~ 9 5 

because  otherwise  r would  satisfy  an  equation,  with  rational 
coefficients,  of  lower  degree  than  p — \ \ this  is  impossible,  since 
X is  irreducible. 

The  simplest  way  of  making  the  reduction  is  to  substitute  for 
every  term  its  equivalent  r^',  where  h'  is  the  least  positive 
residue  of  h to  modulus  p ; if,  after  this,  there  are  any  terms  in 
we  replace  by  the  equivalent  expression 
_ (ri’-a  _j_  ^ r + 1). 

More  generally  let 

■f{r) 

be  any  rational  function  of  r ; ^ (r),  (r)  being  polynomials  in  r. 

Then  we  have  identically 

^ (^)  ■ 'k  0'^)  ■ • ■ •f 

/ w ^ ^ ^ ^ ^ ...  'yjr  * 

Now  the  denominator  is  a symmetric  function  of  the  roots  of 
X = 0,  and  may  therefore  be  expressed  in  a form  which  is  inde- 
pendent of  r ; the  numerator  is  a rational  integral  function  of  r, 
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and  may  therefore  be  reduced  as  above.  Finally  we  obtain  f{r) 
in  the  form 

/(?•)  = Co  + Cir  + Car^  + . . . + c^_2r^'-2, 

where  the  coefficients,  however,  will  not  generally  be  integers.  If 
the  coefficients  of  (r)  are  integers,  the  product 

(r)  yjr  (r^)  ...  (rP~^) 

is  a real  integer  JV ; and  if  the  coefficients  of  </>  (r)  are  also  integers, 
then  Co,  Ci,...Cp_2  will  be  rational  fractions,  the  denominators  of 
which  are  divisors  of  JV. 

In  relation  to  the  equation  X = 0 the  quantities 
yjr  (r),  yfr  (r^),  ...  yfr  (r^~^) 
are  said  to  be  conjugate ; and  the  expression 
N = {r)  . (r^)  ...y^r 

is  called  the  norm  of  (r)  and  written  Nm . i/r  (r).  These 
definitions  must  not  be  confounded  with  those  of  Art.  94. 


173.  We  shall  now  give  an  account  of  Gauss’s  theory  of  the 
algebraical  solution  of  X = 0 ; but  before  doing  so,  it  seems 
desirable  to  explain  the  precise  object  of  the  investigation.  So 
far  as  notation  goes,  the  simplest  way  of  expressing  the  solution  is 
to  say  that  the  roots  of  X = 0 are  all  the  values  of  except  1 ; 
and  in  a certain  sense  this  is  also  the  theoretically  simplest  form 
of  the  solution.  But  if  we  classify  algebraical  functions  according 
to  the  character  of  the  irrationalities  which  they  necessarily 
involve,  the  matter  is  quite  different.  Thus,  for  instance,  when 
= 5,  the  equation  X = 0 is 

+ X + 1 — 0, 


and  if  we  put  x + x~^  = y this  becomes 

f.  + y -1=0-^ 

the  roots  of  which  are 


-1  + V5 

2/1  = . 

Hence  the  four  values  of  x are 
quadratics 

x^  — + 1 = 0, 


2/2  = 


-1- Vo 
2 


obtained  by  solving  the  two 
x^^  — y^x  + 1=0; 


whence 


- 1 ± V5  + V-10  + 2V5 
x=  i , or 


1 ± V5  - V-  10  + 2V5 


4 
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191 


and  although  these  expressions  are  more  complicated  than  V-!^,  of 
which  they  are  values,  still  they  are  to  be  considered  more  simple 
in  so  far  as  they  do  not  involve  the  extraction  of  any  higher  root 
than  the  second ; and  from  this  point  of  view  the  reduction  of  the 
solution  of  (x^  — l)l(x  —1)  = 0 to  that  of  a set  of  quadratic  equations 
is  to  be  regarded  as  an  essential  simplification. 

In  a similar  way  it  can  be  shewn  by  Gauss’s  method  that,  in 
the  general  case  when  p is  any  odd  prime,  the  solution  of.  Xp  = 0 
may  be  made  to  depend  upon  a system  of  auxiliary  equations,  the 
character  of  which  is  essentially  connected  with  the  resolution  of 
(p  — 1)  into  its  prime  factors.  In  particular,  if  p is  a prime  of  the 
form  2^+1,  such  as  3,  5,  .17,  257,  etc.,  the  simplest  auxiliary 
system  is  composed  entirely  of  quadratic  equations ; and  since 
quadratic  equations  may  be  graphically  solved  by  the  construc- 
tions of  Euclid’s  Elements,  the  remarkable  conclusion  follows  that 
regular  polygons  of  3,  5,  17,  257, ...  sides  may  be  constructed  by 
Euclidean  methods. 

174.  The  whole  investigation  is  based  upon  a peculiar  method 
of  grouping  the  roots  of  X=  0.  It  has  already  appeared  (Art.  170) 
that  if  r is  any  one  of  the  roots,  then  the  whole  set  of  (p  — 1)  roots 
is  given  by  r,  r^,  r^. ...  Now  let  p be  a primitive  root  of  the 

congruence  — 1 = 0 (mod  p) ; then  the  roots  of  X = 0 may  be 
equally  well  represented  by 

r,  as  before,  denoting  any  one  of  the  roots. 

Let  p - 1 = e/  be  any  resolution  of  (p  — 1)  into  two  factors, 
and  write 


Vo 

_|_  if  9^  _j_  ^ 

, , 4_ 

-1-  ^ ^ 

. . 4. 

II 

..  ^ 

4. ^ 4.  ^ 

, , 4- 

^ 4.  ^5f3e-l_j_ 

, . 4- 

These  quantities  will  be  called  the  /-nomial  periods  of  the 
roots.  If  we  change  r into  r^,  7)]^  is  transformed  into  77*+^  where 
i = ind^m;  that  is  to  say,  we  produce  a cyclical  permutation  of  the 
periods.  The  particular  period  denoted  by  tjjc  will  depend  upon 
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the  choice  of  g,  as  well  as  upon  that  of  r;  but  it  is  easily  seen  that 
in  every  case  we  have  the  same  set  of  periods,  only  in  a different 
order. 

As  a matter  of  convenience,  we  may  extend  the  notation  of  the 
periods  by  allowing  the  suffixes  to  assume  all  integral  values 
whatever.  The  equations  defining  the  periods  will  remain  just 
the  same,  and  we  shall  have  =r]jc  if  Jc  = k (mod  e). 

Of  course,  in  the  practical  calculation  of  the  periods,  the 
exponents  of  the  different  powers  of  r may  be  reduced  to  their 
least  residues  (mod  p). 

Example.  Suppose  p = 13,  e = 4,  /=  3. 

Taking  ^ = 2,  we  have  the  four  periods 
7^0  = r 4-r®, 

% = + +r®, 

7^2  = 4-  7-12^ 

7^3  = r’’  + 7'^  + 

If  ^ = 6,  the  periods  are  the  same,  in  the  same  order ; if  we 
take  ^ = 7 or  11,  they  are 

^ = -^0.  Vi=V3,  = 

175.  If  in  the  expression  for  r\iz  we  change  r into  the  value 
of  7]]c  is  not  altered ; all  that  happens  is  that  the  terms  which 
compose  it  are  cyclically  interchanged.  With  this  fact  is  con- 
nected the  important  proposition  that 

Every  rational  function  of  r which  remains  unaltered  when  r is 
changed  into  may  he  expressed  as  a linear  functio7i  of  the 
f-nomial  periods. 

By  Arts.  172,  174  we  may  suppose  the  given  rational  function 
of  r reduced  to  the  form 

<f>  (r)  = a^r  + ag'd  -f  a^r^^^  -F  . . . + r0^~^ 

where  a^,  Uj,  ...  a^-^  are  independent  of  r. 

Change  r successively  into  r^\  ...  : each  of  these 

substitutions  leaves  0 (r)  unaltered  : therefore 

(r)  = a^rO'^  -f  + • • • 

= a^r^^'^  -t  -f  a^r^^  + . . . 
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Hence,  by  addition, 

f . (f)  (r)  = aoTjo  + aiTji  + . . . + ap_2 

= (o-o  + n-e  + ^26  + . . . + Clfe)  7}q 

+ (tti  + + 05-26+1  + . . . + a(/_i)6+i)  '?7i 

+ ... 

+ (ttg-i  + Oj2e-i  + . . . + 05/6_i) 

and  the  proposition  is  proved. 

If  the  coefficients  ao,  tti,  etc.  are  rational,  we  have 
<#)  {r)  = 6o'^o  + hvi  + • • • + h-i  Ve-I 

where  bo,bi,  etc.  are  rational:  and  if  the  coefficients  are  integers, 
the  coefficients  bi  must  be  integers  also,  because  each  power  of  r 
occurs  in  only  one  of  the  periods  and  then  with  a coefficient  I.  In 
fact,  we  have  in  this  case 

60  = ao  = a6=  ...  = afe, 

61  = 05-1  = 05-6+1  ~ • • • =05-  (/— 1)  6+1  j 

and  so  on. 

Exactly  as  in  Art.  172,  it  may  be  proved  that  the  reduction  is 
unique,  and,  in  general,  that  a relation 

tto'>7o  + + . . . + 05^-1  Ve-I  = b^Vo  + b^Vi  + . . . + be-x  Ve-i, 

with  coefficients  05^,  bi  independent  of  r,  implies  that  ai  = bi\ 
because  if  we  substitute  for  the  periods  their  expressions  in  terms 
of  r,  and  then  divide  both  sides  of  the  given  relation  by  r,  we 
obtain  an  equation  satisfied  by  r the  degree  of  which  does  not 
exceed  (p  — 2) ; this  can  only  be  if  the  equation  reduces  to  an 
identity. 

176.  It  follows  immediately  from  the  theorem  of  last  article 
that  every  rational  function  of  the  periods  may  be  expressed  as  a 
linear  homogeneous  function  of  them  ; and,  in  particular,  that 
every  rational  integral  function  of  the  periods  with  integral 
coefficients  may  be  expressed  as  a linear  homogeneous  function 
of  the  periods  with  integral  coefficients. 

In  the  practical  application  of  this  theorem  it  is  useful  to  re- 
member that  '%7]i  = r + ...  = — 1 . 

As  an  illustration,  let  us  take  the  example  of  Art.  174,  in 
which  p = 13, 

= r + + T^y 


7^2  = 
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We  have  here,  for  instance, 

?7o“  = r-  + 2?"^  + + 2?’^"  + 2r^-  + = '^;i  + 2r].^, 

V0V2  = Vi  + Vs  + '^  = - ^Vo  - ^Vi  - ^V2  - 27/3, 

and  so  on. 

177.  Every  rational  symmetric  function  of  the  'periods  with 
rational  coefficients  is  a rational  number. 

Let  S be  the  given  symmetric  function  ; then  it  ma}^  be  re- 
duced to  the  form 

^ + (^iVi  + . • • + Ug-i  Ve-\ 

where  a^,  are  rational.  Since  S is  not  affected  by 

cyclical  permutation  of  the  periods, 

S = + ^i'^2  + . • . + 1 Vf> 

= -f  a-yT]^  7ji 

= Uo77^,_i  + OiTjo  -f-  ...  + a e_i  Ve-2- 
Therefore,  by  addition, 

eS  = = — lai 

and  >Sf  is  a rational  number.  It  is,  in  fict,  obvious  enough  that 

>Sf  = - Uo  = - «i  = • . • = - «e-i- 

In  particular,  the  elementary  symmetric  functions  of  the 
periods,  that  is  to  say,  ^rji,  ijj.,  etc.  are  rational  integei*s. 
Therefore  the  periods  770,  771,...  77^_i  are  the  roots  of  an  equation 

F(7])  = 0 

of  degTee  e and  with  integral  coeflScients : tlie  coefiScient  of  77^ 
being  unit3^ 

The  pol}momial  F (77)  is  irreducible,  in  the  sense  that  it  cannot 
be  resolved  into  the  product  of  two  integral  functions  of  77  of  lower 
degree  with  rational  coefficients.  For  suppose,  if  possible,  that 
F{v)  = ^ (v)  -i^iv)  ■ then  the  equation  (/>  (77)  = 0 is  satisfied  b}^  a 
certain  number  of  the  periods,  sa}"  77^,  ...  and  we  ma}^ 

suppose  that  none  of  these  periods  involves  because,  if  r^~^ 
did  occur,  we  could  take  ^lr  (77)  instead  of  (p  (77).  Let 
(f)  (77)  = 77"'  -f-  ^77”*“^  + ...  ‘, 

then,  b}"  supposition,  a is  rational,  and  therefore  integral  (Art.  I7l), 
and  we  have 

77a  + 77^  + . . . -f  77^  -h  a = 0 ; 
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but  if  r)a,  Vp>  Gtc.  are  expressed  in  terms  of  r this  is  an  equation  in 
r with  integral  coefficients  and  of  degree  less  than  {p—  1),  and  by 
Art.  171  this  cannot  possibly  be  satisfied. 

The  same  result  may  also  be  very  easily  deduced  from  the  last 
paragraph  of  Art.  175. 

178.  The  most  direct  way  of  forming  the  equation  (?;)  = 0 
is  by  actually  calculating  the  values  of  the  symmetric  functions 
'^ViVkVi>  which  are  the  coefficients  of  F(7)).  Prac- 
tically, however,  it  is  more  convenient  to  proceed  as  follows. 

Let  7}  be  any  one  of  the  periods : then,  by  Art.  17 6,  we  can 
express  tjijq,  as  linear  functions  of  the  periods,  so 

that 

Wo  = CLoVo  + + . . . + a^-i  rje-i, 

Wi  = Mo  + hvi  + • • • + Ml  Ve-1, 


7)7] e-i  = loVo  + ^I^7i  + . . . + le-i  Ve-I- 

From  these  e linear  equations  tjq,  ?7i,  ...  7)q_i  may  be  eliminated 
and  the  result  appears  in  the  form 

(t)  U-o),  di,  0/2,  i (^e—1 

~ h,  - h,  -Ml 


F(v)  = 


= 0. 


^0 > ^1 5 h)  > (V  i) 

Thus,  for  instance,  in  the  example  already  considered  (p  = 13), 
if  we  take  t]  = 7Jq  we  have 

Wo  - ^1  - 27?2  =0 

-^o  + (^-l)'7i  -^3  = 0 

Stjq  + 277i  + (i?  + 3)  772  + 2773  = 0 

-Vo  -V2  + {v-'^)V3  = 0: 

77,  -1,  -2,  0 

- 1,  77  - 1,  0,  - 1 

.3,  2,77  + 3,  ' 2 

- 1,  0,  - 1,  77  - 1 

which  reduces  to 

77^  + 77^  + 277^  — 477  + 3 = 0. 

The  reader  who  wishes  for  more  numerical  illustrations  should 
consult  Reuschle’s  Tafeln  Gomplexer  Primzahlen  (Berlin,  1875). 

13—2 


whence 


= 0, 
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179.  Every  root  of  F(r})  — 0 may  be  expressed  as  a rational 
integral  function  of  any  one  assigned  root  77. 

Suppose,  for  instance,  we  put  r)  = Vo’,  then  we  can  form  the 
system  of  equations 

- 1 = 770  + 771  + 772  + . . . + Ve-i , 

Vo  = Vo, 

Vo^  = CtoVo  + CLiVi  + CL2V2  H-  . . • + Cte-I  Ve~i , 

Vo  = ^i)Vo  + + ^2V2  + . . . + he-i  Ve~\ , 

Vo^~^  = loVo  + kVi  + kV2  + ...  + le-i  Ve-i, 

and  hence,  if  A is  the  determinant  formed  by  the  coefficients  on 
the  right-hand  side,  we  have,  for  all  values  of  k, 

A . 77;b  = ^0  + ^i77o  + ^2^0"  H-  . . . + Ae-i  77o^“b 

where  J-o,  -di,...  A^-x  are  integers.  This  proves  the  proposition, 
provided  that  A is  not  zero.  But  A cannot  vanish,  because  if  it 
did  770  would  satisfy  the  equation 

Aq  + ^i77o  + . . . + Ae-x  = 0, 
which  is  impossible,  since  F (77)  is  an  irreducible  function. 

The  method  of  this  article  affords  another  way  of  constructing 
the  equation  F (77)  = 0 : namely  by  combining  with  the  above 
system  of  equations  the  similar  one 

77/  = 771o77o  + mi77i  + 7712772  + . . . + 7?l^_i  IJ^-x , 

and  then  eliminating  rjx,  772, ...  77e_i. 

As  an  illustration,  the  reader  may  verify  that  for  the  trinomial 
periods  Vo,  Vi,  V2,  Vs  associated  with  ^ = 1.3, 

3771  = - 6 -1-  4770  + 3770^  -I-  277o^ 

3772  = 3 - 2770  - 77o^ 

3773  = - 5770  - 3770^  - 77o'l 

180.  Each  of  the  f roots  of  X — 0,  the  aggregate  of  which 
makes  up  any  one  of  the /-nomial  periods,  satisfies  an  equation  of 
the /th  degree,  the  coefficients  of  which  arc  linear  functions  of  the 
periods  with  integral  coefficients. 

It  has  already  been  observed  (Art.  175)  that  the  effect  of 
changing  7’  into  is  to  produce  a cyclical  permutation  of  the 
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roots  which  make  up  a period : hence  all  symmetric  functions  of 
these  roots  remain  unaltered,  and  may  therefore  be  expressed  as 
linear  functions  of  the  periods.  This  proves  the  proposition. 

Thus,  in  the  case  already  chosen  for  illustration,  the  roots 
r,  r^,  of  which  the  sum  is  satisfy  the  equation 

+ r].2po  — 1 = Op' 

and  in  the  same  way  the  equations 

+ 7]^X  —1=0, 

X^  — rj^X^  + 7]qX  —1  = 0, 

— 7]^X^  + 7]-i^X  -1=0, 

are  satisfied  by  (r^,  r^,  r®),  (r^,  r^^),  and  (P,  respectively. 

Remembering  that  tjq  may  be  any  root  of 

F (t))  = 7]^  — 4?7  + 3 = 0, 

and  that  rj^,  773?  '^3  can  be  expressed  as  rational  functions  of 
we  see  that  by  the  ' adjunction  ’ of  the  single  irrationality  which 
is  defined  by  the  equation  F {rf)  = 0,  the  polynomial  X13  may  be 
resolved  into  the  product  of  four  polynomials  each  of  the  third 
degree ; so  that  the  solution  of  X13  = 0,  which  is  of  the  twelfth 
degree,  is  reduced  to  that  of  one  quartic  and  three  cubic 
equations. 

But  in  the  case  considered  the  reduction  may  be  carried  one 
stage  further.  There  are  two  periods  of  six  terms, 

?1  = '7o+'^2, 

?2  = ^1  + -^3  , 

and  it  is  easily  verified  that 

& + ^2  = — 1> 

?ir2  = -3: 

so  that  ^1,  5^2  are  the  roots  of 

Moreover  770772  = 771  -f  773  + 3 = ^2  + 3 : hence  770,  772  are  the  roots 
of  + (^2  + 3)  = 0,  and  in  the  same  way  77^,  773  are  the  roots 

of  7/2  — ?’22/  + (?i  + 3)  = 0.  Hence  the  solution  of 
77^  + 77^  + 2772  — 477  — 3 = 0 

is  made  to  depend  upon  the  system  of  auxiliary  quadratics 

^2+  ^-3  =0, 

2/^“?i2/  + (r2  + 3)  = 0, 

+ (?i  + 3)  = 0. 
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The  algebraical  solution  of  = 0 may  therefore  be  stated  in 
the  following  form  : — 

Let  ^ be  any  root  of  2-  + 2 — S = 0, 

7]  any  root  of  i/"  - &/  + (2  - f)  = 0, 

^ aii}^  root  of  — r]x"  + — rj)  x—  1=0; 

then  a;  = f is  a solution  of  X^s  = 0. 

181.  In  the  general  case,  whenever  e is  a composite  number, 
say  e'f',  the  expressions 

fo  = Vo  + Ve'  + Vie'  + • « • + 

?i  =Vi  + +1  + ^2c'+i  + • • . + (/ -1)  e'+i, 

^e'-i  = Ve’-i  + Vie’-i  + Vse'-i  + • • • + Ve-i, 

are  periods,  and  vdll  satisfy  an  equation  Fi(^)  = 0 of  degree  e 

•with  integral  coefficients ; and  by  the  adjunction  of  a root  of  this 
equation,  the  polynomial  F (rj)  may  be  resolved  into  the  product  of 
e'  pol}’nomials,  the  coefficients  of  which  are  integral  functions  of 
In  the  same  way,  if  / is  a composite  number,  say  eifi,  any 
period  rjk  may  be  expressed  as  the  sum  of  Ci  periods,  each  of /’] 
terms ; and  the  /j-nomial  periods  of  each  such  gi'oup  are  the  roots 
of  an  equation  of  degree  ei  whose  coefficients  are  rational  functions 
of  the  77’s,  or,  which  is  the  same  thing,  of  any  one  of  them. 

Proceeding  in  this  w-ay  we  see  that  the  solution  of  Xp  = 0 may 
be  obtained  from  a system  of  auxiliary  equations,  the  degrees  of 
which  are  the  prime  factors  of  - I)  ; the  number  of  the  equations 
being  equal  to  the  number  of  factors. 

The  system  of  equations  will  depend  upon  the  way  in  which 
the  roots  of  X = 0 are  distributed  into  successive  gi’oups  of 
periods.  Practically,  it  is  best  to  keep  conjugate  roots  F, 
together  in  the  same  period  until  the  last  stage  of  all,  because 
then  the  roots  of  the  auxiliary  equations  will  all  be  real,  except 
in  the  case  of  the  last,  which  will  be  a quadi’atic  with  complex 
roots.  Thus,  for  instance,  when  p = lo,  we  may  begin  with  the 
three  periods  of  four  terms,  and  form  the  auxiliary  system 

2r  2-  — 4)2+  1=0, 

/-?y+(r  + ?-3)  = o. 

ar  — 77a;  -f  I = 0, 

where  ? is  any  root  of  the  first  equation,  and  ?;  is  any  root  of  the 
second. 
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The  solutions  of  X17  = 0 and  Xjg  = 0 are  given  explicitly  in 
Arts.  853,  354  of  the  Disqiiisitiones  Arithmeticce : the  reader  may 
also  consult  Richelot,  De  resolutione  algebraica  cequationis  = 1, 
etc.  (Crelle  ix.  (1832),  p.  1),  and  Cayley,  Note  sur  la  solution  de 
V equation  — \ =0  (ibid.  xli.  (1851),  p.  81). 

It  is  now  well  known  that  there  is  no^  general  formula  for 
expressing  the  root  of  an  equation  as  an  algebraic  function  of 
the  coefficients,  when  the  degree  of  the  equation  exceeds  4.  This 
was  to  some  extent  anticipated  by  Gauss  (Z).  A.  Art.  359,  with  the 
reference  there  given),  but  was  first  proved  by  Abel.  Now  the 
degrees  of  the  auxiliary  equations,  upon  which  the  solution  of 
Xp  = 0 has  been  made  to  depend,  are  the  prime  factors  of  (p  — 1), 
some  of  which  may,  and  in  general  will,  exceed  3.  Hence  Gauss’s 
theory  of  the  periods  gives  us  no  assurance  that  the  roots  of 
Xp  = 0 may  be  obtained  in  the  form  of  purely  algebraical  irration- 
alities. That  this  is  in  fact  the  case  was  discovered  by  Gauss, 
whose  method  was  afterwards  simplified  by  Jacobi ; but  since  the 
interest  of  the  problem  is  mainly  algebraical,  and  its  solution 
immediately  follows  from  the  principles  laid  down  in  Abel’s 
memoir  on  equations  which  are  solvable  by  radicals,  we  prefer  to 
pass  on  to  applications  which  are  more  distinctly  arithmetical  in 
character  h 

182.  If  g is  a prime  of  the  form  Xp  + 1,  where  p,  as  before,  is 
an  odd  prime,  the  congruence  —1  = 0 (mod  q)  has  all  its  roots 
real,  and  the  same  will  therefore  be  the  case  with  X^  = 0 (mod  q). 
All  the  algebraical  theory  of  the  equation  X^  = 0 may  be  applied 
mutatis  mutandis  to  the  congruence  Xp  = 0 (mod  q) : thus  we  may 
arrange  the  roots  of  the  congruence  into  periods,  and  reduce  the 
solution  of  X^  = 0 to  that  of  a set  of  auxiliary  congruences,  etc.  etc. 
For  example,  if  p = 13,  5' = 53,  we  may  take  as  a system  of 
auxiliary  congruences  for  the  solution  of  Xjg  = 0 (mod  53) 

-t-  ^ - 3 = 0] 

2/'  - ^2/  + (2  - 0 = ^ !■  (“aod  '53). 

— 7]X^  — 7j)  X — 1 = 0] 

^ For  the  explicit  solution  of  Zj,  = 0 the  reader  should  consult  Gauss,  Disq.  Arith. 
Arts.  359 — 60,  and  the  posthumous  paper  Disquisitionum  circa  cequationes  puras 
ulterior  evolutio  (Werke  ii.  243);  Jacobi,  Ueber  die  Kreistheiliing  und  ihre  Anwendung 
auf  die  Zahlentheorie  (Berl.  Monatsb.,  Oct.  1837,  p.  127,  or  Crelle  xxx.  p.  166) ; 
Abel,  Memoire  sur  une  classe  particuliere  d’equations  risolubles  algehriqueinent 
(Crelle  iv.  (1829),  p.  131).  See  also  Bachmann’s  Kreistheilung,  8‘®  Vorlesung,  where 
other  references  will  be  found. 
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The  first  may  be  written  {z  — 7)  = 0 ; if  we  take  f = 7, 

the  second  congruence  becomes 

_5  = 0, 

or  (2/  + 21)(y-28)  = 0. 

Putting  ?;  = — 21,  we  have 

+ 28^‘  —1  = 0, 

whence  ^=—6,  12,  14.  All  the  roots  of  Xi3  = 0 are  given  by 
X = (—  6)*  where  k=l,  2,  ...  12. 

It  may  be  specially  noticed  that  corresponding  to  the  equation 
F(r])  = 0,  satisfied  by  the  /-nomial  periods  (Art.  177),  we  have  a 
congruence  F(r])  = 0 (mod  q)  all  the  roots  of  which  are  real,  and 
connected  by  congruential  relations  precisely  similar  to  those 
which  are  satisfied  by  the  algebraical  periods.  Thus,  for  instance, 
when  13,  we  have  a period-equation  (Art.  178) 

7)^  + 7]^+  27]^  — 477  -f  3 = 0 ; 

the  roots  of  the  corresponding  congruence,  mod  53,  are 
7;  = 14,  - 21,  - 22,  - 25. 

If  we  put  770  = 14,  then  in  oi’der  that  the  relations  connecting 
the  roots  may  be  the  same  as  for  the  corresponding  equations,  we 
must  write 

771  = - 25,  772  = - 22,  773  = - 21 ; 

and  so,  in  general,  when  any  root  of  the  congruence  has  been 
chosen  to  correspond  to  a particular  period,  say  770,  the  relation  of 
the  other  roots  to  the  remaining  periods  is  determined  (cf.  Art. 
174). 

The  results  of  this  article  were  evidently  familiar  to  Gauss, 
although  he  did  not  publish  them ; see  the  paper  entitled  Solutio 
congruentice  — 1 = 0,  which  is  printed  in  the  second  volume  of 
his  works  (p.  199).  It  will  be  seen,  later  on,  what  important 
consequences  have  been  deduced  from  them  by  Cauchy,  Kummer, 
and  others. 

183.  For  every  odd  prime  p there  will  be  two  periods,  each 
containing  J(p  — 1)  terms;  denoting  them  by  A and  B,  we  may 
write,  in  our  previous  notation, 

A —r  + -I-  -f  . . . -1- 

B = r'J  + r'J''  + ...  + 
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Since  1,  g^~‘^  are  all  incongruent  with  respect  to  p,  we 

have  A — Sr®,  where  the  summation  extends  to  all  the  positive 
quadratic  residues  of  p which  are  less  than  p ; and  in  the  same 
way  B = where  ^ denotes  any  one  of  the  quadratic  non- 
residues of  p which  are  positive  and  less  than  p. 

In  order  to  find  the  quadratic  equation  oT  which  Ad  and  B are 
the  roots,  we  may  calculate  the  values  of  A+B  and  AB.  We  have 
at  once  A-{-'B  = — \,  but  the  determination  of  AB  is  less  easy. 
We  know  (Art.  177),  that  its  value  is  a real  integer;  moreover  it 
may  be  written  in  the  form 

AB  = 

where  the  sum  on  the  right  contains  \{p  terms.  The  term 
reduces  to  1 if 

this  gives  — ^ = a (mod  p),  which  can  only  happen  if  — 1 is  a non- 
residue of  p,  that  is  to  say,  A p = S (mod  4).  Conversely,  if  this 
is  the  case,  for  every  term  which  occurs  in  A there  is  a 
corresponding  term  in  B,  and  when  we  multiply  A and  B 
together,  we  obtain  4(p  — 1)  terms  each  equal  to  unity.  The 
remaining  terms  of  the  product,  i (i?  — 1)^  ~ 2 ~ 1)  number, 

must  reduce  to  r -f  -1-  . . . + r^~^,  that  is  — 1,  taken 

times ; hence  AB  = 1 ( p - 1)  — i (p  — 3)  = J (p  -!- 1),  and  the  equa- 
tion satisfied  by  A and  B is 

V + P + i(p  + 1)  = 0. 

On  the  other  hand,  if  p = 1 (mod  4),  it  is  impossible  that 
a + /3  =p,  so  that  in  this  case 

and  the  quadratic  in  p is 


p"  + p-i(p-l)  = 0. 
Both  cases  are  included  in  the  formula 

1 - (-  p 


p^  + p + 


= 0. 


184.  If  we  solve  the  quadratic  we  obtain 

“ 1 + fjp  _ 
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now  when  p and  r have  been  chosen  the  value  of  A is  perfectly 
determinate,  and  the  question  arises  how  the  ambiguity  is  to  be 
taken  when  r and  p are  assigned.  We  observe  that  if  r is  changed 
into  r’"  where  m is  prime  to  p,  A and  B remain  unaltered,  or  are 
interchanged,  according  as  m is  or  is  not  a quadratic  residue  of  p. 
Hence  it  is  sufficient  to  find  the  value  of  A for  any  one  value  of 
r ; we  shall  suppose  that  r = This  being  so,  the  value  of  A 

may  be  written 


■I 


A = + gSn-i/p  glSTri/p  ^ ^ ^ Qi{p-l)^nilp 


s=l(,p-l) 

= 2 


S = 1 


Instead  of  this  we  shall  consider  the  slightly  more  general 
expression 

s=n-l 

S=  X 

5 = 0 


where  n is  any  positive  real  integer,  and  the  sum  consists  of  n 
terms.  The  determination  of  the  value  of  S has  lately  been 
effected  by  Kronecker  in  a remarkably  simple  and  elegant  manner 
with  the  help  of  Cauchy’s  theory  of  complex  integration  (Crelle 
cv.  (1889),  p.  267)  ; his  investigation  will  therefore  be  given  here 
before  discussing  the  less  direct,  although  more  arithmetical, 
methods  of  Gauss  and  Dirichlet. 


Consider  the  expression 

^Tiiz'^ln 

^ 2 g27rW  ’ 

this  is  a one-valued  function  of  the  complex  variable  ^ which  is 
finite  and  continuous  for  all  finite  values  of  except  when  ^ is  a 
real  integer.  Putting  z=h,^  real  integer,  we  have 

so  that  = /t  is  a simple  pole  of  (/>  {z). 

Now  by  a well-known  theorem,  due  to  Cauchy,  the  integral 
j(\)  {z)  dz,  taken  in  the  positive  direction  round  any  closed  contour 
G which  encloses  a certain  number  of  poles  of  </>  (z),  is  equal  to  the 
sum  of  the  values  of  the  same  integral  taken  in  the  positive 
direction  round  closed  contours  each  surrounding  one  of  the  poles 
enclosed  by  C. 
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To  apply  this  to  the  present  case,  we  choose  for  the  contour  G 
that  which  is  represented  in  Fig.  6.  It  consists  of  a rectangle 
with  two  semicircular  notches  cut  out  of  it : the  vertices  of  the 
rectangle  are  ± iy^,  + iy^^,  and  the  terminal  points  of  the  semi- 
circles are  at  + iy^,  + ^yo  respectively.  We  shall  eventually 
make  yi  = + oo  and  yo  infinitesimal : and  it  will  be  supposed  in  the 
first  instance  that  yo  < i ; thus  if  n is  odd,  the  poles  within  G are 
1,  2,  S ^ (n  — 1),  and  if  n is  even  they  are  1,  2,  3, . . . {^n  — 1). 


Fig.  6. 


First  suppose  that  n is  odd.  The  value  of  /(/>  (0)  dz  taken 
round  an  infinitesimal  circle  surrounding  the  pole  ^ = 5 is 

_ ^ Q^nis^ln  = g2JiisV?i 

27^^ 


Next  consider  the  integration  over  G.  The  semicircle  at  the 
origin  gives  ultimately,  when  y^  is  infinitesimal. 


n 


2 


the  other  semicircle  gives  nothing,  since  is  not  a pole. 

The  remaining  part  of  the  integration  gives 

r-Vi  , ^ fin  ^ f-yo  ^ 

I i<j)  (it)  dt+  (ft  (—  iyi  -{-t)dt+  I icf)  + it)  dt 
J -yo  Jo  J -?/i 

fVi  . fO  fyo  . 

+ I ^(/)  (^n  -f-  it)  dt-h  (j>  {hji  + t)dt-\-\  icf)  (it)  dt 
J yo  J in  J yi 

where  ^ is  a real  variable. 


(A), 
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Now  it  is  easily  seen  that  the  second  and  fifth  of  these  integrals 
ultimately  vanish  when  yi  = + oo  , because 

4^  ( ^*2/1 

= e-2^2/i  (l-2«/n)  ^ ^ 

where  (t)  does  not  become  infinite,  and  yi(i  — 2t/n)  is  not 
negative  ; while 

</)  (^y,  + ^)  = ^ (t), 

where  % (t)  does  not  become  infinite.  In  each  case  the  exponential 
factor  causes  the  integral  to  vanish. 

The  first  integral  in  (A)  may  be  written 


— ^ I (/)  (-  it)  dt ; 

•f  yo 

hence  the  sum  of  the  first  and  last 


Ci- 

= — i (it)  + (/)(-  it)}  dt, 
•f  yo 

'Vi 


J n 


Q-^TTitVn  _ 

J yo 

on  reduction. 

With  regard  to  the  other  two  integrals,  we  observe  that 

,f’n  p—27rt  p—2Trit^ In 
,jn  g27ri  Q—'iirit^ln 

whence  the  sum  of  the  remaining  integrals 
, Cvi , 

= i {(f)  (^n  + it)  + </)  (^n  — it)}  dt, 

J yo 

CVi  CVi 

= _ (_  1)^  in+i  I Q-2nityn  dt  = - Q-2nitVn  ^ 

yo  1 2/0 

If  we  make  yo  infinitesimal  and  yi  infinite,  we  have  ultimately 


fyy  rz/i/Vw 

I dt  = \/n  g-27rm 

1 2/0  I yo/y/n 


Jo 


= A\/n 

where  s/n  is  taken  positively,  and  A is  a constant  which  is  inde- 
pendent of  n.  Hence  finally,  n being  odd, 

■^  — (^  + A\/n  — —'Ji, 
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or,  multiplying  by  2 and  transposing, 

To  determine  A,  put  n = S:  then  S ~ ^V3,  so  that 


therefore 

and 


A = 


2 + 2^'  ’ 


1 +» 


This  may  also  be  written 


which  is  Kronecker’s  form  of  the  result.  It  must  be  carefully 
remembered  that  \/7i  is  the  positive  square  root  of  n. 

The  same  formula  applies  when  n is  even  ; the  only  difference 
in  the  work  is  that  is  now  a pole,  and  the  semicircle  at  ulti- 
mately contributes  J instead  of  zero  to  the  integration  round  G. 

The  results  may  be  tabulated  according  to  the  residue  of  n to 
modulus  4.  Thus  if 


n = 0 (mod  4),  S=(l  + i)  \/n, 

= 1 = \/n 

= 2 =0 

= 3 = ^ ^Jn. 

Suppose,  now,  that  n is  an  odd  prime  p ; then  the  expression 
denoted  by  A in  the  beginning  of  this  article  is  equal  to  ^ — 1), 

that  is,  to 

— 1 4-  Vi?  — 1 + i\/p 
2 2 ’ 


according  as  p = 1 or  3 (mod  4). 


185.  Dirichlet’s  method  is  somewhat  analogous  to  the  pre- 
ceding, but  avoids  the  use  of  the  complex  variable.  It  depends 
upon  the  lemma  that  ify’(^)  is  a function  of  x which  is  finite  and 
continuous  so  long  as  0 ^ tt, 

S [ f^{x) . cos  sx  dx  = 7r/(0), 

— 00  J 0 

where  the  summation  applies  to  all  integral  values  of  s. 


206 


CYCLOTOMY. 


Observing  that,  if  r is  a positive  integer, 

f(2r+l)ir 

f{x) . COS  sx  . dx  = I 

2rir  J 0 

r(2r+2)7r 
(2r+l)i 

we  infer  that  if  /i  is  a positive  integer,  and  f(x)  satisfies  the  same 


r{2r  + l)n  rrr 

I /(^) . COS  sx  .dx=j  fi^rir  -1-  x)  cos  sx  dx, 

J 2rir  J 0 

r(2r  + 2)ir  rn  

I f(x).cossx.dx=  /(2r  + 2 .TT  — x)  cossx  dx, 

J(2r  + l)7r  Jo 


conditions  as  before  so  long  as  0 2h7r, 


cos  sx  dx  — X 


r2hn  ^ 

+ +., 

..  + 1 [ 

(./  0 J n 

J {2h-l)7r) 

cos  sx  dx 


+ 00  r2hn 

2 /(®) 

— QO  J 0 

= X [ {/(x) +/(27r  — x) +/'(27r  + x) -i- .../(2h7r  — x)j  cos  sx  dx 

-00  J 0 

= TT  {/(O)  + 2/(27r)  + 2/’(47r)  + ...  + 2f{2h^  . tt)  + /(27r)}. 

Consider  now  the  integrals 

'li  = J cos  x^  dx  = 2 J 

v = I sinx^  dx  = 2 J dy ; 

it  is  easily  seen  that  these  are  finite  and  determinate,  in  whatever 
way  the  upper  limit  of  integration  is  supposed  to  become  infinite. 
Writing  ax^^  for  x‘^,  where  a is  finite  and  positive,  we  find 

r+Qo  r+oo 

I cosax‘^  .dx  = ul \/ a,  I sm  ax'^  .dx  = vl sj a, 

J — oo  J — oo 

\/a  being  taken  positively : and  hence,  if 
r+oo 

A = I cos  (S  x^)  dx=  u cos  8 — v sin  8, 

J -oo 

where  8 is  any  finite  quantity,  we  have 

r+oo  ^ 

I COS  (8  + ax‘^)  dx  = —r  . 

J-OO  V« 

Now  let  /3  be  a finite  positive  quantity:  then  the  integral  last 
written  may  be  replaced  by 

+ 00  r{.s+i)^ 


r(s+i)^ 

j cos(8  + ax^)dx 
J 

[tends  to  all  integral 

r(s+i)/3  r/3 

j cos  (8  ax^)  dx  = cos  {3  + a (5/3  + ^)“}  dx, 
J J 0 


- 00  J S^ 

where  the  summation  extends  to  all  integral  values  of  5. 


But 
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and  if  we  put  /3  = 4m7r,  a = 1 l^mir,  where  m is  a positive  integer, 
this  reduces  to 


rimn 

Jo 


cos  H-  j 

r4m7r  / 

=i„ 


Smir) 


cos  sx  ax  — sin  b + sin  sx  ax. 

J 0 V omTT/ 


Since  the  second  integral  on  the  right  hand  is  an  odd  function 
of  X,  and  we  may  suppose  the  values  of  s arranged  in  the  order 
s = 0,  ± 1,  ± 2, ...  + /i  where  h is  an  indefinitely  large  integer,  we 
have  finally 

^ + 00  r4mTr  / ^2  \ 

-7-  = A V SmTT  = S COS  ( 8 + pr — ) COS  sx  dx. 

\/ CL  -00  J 0 \ Smir/ 

Writing,  for  the  moment. 


the  application  of  the  previous  lemma  gives 

A\/8m'7r  ='^{f{0)  + 2/(27r)  + 2/’(47r)4--  ••  + 2/(4m— 2.7r)+ /(4m7r)}. 

Now,  if  s is  any  integer, /(4m7r  + 257r)  =/(257r) : hence  the 
expression  on  the  right  may  be  replaced  by 

TT  [/(O)  +/(27r)  + ...  + /(4m7r)  + /(4m  + 2 . tt)  + ...  + /(8m  — 2.7r)} 

4m -1 

= 7rX/(2s7r); 

0 

therefore 

A vSniTT  = TT  A cos  b + 7;; — = TT  i cos  8 A cos  sin  b A sin  \ • 

0 V 2m/  ( 0 2m  0 

Since  A = m cos  S — -y  sin  8,  and  the  formula  is  true  for  all 
values  of  8,  it  follows  that 


4m -1  ^2^  4m -1  ^ ^2^  

S COS  — = WSm/TT,  2 sin  — = 'yVSm/TT. 
0 2m  ' 0 2m  ‘ 


To  determine  u and  v,  which  are  evidently  independent  of  m, 
we  put  m = 1,  which  gives  u = v=  V^^tt  ; and  hence  finally 


4m— 1 


0 


COS 


S^TT 

2m 


4Ji7l  1 

% sin^r — =2sjm. 
0 2m 


Following  Dirichlet,  we  shall  write 


n—l 

X g2;l.9%^7n  ^ 0 
0 
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where  n is  a positive  integer,  and  h is  also  integral  but  not 
necessarily  positive.  Thus  the  result  which  we  have  just  obtained 
may  be  expressed  by  the  formula 

</)  (1,  4m)  = 2 (1  + ^)  \/m, 
or,  which  is  the  same  thing, 

0 (1,  n)  = (1  + i)  \Jn,  if  = 0 (mod  4). 


186.  It  immediately  follows  from  the  definition  that  if 
h'  = h (mod  n),  </>  (h',  n)  = (p  (h,  n). 

Moreover,  if  a is  any  integer  prime  to  n, 

(f)  (ha^,  n)  = ^ (h,  n) : 

n—l 

because  by  definition  </>  (ha^,  n)  — X e2/i(as)27ri7w  when  s assumes 

0 

the  values  0,  1,  2...(7i—l),  the  least  positive  residues  of  as  to 
modulus  n consist  of  the  same  numbers  in  a different  order. 
Another  theorem  which  we  shall  require  is  the  following : — 

If  the  positive  integers  m,  n are  prime  to  each  other,  then 
(j)  (hm,  n)  . (j)  (hn,  m)  = <f>  (h,  mn). 

To  prove  this,  we  observe  that,  by  definition. 


{hm,  n)  . </)  (hn,  m)  = S e 
s,  t 


\ n ml, 

t 


/S  = 0,  1,  2,  ...  72-I\ 
V/  = 0,1,2, ...m-I/ 


now 


ms^  nt^ 
n m 


mn 


therefore  {hm,  n)  . j)  {hn,  m)  = S e2/i7ri(TOs+n<)2/mn 

s,  t 

But  the  expression  ms  + nt  assumes  mn  values  altogether,  and 
it  is  easily  proved  that  these  are  all  incongruent  (mod  m??-), 
because  if 

ms'  + nt'  =ms  nt  (mod  mn), 

we  infer  that  ms  = ms  (mod  ?i)  and  nt'  = nt  (mod  m),  whence 
s'  = s (mod  n)  and  t'  = t (mod  m),  whereas  in  the  present  case  all 
the  values  of  s are  incongruent  (mod  n)  and  all  the  values  of  t are 
incongruent  (mod  m). 

Hence  the  integers  ms  + nt  form  a complete  system  of  residues 
to  modulus  mn,  and  therefore 


mn-\ 

g2/t77i  (ms-\-nt)  ‘^imn  _ ^ — 

s,  t 0 

and  the  theorem  is  proved. 


{li,  mn). 
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187.  Suppose,  now,  that  n is  an  odd  number ; then,  putting 
: 4,  h — 1,  we  obtain 

</)  (4,  n)  (/>  (^,  4)  = </)  (!,  4?^). 

As  already  proved,  ^ (1,  ^n)  = 2 (1  + i)sjn,  and  by  definition 
</>  (w,  4)  = 1 + 

= 2(l+^^);  ^ 

moreover,  by  putting  = 1,  a = 2 in  the  formula 
^ Qid^,  n)  = <f)  Qi,  n), 
we  find  <p  n)  = (f>  (I,  n); 

hence  2 (1  + ^^)  0 (1,  = 2 (1  + i)\/n, 

1 + 


or 


\/n 


= \/n  or  i\/n, 

according  as  = 1 or  3 (mod  4). 

Finally  let  = 2 (mod  4) ; then,  since  2 is  prime  to  ^n, 
we  have  (j)(2,  ^n)  . <p  (^n,  2)  = ^ (1,  n), 

but  (j)(^n,  2)  =0(1,  2)  = 0;  therefore  0(1,  n)  = 0.  The  value  of 
0 (1,  has  now  been  determined  for  all  integral  values  of  n : the 
results  are,  of  course,  in  agreement  with  those  of  Art.  184,  because 
0(1,  n)  is  the  expression  there  denoted  by  8. 

188.  We  will  now  give  some  account  of  Gauss’s  demonstration, 
which,  as  already  remarked,  has  the  advantage  of  not  requiring 
the  aid  of  any  transcendental  analysis  except  the  elementary 
theory  of  the  circular  functions. 

Consider  the  expression 


(1  — O)'^)  (1  — (1 


^)...(l-^c’^-^+l) 


(1  — x‘^)  (1  — iC®)  ...  (1  — x>^)  ’ 

where  m,  are  positive  integers.  If  m<  /jl,  the  numerator  involves 
the  factor  1 — x^,  and  therefore  (m,  /><,)  = 0 ; we  proceed  to  prove 
that  if  m <\:  fi,  (m,  /ul)  is  a rational  integral  function  of  x. 

It  is  obvious,  in  the  first  place,  that 

(m,  m-/x)  = (m,  fi), 

if  m ya  ; and  also  that  (/n,  yu)  = 1. 

Again,  since 

1 _ = (1  _ (]  _ 

M.  14 
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it  follows  that  (m,  /u,  + 1) 

_ {(1  - -f-  (1  - X ^+^)]  (1  - ...  (1  - •■ 

(1  — X)  (1  — X"^)  ...  (1  — 

— (m  — 1,//,4-1)H- {m  — l,fji) 

= (m  — 2,  yu,  + 1)  + (m  — 2,  /x)  + (m  — 1,  /a) 


= (ya  4- 1,  /X  4- 1)  + ii?  (At  + 1,  ya)  + + 2,  ya)  + . . . + (m  - 1,  ya) 

= 1 + iC  (ya  + 1,  yu,)  + (ya  + 2,  yU,)  4-  . . . + (m  — 1,  yU-), 

supposing  that  m ya  4-  2. 

Hence  if,  for  any  fixed  value  of  ya,  the  expression  (m,  fi)  is  a 
rational  integral  function  of  x for  all  positive  integral  values  of  m, 
the  same  will  be  true  of  (m,  ya  + 1).  But  {m,  1)  = (1  — x'^)l{l  — x), 
which  is  a rational  integral  function ; therefore  the  theorem  is 
true  for  (m,  2),  and  hence  successively  for  (m,  3),  (m,  4),  and  so  on. 
This  proves  the  proposition. 


189.  Now  let  us  write 


,/  . ^ l-x>^ 

f{x,  m)=l-^— ^4- 


(1  - x'^){l  - x'^-'^) 

^ (i-x){i-x^y 


= 1 — (m,  1)  4-  (m,  2)  — (m,  3)  4-  . . .. 


This  contains  (m4-l)  terms,  the  last  being  (—1)”^,  and  since, 
by  the  proposition  just  proved,  each  term  is  a rational  integral 
function  of  x,f{x,  m)  is  also  a polynomial  in  x. 

If  m is  odd,  f{x,  m)  = 0 identically,  because  the  first  term 
cancels  out  with  the  last,  the  second  with  the  last  but  one,  and  so  on. 

Next,  suppose  m is  even.  We  have  identically 
1=1 


— (m,  1)  = — (m  — 1,  1)  — x'^~'^ 

4-  {m,  2)  = 4-  (m  — 1,  2)  4-  (m  — 1,  1) 

— (m,  3)  = — (m  — 1,  3)  — {m  — 1,  2), 

and  so  on ; whence,  by  addition 

f{x,m)={l  — — (1  — x'^~^)(m  — 1, 1)  + (1  — x'‘^'^~^){m  — 1,2)—... 

=(1  — {1  — (m  — 2,  1)+  (m  — 2,  2)  — . . . to  {m  — 1)  terms} 

= (1  — x™~^)  f{x,  m — 2) 

= (1  — x'‘^~^)  (1  — f{x,  m — 4) 

= (1  - x^-^)  (1  - (1  - x'>^-^)  ...  (1  - x)f{x,  0) 

= (1  — (1  — (1  — x^)  ...  (1  — 
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190.  Hitherto  cc  has  been  any  quantity  whatever:  we  will 
now  suppose  that  x = where  n is  an  odd  positive  integer,  and 
we  will  write  m for  (^  - !)•  This  being  so,  we  have 
\ — x'^  1 — x~^ 


1 —X  1 —X 
1 _ 1 _ ^-2 


= - x-\ 


1—X^ 


1 — 1 — 


= — x~^ ; 


1 —Xf^  1 — x^^ 
hence  (m,  ya)  = (— 

and  the  identity 

f(x,  m)  = {l—x){\  — of)  (1  — ...  (1  — x'^~'^) 

becomes 

1 + X~^  + X~^  + . . . + q-  . . . + 

= {l-x){l-o(f){l-x^)...(\-x^-% 
Since  x~'^,  like  x,  is  a primitive  root  of  1 = 0,  we  may  change 
X into  x~‘^,  and  thus  obtain 
1 +x^ ...  + + . . . + 

= (1  - x-^)  (1  - x-^)  ...  (1  - 

Multiply  both  sides  by 

X .X^  . X^  ...  X^~'^  = ; 

then  on  the  right  hand  we  have 

{x  — x~^)  {x^  — x~^)  . . . {x'^~‘^  — 
while,  if  we  observe  that 

i(^-iy  + /^(/^+l)  = i{ri^-2n  + (2/x  + l)^} 

= J (n  — 2ya  — 1)2  (mod  n), 
the  expression  on  the  left  becomes 

x\  2 q-  /pi  in-z)  xl  (»i-5)  2 -p  . . . q_  a;*  (^+3)  ^ q-  x^  I 

Kearranging  this,  we  have  finally 
>S^  = 1 -{•  X + x‘^+  ...  + = (x  — x~'^)  (a^  — x~^)  . . . (x'^~^  — x~'^'^^). 

Now  . X —.x~^  — ^“^+1  — x'^~^, 

^—3  — n+3 

and  so  on  : therefore 

;Sf2  ^ (_  l)i(n-i)  ^ (^2  _ ^-2^  _ ^-3)  ^ ^ ^ (^^n-x  _ ^-n+1) 

= (-  l)^(^-l)  . . (1  - ^-2)  (1  _ ^-4)  ^-2^+2) 

= (-  l)^(^-l)?l, 


14—2 
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because  = 1,  and  x~’^,  x~^, ...  ii?“2«+2  ^j.q  roots  of  I 

the  equation  \ -\-  x -\- + ...  + x'^^~'^  = 0.  I 

Hence  S = ± \Jn  or  + i\Jn  according  as  = 1 or  3 (mod  4):  and  ,n 
it  only  remains  to  determine  the  signs  of  the  ambiguities.  ■ 

2^7j.  9 

Now  — x~^^  = 2^  sin : therefore  I 

0 7,  I 

8 = 2^1’*-')  n sin  — [A  = 1,  3,  5, ...()?  - 2)]. 

h ^ 

First,  suppose  n = l (mod  4) : then  the  values  of  h which  make 

. 2A-7r  . 

sin  negative  are 

■|-(7i  + 1),  -|-(?^  + 5), . . . (n  — 2), 

that  is,  J(?2  — 1)  values  in  all;  and  the  sign  of  8 is  the  same  as 
that  of 

(_l)i(«-i).(_l)l(n-i)=4.1^ 

SO  that  8 = + \/n.. 

On  the  other  hand  if  = 3 (mod  4)  the  values  of  h which  make 

. 2/i7r  , . 

sin  negative  are 

i(w+3),  J(^  + 7), ...  (w-2), 

that  is,  there  are  ^{n  — 3)  values  in  all.  Hence  8 = i8',  where  the 
sign  of  8'  is  the  same  as  that  of 

(_  l)l(n-3)  (_  |)|(n-3)  _ 1 . 

consequently  8 = + i\/n. 

Gauss  proceeds  to  find  the  value  of  8 when  n is  even : this 
part  of  his  investigation  will  be  omitted  here,  because  it  is  much 
simpler  to  proceed  as  in  the  latter  part  of  Dirichlet’s  proof  given 
above. 

191.  A very  interesting  application  of  the  theory  is  the  new 
proof  which  it  affords  of  the  law  of  quadratic  reciprocity.  Gauss  j 
has  given  a more  general  theorem  of  which  the  law  of  reciprocity 
is  a particular  case  : the  proof  which  will  be  given  here  is  taken 
from  Dirichlet  {Zahlentheorie,  3rd  ed.  p.  297).  I 

Suppose  that  in  the  preceding  formulae  n is  an  odd  prime  p : \ 

then  we  have  J 

We  may  also  write  J 

</)(l,p)  = 1 + I 
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where  the  summation  extends  to  the  i(p  — 1)  quadratic  residues 
of  p which  are  positive  and  less  than  p.  Moreover,  if  ^ stands  for 
any  one  of  the  \{p  — ^)  non-residues  of  p, 

1 -H  = 0, 

and  hence  p)  = 

In  the  same  way  - 

(j)  (h^  p)  = ^Q’^hanilp  _ ^^2h^7rilp^ 

Now  if  hRp,  htxRp  and  h/SNp:  while  if  hNp,  hcuNp,  hjSRp: 
therefore 

</)  (h,  p)  = Qi\p)  (/>  (1,  p)  = {h\p)  Vi?* 

Hence  if  q is,  like  p,  an  odd  prime. 

Also  by  Art.  186, 

<f>{q,  p)<t>(p,  q)=^(i>{l,pq) 

Therefore  (i? ! ^)  (S'  I i?)  = 

where  ^ = iKM  “ ~ (P  ~ 1)^  “ (9^  ~ ^ W 

= l[(p^-l){q^-l)-2{p-l){q-l)] 

= 1 (i?  - 1)  (^  - 1)  Ki?  + 1)  (g  + 1)  - 2} 

= i(i?-i)(^-i)  4). 

Consequently  (p  V)  i i?)  = 

= (—  l)5(i^-i)  (2-1), 

which  is  the  law  of  reciprocity  for  two  odd  primes. 

With  regard  to  the  supplementary  formulae,  we  have 

<P{-  1,  p)  = (-li|))ii<2>-»V|>, 

while,  by  definition, 

which  may  be  obtained  from  <^(1,  p)  by  changing  ^ into  — Hence 

(—  = (—  1 li?) 

and  therefore  (—1  | p)  = (—  = (— 

In  order  to  determine  (2  |p),  we  observe  that 
<#>  (8.  p)  4>  (p>  8)  = ^ (1,  8p). 
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Now  ’ </)  (8,  p)=(8\p)(l>  (1,  p)=(2\p)cl>  (1,  p), 

(j)  (1,  8p)  = (1  + i)  VSp  = 

while  the  value  of  </>  (p,  8)  will  depend  on  the  residue  of  p,  mod  8. 
By  putting  p = 1,  3,  5,  7 successively  it  is  easily  found  that^ 

0 (^9,  8)  = . e ; 

hence,  on  substitution, 

ihP-i) . (2  I p)  <^)  (1,  p)  = ^/p  = i-hP-i)^  ^ (1, 
or  (2  I p)  = - (- 

which  agrees  with  the  result  previously  obtained  (Art.  38). 


192.  Gauss’s  more  general  theorem  is  as  follows : 


If  n is  the  product  of  the  positive  odd  primes  a,  6,  c,  etc.,  no 
two  of  which  are  equal,  and  if  m is  the  number  of  these  primes 
which  are  of  the  form  4A;  + 3,  then  the  number  of  the  primes 
a,  6,  c ...  of  which  nja,  njh,  njc  ...  respectively  are  non-residues  will 
be  even  if  m = 0 or  1 (mod  4),  and  odd  if  m = 2 or  3 (mod  4). 

For  instance  if  7^  = 3 . 5 . 7 . 11 . 13,  we  have  5 . 7 . 11 . 13  7^  3, 
3 . 7 . 11 . 13  i\r 5,  3 . 5 . 11 . 13  A 7,  3 . 5 . 7 . 13  E 11,  3 . 5 .7  .11  iY  13: 
the  number  of  non-residues  is  3,  which  is  odd,  in  accordance  with 
the  theorem,  since  m = 2. 

The  proof  is  easy ; let  aa  =hb'  = cc'  = ...  =n,  then  since  a is 
prime  to  h, 


hence 


= , by  Art.  186  ; 


and  so  on : finally 

cj)  (1,  n)  = Il(j)  (a\  a)  = n {a'\  a)  </>  (1,  a) 

= {a  \a)Ti\Ja  = 11  (a  | a), 


because  (1,  a)  — \/ a or  i\/ a according  as  a = 1 or  3 (mod  4). 


^ By  a slight  oversight,  the  value  of  8)  is  erroneously  stated  in  the 

Zahlentheorie  to  be 


THE  IDENTITY  4.T=r^^jjZ^ 
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On  the  other  hand  n = 1 or  3 (mod  4)  according  as  m is  even 
or  odd,  so  that 

</>(!,  n)  = ; 

hence  IT  {a  | a)  = 

from  which  the  theorem  immediately  follows. 

193.  If  'p,  as  before,  is  an  odd  prime,  and  if  X,  as  usual, 
denotes  the  polynomial  {x'p  — 1)1  {x  — 1),  there  is  a remarkable 
transformation  of  X which  may  be  expressed  by  the  identity 

4z  = F2-(- 

where  F,  Z are  polynomials  in  x with  integral  coefficients. 

To  prove  this,  let 

X-^  = {x  — r)  (x  — r^^)  (x  — r^^) ...  (x  — r^^~^), 

Xa  = (x  — r^) {x  — r^'^)  {x  — r^^)  ...  (x  — ; 

then  if  are  the  roots  of  the  period  equation 

Xi  is  a polynomial  of  which  the  coefficients  are  symmetric  functions 
of  those  roots  of  X = 0 the  sum  of  which  makes  up  tjq.  Hence 
(Art.  180)  the  coefficients  may  all  be  reduced  to  the  form  a + ^770 
where  a,  h are  integers : therefore  we  have  identically 

where  U,  V are  polynomials  in  x with  integral  coefficients. 
Changing  r into  r^,  we  obtain 

X,=  U + v^V, 

and  hence,  by  multiplication, 

X = X,Xa  + (vo  + Vi)  UV  + VoViV^ : 
therefore,  substituting  for  (770  + ^1)  and  770771  their  values,  and 
multiplying  by  4, 

4X  = 4H^  - 4HF+  {1  - (-  7^ 

= F2-(-  l)i(p-^)pZ^, 
if  we  put  Y = 2U-V,Z=  V. 

For  example,  let  p = 5,  then 

Xi  = (^c  — r)  (x  — r^)  = x^  — 7j(^x  + I, 

Xa  = — 771^  + I, 

4X  = {2x‘^  -{•  X -\-2y  — 5x^ 
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Or  again,  if  = 7, 

Xi  — {x  — r)  {x  — r^)  {x  — r^) 

— X^—  7)qX^  + 7]^X  — 1 

= (x^  - X - 1) -rjo  (x^^  + x), 
and  hence  4<X  = (2ic^  + — ii?  — 2)^  + 7 (x"^  + x)^. 

The  simplest  way  of  determining  the  coefficients  of  Xi  appears 
to  be  to  calculate  the  values  of  the  power-sums  of  its  roots,  and 
then  to  find  the  coefficients  by  Newton’s  formula.  If  Sh  is  the 
sum  of  the  /^.th  powers  of  the  roots,  it  is  evident  that  or 

according  as  hRp  or  hXp.  Thus  when  p = IS,  for  which  1,  3,  4 
are  residues,  and  2,  5 non-residues,  we  have 


Si  — ^3  — — 7]q, 

^2  =5g=  ?7i  = - 1 - 7;o, 

and  hence,  if  Xi  = x^  + piX^  -H  p^x^  -f  p^x^  4-  p4x‘^  -f  p^x  -f  , 

Pi  = -Vo, 

P2  = - i(^2  -hpiSi)  = -i(Vi-  V)  = 2, 
i>3  = -K^3  + 7?l52+i?2Sl) 

= - 4('^0  - VoVl  + 27?o)  = - 1 - ^0, 

= - i («4  + P1S3  + P2S2  + P3S1) 

= - i(Vo  - Vo""  + ^Vi  -Vo-  V) 

~ ~ 4('^i  ~ Vo^)  — 2, 

P5  = -Vo>  Pe  = 1 ; 

therefore  U = x^  + 2o(^  — a^+  2x^  + 1, 

V = — x^  ^ x^  — X, 

and  F = 2x^  x^  -\-  ^x'^  — x^  ^x^  + x-\- 2, 

Z = x^  x^  X. 

It  may  be  added  that  the  coefficients  of  Z are  always  sym- 
metrical, that  is  to  say,  the  mth  coefficient  from  the  end  is  always 
the  same  as  the  mth  coefficient  from  the  beginning : the  same  is 
true  for  F if^=l  (mod  4),  while  if  p = 3 (mod  4)  the  corresponding 
coefficients  are  equal  and  opposite.  This  consideration,  of  course, 
greatly  shortens  the  work. 


194.  It  is  possible  to  find  the  values  of  pi,p2,  etc.  as  explicit 
functions  of  p.  Thus  if  we  write  p = 2p'  1,  ei  = (—  ly',  and 

^/i  = {h\p)  for  all  integral  values  of  h which  are  greater  than  1,  we 
have 


Sh  = 


~1  + 


+ Vo 


(/.>!); 


2 


EXPRESSIONS  FOR  THE  COEFFICIENTS. 


217 


hence,  by  Newton’s  formula,  and  the  equation  of  the  periods, 

Pi-=-VQy 

8^2  = (1  - 2^2  + e^p)  -4(1+  e^)  7)^, 

24^3  = 3 - 3^2  - 4^3  + (1  + 3^2)  &iP 

— (9  + 6^2  + 3^3  + p)  970 , 

3 ,2%  = -S-  36^2  - 32^3  + (26  + 12^2  + 32^3)  e,p  + 

— 8 [27  + 9^2  + 3^3  + (1  + 3^2)  Bip]  7)o, 

and  so  on  ; and  if 

Y = 2oo^'  + + C20oP'~^  + . . . 

we  have 

Cl  = 1, 

4c2  = 3 + Cip, 

8C3  = 5 + (1  + 2C2)  Ci_p, 

3 . 2®C4  = 105  + (30  + 24^2  + 32C3)  6ip  p^, 

3 . 2^C5  = 189  + (90  + 36c2  + 32c3  + 32C2C3)  Cip  + (1  + 4C2)  p^. 

The  quantities  eh  are  periodic  functions  of  p : thus  we  obtain 
for  the  coefficients  Ci,  Ca,  C3,  etc.  a certain  limited  number  of  dis- 
tinct polynomials  in  _p.  For  instance,  if 

p = l (mod  24),  61  = C2  = C3  = 1, 

and  C4  = {p^  + 86p  + 105)  ; 

while  p = 5 (mod  24),  Ci  = 1,  Ca  = C3  = — 1,  and 

C4  = + 105)  = 5) (15  - 21). 

The  values  of  the  coefficients  above  given  were  calculated 
successively  : it  is  very  desirable,  of  course,  to  discover  a method 
of  writing  down  the  general  value  of  ci,  without  having  to  calcu- 
late the  preceding  coefficients,  but  it  is  not  easy  to  see  how  this 
can  be  done.  We  may  eliminate  pi,  p^-^-Pi-i  from  the  first  ^ of 
Newton’s  equations,  and  thus  obtain  pi  as  a function  of  Si,  s.2...Si 
in  the  form  of  a determinant,  but  the  reduction  of  this  determinant 
to  the  form  a + is  apparently  impracticable  when  ^ is  large. 

195.  It  may  be  observed  that,  since  p is  prime, 
xP  —l-={x  — ly  (mod  py, 
hence  4X  = 4 (^r  — 1)^~^  (mod  p), 

and  F = 2 (^  — l)^(^’~i)  (mod  p). 

For  sufficiently  small  values  of  p,  Y maybe  found  by  expanding 
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2(/c  — by  the  binomial  theorem,  and  reducing  each  coeffi- 
cient to  its  absolutely  least  residue  (mod  p).  Thus,  when  p = 11, 
Y =2  (x^  — -f  lO^c^  — \0x^  + 5x  — 1) 

= 2oi?  x^—  2x^  -I-  2x^  — X — 2. 

Legendre,  in  his  Theorie  des  Nonibres,  erroneously  stated  that 
this  rule  applies  to  all  cases ; he  afterwards,  however,  corrected 
his  mistake.  (Legendre  : Memoire  sior  la  determination  des  fonc- 
tions  Y et  Z qiii  satisfont  d V equation  4 {x‘^  — 1)  = (^’  — 1)  (F^  + nZ^), 
n etant  un  nomhre  premier  (4i  +1),  Paris,  Mem.  Acad.  Sci.  xii. 
(1833),  p.  81.  Lebesgue : Recherches  sur  les  nombres,  Liouv.  iii. 
(1838),  p.  113.) 

While  Legendre’s  rule  certainly  fails  for  p = 61,  and  possibly 
for  still  smaller  values  of  p,  it  holds  good  up  to  p = Sl  inclusive. 
It  may,  in  fact,  be  verified  that  when  p = 31, 

7 = 2x^\+  x^^  - 1x^^  - l\x^^  + 2x^^  + 8x^^  - Saf  - 5x^ 

-1-  5x^  -t-  Sx^  — 8x^  — 2x^  + 1 Ix^  ■\-lx‘^  — x—2, 

Z = x^^  + x^^  — x^^^  — 2x'^'^  + x^  — x^  - x^  -{■  x^  — 2^  — x^  x^  + a?. 

The  following  table  gives  the  values  of  F and  Z for  all  primes 
less  than  31.  The  last  case,  p = 29,  is  due  to  Legendre ; the  others 
were  calculated  by  Gauss. 


p 

Y 

3 

2^  -1- 1 

1 

5 

2x^  X 2 

X 

7 

2x^  x^  — X — 2 

x^  4-  X 

11 

2x^  x^  — 2x^  -1-  2x^  — x — 2 

X!^  Y X 

13' 

2x^  4-  x^  -f  — x^  Y Y X y2 

x^  Y x^  + X 

17 

2a^  -t-  x^  -f-  bx^  Y 'Ix^  Y 7x^ 

od  -1-  x^  Y x^  Y 2x^  4-  x^ 

-f  Dx'^  Y xY2 

Yx^^Yx 

19 

2x^  Y x^  — ^x^  + 8x^  + ox^  — ox^ 

x^  — x^  4-  x^  4-  x‘^  — x^  4-  X 

— 4-  4^^  — X — 2 

23 

2x^^  -f-  x^'^  — 5x^  — 8^r^  — 7^r’'  — 4iX^ 

^.10  ^.9  _ ^.7  _ 2^-6  _ 

Y ^x^  + 7^4-  8^^  4-  bx^  — x — 2 

— xd  4-  x^  4-  X 

29 

2x^^  Y x^‘^  4-  - 3^*“  4-  - 2x^ 

^.13  ^.11  _ ^.10  4-  ^>8  4-  ^.7 

4-  Sx^  4-  9^c^  + 8x^  — 2x^  Y xd 
— 8x^  8^i;2  4-  ^ 4-  2 

4-  x^  — od  Y x^  Y X 
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By  putting  x = \ in  the  identity  = V^±pZ^,  we  obtain  a 
representation  of  4p  in  the  form 

4<p  = ±pn^. 

Thus  forp=  17,  we  have 

68  = 342  - 17 . 8^ 

and  so  on.  It  may  be  noticed  that  when  p = 3 (mod  4)  this 
process  only  leads  to  the  trivial  result 

4p  = 0^  + p . 2^, 

except  when  p = 3. 

196.  When  p = Sn+l  there  will  be  a set  of  three  periods  770 . 
?7i,  7)2,  which  are  the  roots  of  a cubic  equation 

7]^  + + 027]  + C3  = 0, 

where  Ci,  C2,  C3  are  integers  which  have  to  be  determined. 

If  g is  any  primitive  root  of  p,  and  r = as  usual,  we  may  put 

All  numbers  prime  to  p may  be  distributed  into  three  classes 
A,  B,  G according  as  their  indices  to  the  base  g are  congruent  to 
0,  1 or  2 (mod.  3).  Numbers  of  the  class  A will  be  denoted  by 
a,  a. . . and  in  the  same  way  /S  and  7 (accented  if  necessary)  may 
be  used  to  indicate  numbers  belonging  to  B and  G respectively. 

With  this  notation  we  may  write 

770  = 771  = 5,r^,  772  = Srv, 

where  the  summations  apply  to  n incongruent  values  (mod.  p)  of 
a,  /3,  7 respectively. 

The  class  A includes  all  the  numbers  which  are  cubic  residues 
of  p,  and  is  the  same  whatever  primitive  root  g may  be  chosen ; 
if  instead  of  g we  take  a primitive  root  g such  that  ind^',  ^ = 2 
(mod.  3)  the  classes  B and  G will  be  interchanged. 

We  observe  that  1 and  p — 1 = — 1 both  belong  to  the  class  A. 
Also  the  product  of  any  two  numbers  of  the  class  A is  a number 
of  the  same  class,  or,  in  symbols, 

aa  = ol". 

In  particular,  p — a,  or  — a belongs  to  A. 

Similarly  oi^  = /3',  )8/3'  = 7, 

a7  = 7',  77'  = 
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Returning  now  to  the  equation  of  the  periods,  we  find  at  once 

Cl  = - ('^0  + + Vi)  = 1* 

The  value  of  is  Ca  = v^Vi  + V1V2  + ViV^ 

= ^ q-  r^-y+a-'j^ 

Now  the  congruence 

a + ^ = 0 (mod.  p) 
is  impossible,  because  it  would  lead  to 

^=-a, 

and  hence  /3  would  belong  to  the  class  A,  contrary  to  definition. 
In  the  same  way  it  may  be  inferred  that  the  congruences  + 7 = 0, 
7 + a = 0 are  impossible.  Hence  of  the  Sn^  terms  of  which 

_|_  ^y+a^ 

consists  not  one  reduces  to  unitj^  But  we  know  that  the  ex- 
pression is  a rational  integer : hence  its  value  is  (r  + 7’^  + . . . 
or  — 1,  taken  Sn^Kp  — l)=n  times.  Therefore 
c,  = -n  = -i(p-  1). 

The  value  of  the  remaining  coefficient  is 
C3  = - V0V1V2  = - 2r‘‘+^+v 

Suppose  that  X denotes  the  number  of  distinct  solutions  of  the 
congruence 

a + yS  + 7 = 0 (mod.  p)  ; 

then  by  the  argument  used  in  finding  the  value  of  C2  it  follows  that 

. n^—\ 

SO  that  C3  is  determined  when  X is  known. 

Now  a may  assume  any  one  of  n incongruent  values : suppose 
a to  be  any  one  of  these.  Then  if  a"  is  determined  so  that 
a a"  = 1,  the  congruence  a'  + /3  + 7 = 0 is  equivalent  to 
a"  (a  + /3  + 7)  = 0, 

or  1 + + 7'  = 0, 

where  /3',  7'  belong  to  B,  G respectively.  Conversely,  from  every 
solution  of  1 -1-  /3'-|-  7'=0  may  be  deduced  a solution  of  a' 4-/5 + 7=0, 
by  putting  ^ = a'/3',  7 = ay.  Hence  if  the  symbol  (12)  is  used  to 
denote  the  number  of  solutions  of 

1 4-^  4-  7 = 0, 

we  have  X = (12)  ?? 

and  C3=  J {(12)^-  /f-"), 

so  that  everything  depends  upon  finding  the  value  of  (12). 
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To  do  this  we  consider  the  system  of  congruences  given  in  the 
following  table,  in  which  the  symbol  placed  to  the  left  of  each 
congruence  denotes  the  number  of  distinct  solutions  of  which  it  is 
capable. 

(00)  l + a + a'=0,  (10)  H-y8  + a =0,  (20)  l + 7 + a = 0, 

(01)  l+a  + iS  = 0,  (11)  l + (21)  l + 7+^  = 0, 

(02)  l + a + 7=0,  (12)  1+/8  + 7=0,  (22)  1 + 7 +7'=  0. 

It  is  obvious  that  (01)  = (10),  (02)  = (20),  (12)  = (21)  ; in  fact, 

the  double  notation  is  only  used  for  the  sake  of  symmetry. 

If  we  multiply  the  congruence 

l + a + /5  = 0 

by  a number  7 such  that  ^y=l,  and  put  yoL  = 7',  we  obtain 
1 4.  ry  -I-  y = 0.  Therefore  every  solution  ofl+a  + y8  = 0is  associated 
with  one  of  1 + 7 + 7'  = 0 ; and  in  the  same  way  from  every 
solution  of  1 + 7 + 7'  = 0 we  can  deduce  one  of  1 + a + = 0. 

Hence  (01)  = (22), 

and  similarly  (02)  = (11). 


Thus  the  matrix 

(00),  (01),  (02) 
(10),  (11),  (12) 
(20),  (21),  (22) 


is  reduced  to  the  type 


h j k 
j k I 
k I j 


where  h,  j,  k,  I have  still  to  be  determined. 


The  series  1,  2,  3...  (p—l) 

contains  n numbers  a,  and  each  of  these,  except  the  last,  namely 
p — 1,  is  followed  by  a number  a + 1 which  must  belong  to  one  of 
the  classes  A,  B,  C,  and  is  therefore  of  the  form  p — a\  p — or 
p — y \ that  is,  to  every  value  of  a,  with  one  exception,  corresponds 
a solution  of  one  of  the  congruences 

l + ot  + ot^=0,  l+ot  + = 0,  1 + ot  + 7^  = 0. 


Hence  (00)  + (01)  + (02)  = n - 1, 


or  h+j  + k = n — \ (1) ; 

and  in  the  same  way  j k + I = n (2), 


because  every  number  A,  without  exception,  is  followed  by  another 
number  of  the  series. 


222 


CYCLOTOMY. 


There  is  yet  another  relation  connecting  h,  j,  k,  I which  may 
be  found  in  the  following  way. 

Consider  the  congruence 

a + /3  + 7 + l = 0. 

There  are  (00)  = h values  of  a which  make  a-\-l  — OL,  and  the 
congruence 

a'  + yS  + 7 = 0 

when  a!  is  fixed,  has  (12)  = ^ solutions.  Thus  there  are  hi  solutions 
of  a+;S  + 7+  l = 0 for  which  a + 1 — a'.  Similarly  there  are 
(01)(01)=y^  solutions  for  which  a+l=/3',  and  (02)(02)  = A;2 
solutions  for  which  a + 1 = 7'.  Altogether  there  are 

111  f + k^ 

solutions  of  the  congruence. 

But  if  we  begin  with  instead  of  a we  find  in  the  same  way 
that  there  are  (10)  (02)  =jk  solutions  for  which  + 1 = a', 
(11)  (12)  = kl  solutions  for  which  /3  + 1 = /3',  and  (12)  (01)  = Ij 
solutions  for  which  /3  + 1 = 7'.  Therefore  altogether  there  are 
jk  -\-kl-\-  Ij  solutions ; and  since  this  must  be  the  same  as  before, 

hi  “h  k^  ~ kl  -jr  Ij (^)* 

Now  from  (1)  and  (2), 

h = l-l, 

and  on  substituting  this  in  (3)  and  transposing,  we  find 
I =j^  -h  k^+P  —jk  — kl  — Ij. 

This  relation  may  be  written  in  the  following  form  : 

12  (y  + ^ + 0 + ^ + P —jk  — kl  — Ij) 

+ 12(j  + A;)-24Z  + 4 
= (6^  - 3j  - ^k  -2y  + 27  (j  - k)\ 


that  is  + 36^ (4), 

if  we  put  6Z  — 3y  — 3^  — 2 = a (5), 

^{j-k)  = h (6). 


Now  it  follows  from  the  theory  of  binary  quadratic  forms  for 
the  determinant  — 3 that,  when  p is  given,  the  values  of  a"  and  Ir 
for  which  4^  = + 36^  and  6=0  (mod  3)  are  uniquely  determi- 

nate; hence,  tbe  values  of  a and  6 in  equations  (5)  and  (6)  are 
determined  except  as  to  sign.  The  sign  of  h will  depend  upon 
the  choice  of  the  primitive  root  g,  because  if  the  classes  B and  G 
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are  interchanged  SO  will  be  j and  k.  However,  for  our  present 
purpose  we  shall  not  require  h,  and  equation  (5)  shows  that  a is 
that  value  of  + which  is  of  the  form  3a'  — 2. 

Putting  a = 3a'  — 2,  we  find  by  (5) 

21  = a'  + j + k 

= a'  + — Z by  (2). 

Therefore  . J = J (a'  + ?i)  ; 

and  on  substituting  this  in  the  expression  previously  obtained  for 
C3  we  find 

= ^ {pa!  + n). 

Finally,  therefore,  the  cubic  equation  of  the  periods  is 

+ f)"-  - I {p  - l)  'n  - ^{pa'  +^*-3-^)  = 0, 

which  may  also  be  written  in  the  form 

(377  + ly  - Sp  (Srj  + l)^pa  = 0. 

Example.  Let  p = 31 ; then  = 124  = 16  + 3 . 36,  a = 4,  and 
the  equation  in  7;  is 

7^3  7^2  _ 2O77  — 8 = 0, 

or  (37; +1)^-  93  (377  + 1) -124  = 0. 

197.  If  we  write,  in  the  cubic  equation  of  the  periods, 

377  + 1 = 5, 

it  becomes  ^ — Spz  — pa  — 0; 

and  if  we  now  put  z = 2\/p  cos  cj>,  this  becomes 

2p/\/p  (4  cos^  </)  — 3 cos  (f))  —pa  = 0, 
whence  cos  3<^  = al2^/p. 

Suppose  that  cj)  is  the  least  positive  value  of  which  satisfies 
this  equation,  then  the  three  values  of  5 will  be 

^ = 2^/p  cos  (f),  2!  = 2slp  cos  , /'  = 2^/p  cos  (^<j)  + . 

It  is  easily  seen,  geometrically,  that  -2^  lies  between  Vp  and 
2\/p,  between  — 2\/p  and  - ^Jp,  z"  between  — sjp  and  \lp. 

One  of  the  values  of  is  ^^  = 1 + 3770 ; to  discover  which  it  is, 
when  p is  given,  is  a problem  which  appears  to  be  of  extreme 
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difficulty,  and  has  not  yet  found  an  entirely  satisfactory  solution. 
Kuminer,  however,  has  given  a criterion  for  distinguishing  the 
roots,  which  is  of  considerable  interest ; and  before  postponing, 
for  the  present,  further  applications  of  the  circular  functions  to 
arithmetic,  a short  account  of  Kuminer’s  investigation  may  be 
given. 


Let  p = = 


- 1 + ^V3 
2 


, and  let  m be  any  number  prime  to 


p;  then  by  an  extension  of  the  Legendre- Jacobi  symbol  (m\p),  we 
shall  put  (m\p)s  = 1,  p or  p^,  according  as  the  index  of  m to  any 
primitive  root  g,  taken  as  a base,  is  congruent  to  0,  1 or  2 to 
modulus  3;  in  other  words,  (m|^)3  = p’"** The  expression  {'m\p\ 
may  be  called  the  cubic  character  of  m with  respect  to  p.  If  m is 
a cubic  residue  of  p,  that  is,  if  the  congruence  x^  = m (mod  p) 
admits  of  solution,  we  have  {m\p)s  = l if  otherwise,  the  character 
{m\p\  may  be  p or  p^  according  to  the  primitive  root  taken  as 
base. 


Since  the  Legendrian  symbol  proper  will  not  be  required  in 
what  follows,  the  suffix  will  be  omitted,  and  will  be  written 

instead  of  (^in\p\.  It  is  convenient  also  to  put  (m|p)  = 0,  if  m is 
divisible  by  p. 


It  immediately  follows  from  the  definition  that  if  m = m' 
(mod p),  {m\p)  = (m' |jo);  that  if  m,  m'  are  any  two  integers, 

(m  \p)  (m' \p)  = {mm' \p)\ 

and  that,  since  — 1 = (—  ly  is  a cubic  residue  of  p, 

(—  m\p)  = {m\p). 

As  in  last  article,  suppose  p = 1,  and  let  the  integers 

1,  2,  3...3?i  be  distributed  into  three  classes  A,  B,  and  G 
according  as  their  cubic  character  is  I,  p,  or  pi  We  have 

Zo=l  + 3S?’“, 


01  = I-f  3^r^ 


02  — Id"  32r^  5 
and  hence,  observing  that  1 -I-  p -P  p^  = 0, 

•^0  + p^i  + = 3S  (r«  + p?’^  + pVY) 

= 3S  {h\py 
(//=l,2,3...p-I). 
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Since  ^2  are  real,  we  may  write 
^0  = 1 + 3^  cos 

P 

V 

277r 

~P~ 


and  hence 


= 1 + 3S  cos 
^2  = 1 + 3S  cos 


-s'o  + P^i  + = dS  (A?|^)  cos 


2^7r 


[^=1,2.. .1(^-1)] 


2k7r  . 


since  (k\p)  cos  ^ is  not  altered  by  changing  k into  j9  —k. 

It  is  proved,  in  a similar  way,  that  if  m is  any  integer, 

(m  \py  {zq  + + p^z^  = 6S  {k  \p)  cos  - . 

k P 

Suppose,  now,  that  f{6)  is  a function  such  that  for  all  values  of 
6 from  0 to  tt,  both  inclusive, 

f{6)  = cos  6 + cos  2^  + ^3  cos  3^  +. . . 

Then 


(*1p)/( 


2A;7r\  _ 


p / 


J.1  ^ {k\p)  cos  ^^+^2  2 (Z^Ip)  cos^^+... 


_ ^0  + P^i  + p^ 


{(l|p)-Mi+(2|p)^  A +...}. 


that  is,  6 2 = (^0  + pzi  + p^z^)  X (sj^)"  A„ 

k=l,  2,...i(p-l); 

«=1,  2,  3... 


It  is  known  that  if  0 :f- 
TT^  ttO 


8 4 3^ 


COS  3^  ^ cos  50  ^ 


52 


therefore 


Put 


6 2(%)(J- 


2p 


(Zo  + p^i  + 2 


[^=1,  3,  5...]. 

A - 2a“^ 

0 = ^7^ 


M. 


15 
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where  the  summations  refer  to  all  positive  odd  integers  which 
belong  to  the  classes  (a),  (/3),  (7)  respectively,  then 

6 2 {k  Ip)  ( J - ^)  = (z,  + pz,  + {A  + P^B  + pG). 

Now  let  Sa'  stand  for  the  sum  of  all  the  numbers  a which  are 
positive  and  less  than  Jp,  and  let  SyS',  have  analogous 
meanings.  Moreover  put 

mo  = J (2/8'  + 27  - 22a') 

= i (2a' + 2/3' + 27') -2a' 

m,  = i (Sy  + 2a'  - 22;8')  = (p=  - 1)  - 2^', 

TOj  = J (27' + 2a' — 227')  = (p"  — 1)  — 27'. 

Then  the  expression 

02 

= -^  (2a'  + p2/3'  + p^27') 

= — (7?^o  + pmi  + pVig)- 

Therefore 


(^0  + + p^m2)  — (2^0  + (-^  d"  + P^)‘ 

In  exactly  the  same  way, 

Stt^ 

(?7^o  + p^mi  + pm^  = (^0  + + p^a)  {A  + pB-\-  p^C) ; 

and  since 


Stt^ 

P 


(m-o  + mi  + m2)  = 0 = (^0  + + ^2)  (-^  4-  5 + 0), 


we  have 


3^2 

P 


m. 


^^od*  -S^i  + 


StT^  a t)  /-I 

— mi  = ^^1  + ^^2  d- 


Stt^ 


m2  = -4^2  d-  5^0  d-  C'-S^i . 


The  solution  of  these  equations  gives  Zq,  z^,  z^  without 
ambiguity  in  terms  of  mo,  mi,  mg,  A^  B,  G.  If  we  put 

^ = A^-  + B^^+G^^-BG-GA-AB, 
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an  essentially  positive  quantity,  it  is  found  without  difficulty 
that 

+ Grth  + Bm^  = (0  - ^)  Wj  + (5  - 4)  Wz, 

OTT^ 

^ — Zi  = Btifio  + + C'ni2  = (^0  — -d.)  1712  + (-S  A.^  tyiq, 

OTT^  

^ ^2  = CttIo  + Bmi  + A7n2  =(G  - A)mo-^{B-  A) m^. 

Stt^ 

Hence  also 

^(z,-z,)  = {G-vA-W)7no-{A-vB-2G)7n,, 

OTT'^ 


|)A 


{z^-Z2)  = {G^-A-^B)7n,-{A-^B-W)m2, 


(^2  — 2^0)  = ((7  + J.  — 25)  m2  — {A  -[-  B — 2(7)  mo . 

OTT 

Now  the  quantities  A-B,  A - G,  A+B-2G,  G+  A-2B 
are  all  positive.  We  have,  in  fact, 

-^=  -L  -t  32  + ^+  ••• 


p 

where  k assumes  all  odd  values  prime  to  p : hence 


1 p^ 


8 p^-1  k^  p^-1 


(A+B+G) 


therefore 


A+B+G= 


TT^ 


1 

P 


Now  u4  = l+  — + ...>1:  therefore  5 + 0 < J,  and  a fortiori 
5 < J,  0 < i ; consequently 

A-B>1,  A-G>1,  A+B-2G>^,  G + A-2B>\. 

Since  mo  + mi  + m2  = 0,  one  of  the  three  numbers  m^  mi,  m2 
must  be  greater  than  either  of  the  rest  numerically.  Suppose  mo 
is  positive,  and  the  greatest  numerically;  then  mi,  m2  are  both 
negative,  and  it  follows  from  the  equations  previously  obtained 
that  Zq,  Zq  — Zx,  Zq  — Z2  are  all  positive.  In  this  case,  then,  ^0  is  the 
root  which  lies  between  fp  and  2Vp-  Similarly  if  mo  is  negative, 

15—2 
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and  numerically  greater  than  either  or  mg,  the  quantities 
^0,  Zq—  Zi,  2'o  — -2^2  ^11  negative,  and  <2^0  lies  between  — \/p  and 

— 2\/p.  In  the  same  way  if  mj  is  numerically  greater  than  mo  or 
7?^2,  the  limits  of  z^  are  determined;  while  if  is  numerically 
greater  than  mo  or  m^,  the  root  is  known.  In  every  case,  therefore, 
we  have  a criterion  to  distinguish  one  of  the  three  roots  2^0,  Zj,  z^; 
and  since  they  are  all  expressible  as  rational  functions  of  any  one 
of  them,  the  determination  may  be  completely  effected. 

It  should  be  observed,  however,  as  Kummer  himself  remarks, 
that  the  criterion  thus  obtained  is  not  really  what  is  required. 
The  calculation  of  mo,  mi,  whenp  is  large,  is  very  tedious,  and 
these  numbers  are  not  connected  with  the  value  of  p in  any 
obvious  or  essential  way.  Kummer  has  found  by  actual  calculation 
that  the  limits  of  Zq  are 

-2^/p  and  - ^p  for  p = 97,  139,  151,  199,  211,  331,  433; 

-Vp  and  +VP  for  p = 13,  19,  37,  61,  109,  157,  193,  241,  283, 

367,  373,  379,  397,  487  ; 

+ Vp  and  -f  2Vp  for  p = 7,  31,  43,  67,  73,  79,  103,  127,  163, 

181,  223,  229,  271,  277,  307,  313,  337, 
349,  409,  421,  439,  457,  463,  499. 

It  is  very  curious  that  the  proportion  of  primes  in  the  different 
classes  is  nearly  that  of  1:2:3,  and  it  is  much  to  be  desired  that 
some  simple  method  of  discriminating  the  classes  might  be  dis- 
covered. 

198.  The  present  chapter  contains  only  a mere  outline  of  a 
very  extensive  theory,  which  has  not  yet  been  by  any  means 
completed.  Its  importance  will  become  even  more  evident  in 
connexion  with  the  theory  of  higher  congruences  and  of  algebraical 
integers  in  general ; but  before  we  enter  upon  this,  there  are 
various  problems  which  may  be  more  conveniently  discussed  at 
this  stage,  and  among  them  is  that  of  determining  the  number  of 
classes  of  binary  quadratic  forms  for  a given  determinant.  To  this 
the  next  chapter  will  be  devoted. 
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p.  160). 

Kronecker  ; Sur  les  facteurs  irreductihles  de  V expression  x^  — \ (Liouv.  xix. 
(1854),  p.  177). 

Kummer  ; Be  residuis  cuhicis  disquisitiones  nonnullce  analyticce  (Crelle, 
xxxii.  (1846),  p.  341). 

Staudt  (v.)  : Ueher  die  Functionen  Y und  Zy  welche  der  Gleichung 
4 {xP  - \)l{x  - 1)  = Y^±pZ^ 

Genilge  leisteUy  wo  p eine  Primzahl  der  Form  4^+1  ist  (Crelle,  Ixvii.  (1867), 
p.  205). 

Stieltjes  : Contribution  a la  theorie  des  residus  cuhiques  et  hiquadratiques 
(Archives  N^erlandaises,  xviii.  (1883),  p.  358).  This  is  based  upon  Gauss’s 
memoirs  on  biquadratic  residues,  which  will  be  considered  in  a subsequent 
chapter. 

Bachmann’s  lectures  on  cyclotomy  {Bie  Lehre  von  der  Kreistheilung  und 
ihre  Beziehungen  zur  Zahlentheorie,  Leipzig,  1872)  give  an  exceedingly  clear 
and  interesting  account  of  the  subject,  with  numerous  references  to  the 
original  sources. 
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Determination  of  the  Number  of  Properly  Primitive 
Classes  for  a given  Determinant. 

199.  The  second  volume  of  Gauss’s  collected  works  contains 
(p.  269)  a remarkable  unfinished  memoir  entitled  De  nexu  inter 
multitudinem  classium,  m quas  formce  binarice  secundi  gradus 
distrihuuntur,  earumque  determinantem.  From  this  it  appears 
that  Gauss  succeeded  in  determining  the  number  of  classes 
belonging  to  a given  determinant  both  for  definite  and  for  in- 
definite forms;  and  with  regard  to  definite  forms  it  is  possible 
to  make  out  the  method  which  was  actually  adopted.  Gauss 
never  published  his  investigation;  in  fact  the  first  published 
demonstration  is  that  of  Dirichlet  in  his  Recherches  sur  diverses 
applications,  etc.  already  referred  to.  Dirichlet’s  analysis  will  be 
considered  later  on ; in  the  present  chapter  an  attempt  will  be 
made  to  present  Gauss’s  method  in  a simplified  form,  and  at  the 
same  time  to  avoid  the  objections  on  the  score  of  deficiency  in 
rigour,  to  which,  as  pointed  out  by  Dedekind  in  his  editorial  notes 
on  the  memoir.  Gauss’s  deduction  appears  to  be  liable.  The 
materials  for  this  simplification  are  mainly  derived  from  the 
above-mentioned  notes  of  Dedekind,  and  from  Dirichlet’s  great 
memoir. 

The  principle  of  the  method  consists  in  assuming  a number  m 
which  is  prime  to  2D,  and  constructing  two  different  expressions 
for  the  asymptotic  value  of  the  average  number  of  representations 
of  m by  properly  primitive  forms  of  determinant  D : that  is  to  say, 
expressions  which  approximate  to  the  true  value  when  m is  very 
large.  One  of  these  expressions  involves  as  a factor  h,  the  number 
of  properly  primitive  classes,  while  the  other  does  not ; and  by  a 
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comparison  of  the  two  expressions,  we  obtain  h in  the  form  of  a 
semi-convergent  infinite  series.  The  semi-convergent  character  of 
this  series  is  the  principal  difficulty  of  the  investigation. 


200.  Definite  and  indefinite  forms  will  have  to  be  considered 
separately ; we  shall  begin  with  the  former. 

Let  /=  ax^  -f  2hxy  -f 

be  a positive  properly  primitive  form  of  determinant 
D = ¥ — ac  = — A, 

a negative  integer. 

It  is  always  possible  to  assign  values  to  x and  y,  say  = f, 
y = r)>  prime  to  each  other,  and  such  that 

^ — /(?5  '^)  = + 26^7;  + c'n^ 

may  be  prime  to  2 A (cf.  Art.  127). 

We  may  suppose  that  a is  prime  to  2 A : because  if  this  were 
not  the  case  we  could  find  integers  f',  such  that  rj  = \ , 

and  then  the  substitution  would  transform  f into  an  equi- 

valent form  f'  = (a',  b',  c')  with  its  first  coefficient  prime  to  2 A. 

It  is  clear  that  if/(f,  v)  is  prime  to  2 A,  so  is /(2A^^^-f,  2Av-\-r)), 
where  u,  v are  any  integers.  We  will  suppose  that  f,  rj  are  both 
less  than  2A  and  not  negative. 

We  have  a (ap  + 2h^7]  + erf)  = (a^  + hrff  + Ay'^, 
and  this  is  prime  to  2 A if  af  -f  by  is  so. 


Now  let  ^ be  any  one  of  the  (jE)  (2A)  numbers  less  than  2 A and 
prime  to  it ; then  if  we  put 

af  -\-br}  = ^ (mod  2 A), 

any  value  of  y comprised  in  the  set  0,  1,  2,...(2A  — 1)  is  associated 
by  means  of  this  congruence  with  a determinate  value  of  f,  which 
is  less  than  2A  and  not  negative. 

Since  each  number  /3  thus  gives  rise  to  2 A pairs  (^,  r]),  the 
total  number  of  sets  (^,  t;)  for  which  0<f<2A,  0<77<2A,  and 
fi^yV)  is  prime  to  2 A,  is 

2A^  (2A). 

The  points  whose  rectangular  coordinates  are  (2Att  + f,  2i^v-\-ri) 
form  a net,  every  mesh  of  which  is  a square  of  area  4 Al  Alto- 
gether we  have  2A0  (2A)  distinct  nets,  the  nodes  of  which  corre- 
spond to  values  of  (x,  y)  which  make /prime  to  2 A. 
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201.  Now  consider  the  ellipse  represented  by  the  equation 
ax^  + ^hxy  + cy‘^  = m 

where  m is  a large  positive  integer.  The  area  of  this  ellipse  is 
and  hence  the  number  of  nodes  within  the  curve  which 
belong  to  the  aforesaid  networks  is  asymptotically 

7rm  2A0  (2A)  _ 'irmcf)  (2A) 

VA‘  4A2  2AVA  ’ 


that  is  to  say,  its  value  is  (2A)/2A/v/A  + e,  where  e/m  ulti- 
mately vanishes,  when  m increases  indefinitely. 

Suppose  that  are  the  positive  integers  less  than 

m and  prime  to  2A;  and  let  6 {mi)  denote  the  number  of  distinct 
representations  of  mi  by  the  form  {a,  h,  c) ; then  the  number  of 
which  the  asymptotic  value  has  just  been  found  is  rigorously 

^ (mj)  4-  6 {m^  -1- ...  4-  ^ (m^). 

If  we  take  a representative  form  from  each  of  the  positive 
properly  primitive  classes,  say  and  if  we  construct  the 

ellipses 

= /2  = m,.../,,  = m, 


(all  of  which  have  the  same  area  then  the  number  of 

nodes  included  by  all  the  ellipses,  counting  each  node  once  for 
every  ellipse  within  which  it  lies,  is  asymptotically 

hiring  (2A) 

2AVA  * 


On  the  other  hand,  this  number  is  rigorously 


XX  Oh  (mi) 

k i 


/^  = l,  2,  3...M 

U = l,  2,  3.../J’ 


where  Oh  (nii)  denotes  the  number  of  distinct  representations  of  m^ 
by  the  form  fh. 

If  we  write  ‘^(m)  for  yu,  the  number  of  integers  less  than  m 
and  prime  to  2A,  we  have 

h'nr4>(2A)_  1 ^ 

(m)  ' 2 AVA  'yjr  (7)l)  ^ ’ 

ultimately,  when  m is  infinite. 

Now  it  is  easily  seen  that 


Lt 


(m)  _ (j)  (2A) 
2A  ’ 


m—  00 


m 
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hence  ultimately, 



and  we  have  to  calculate  the  value  of  the  expression  on  the  right 
hand. 


202.  In  order  to  find  representations  of  7%^by  forms  of 
determinant  D,  we  have  first  to  solve  the  congruence 

11^  = D (mod  TYii) 

and  then  to  every  solution  will  correspond  a form  (m^,  n,  1)  which 
belongs  to  a class  every  form  of  which  will  represent  mi . 

Each  solution  of  the  congruence  gives  rise  to  a group  of 
primitive  representations  by  each  form  of  the  corresponding  class ; 
and  the  number  of  these  groups  is  equal  to  the  number  of  the 
solutions  of  the  congruence.  (Cf.  Arts.  59,  90.) 

But  by  Art.  35,  if  p,  q,r...  are  the  t different  prime  factors  of  mi, 
which  by  supposition  are  all  odd,  the  number  of  solutions  is  0 or  2* 
according  as  D is  not  or  is  a quadratic  residue  of  each  of  the  primes. 
In  every  case,  the  number  of  solutions  may  be  written  in  the  form 

{i+(i)b))  {i+(i)i2)}...  = n(i+(i)|^,)), 

where  the  product  extends  to  all  prime  factors  of  m^. 

Call  this  number  then,  making  use  of  Jacobi’s  extension 

of  Legendre’s  symbol,  we  have 

X{mi)  = l + {I)\p)  + {B\q)+... 

+ {D\pq)+... 

= S(i)|8'), 

where  the  summation  extends  to  all  divisors  of  nii  which  involve 
no  square  factor. 

If  € is  the  number  of  solutions  of  the  Pellian  equation 
— DU^  = 1,  each  form  by  which  can  be  represented  at  all 
gives  rise  to  e distinct  primitive  representations,  which  form  a 
group.  When  D is  negative  6 = 2,  except  when  2)  = — I,  in  which 
case  6 = 4. 

Suppose  now  that  V is  any  square  divisor  of  nii.  Then  the 
congruence 

= D (mod  t 

has  X solutions,  each  of  which  gives  6 primitive  representa- 
tions of  and  therefore  6 representations  of  mi  for  which 

dv  {x,  y)  = X. 
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Now  if  3"  is  any  divisor  of  mijX^  which  has  no  square  factor, 

= ^{D\h"\% 

since  = 

Every  divisor  of  can  be  expressed  in  the  form  where  3" 
involves  no  square  factor,  and  therefore,  on  the  whole,  the  number 
of  representations  of  m^,  both  primitive  and  derived,  is 

where  the  summation  extends  to  all  divisors  of  mi. 

But  this  is  also  what  was  previously  denoted  by 
Ox  {rtii)  + O2 {mi)  +...+ Oh  {mi), 

so  that  the  double  sum  which  occurs  in  equation  (A)  may  be 
written 

XS^^(mO  = 6S^(Z)!3) (B). 

5 


203.  Henceforward  we  shall  write  2 instead  of  e,  it  being 
understood  that  2 must  be  replaced  by  4 when  i)  = — 1. 

Every  number  which  is  less  than  m and  prime  to  2A  will  occur 
in  (B)  as  a divisor  3.  Let  n be  any  one  of  these ; then  the  symbol 
{I)\n)  will  occur  in  (B)  as  often  as  there  are  multiples  of  n which 
are  less  than  m and  prime  to  2A.  Let  \mjri\  be  the  integer  next 
less  than  mln\  then  the  number  of  times  {D\n)  will  occur  is 
i|r([m/w]),  or  more  simply  '\jr{mln),  if  we  agree  to  take  only  the 
integral  part  of  mjn. 

Hence  (B)  is  transformed  into 


l.l.ei,{mi)  = ^^^^r{m|n){D\n), 

and  (A)  becomes 


Lt 

V A OD  n Y {m) 


(D\ny 


(C), 


where  the  summation  extends  to  all  numbers  n which  are  less  than 
m and  prime  to  2A. 


It  is  to  be  observed  that  2'2yfr  {m/n){D\n)  is  rigorously  equal  to 
the  total  number  of  representations  of  the  numbers  mi,  m.2,...m^  by 
properly  primitive  forms  of  determinant  D ; so  that  the  expression 
on  the  right  hand  in  (C)  is  strictly  the  average  number  of  repre- 
sentations for  one  of  these  numbers. 
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So  long  as  m is  finite,  it  does  not  matter  in  what  order  the 
terms  of  the  sum  are  arranged ; and  even  when  m becomes  infinite 
the  series  must  have  a determinate  value  however  the  terms  are 
taken,  provided  that  none  of  them  are  omitted. 

We  shall  effect  the  summation  by  supposing  that  the  terms 
are  arranged  so  that  n increases  continually  as  we  go  from  left 
to  right. 


When  m becomes  indefinitely  large,  the  sum  becomes  an 
infinite  series,  which  may  be  divided  into  two  parts,  for  the 
first  of  which  n is  very  small  compared  with  m,  while  for  the 
second  it  is  not. 

So  long  as  n is  small  compared  with  m,  we  have  asymp- 
totically 

m(/)(2A)  . m<^(2A) 


and  hence 


■f  (W^)  ^ 1 ^ 

n' 


Thus  the  first  part  of  the  series  reduces  to 


2 - (D 1 n) 


(m  = 00  , 7i  = ac  ; It.  ?^/m  = 0). 


For  the  remaining  part  of  the  series  we  may  suppose 
Lf.  (m/n)  < M, 

where  M is  some  finite  quantity ; hence  for  the  residue 


(D|ji) 


It  follows  from  Art.  46  that  the  sum  of  every  4(/)(A)  con- 
secutive terms  of  S (D  | n),  in  the  order  written,  is  zero : hence 
the  limit  of  S (i)  [ n),  although  indeterminate,  is  not  infinite ; 
and  since  'yfr  (m)  increases  without  limit,  this  remaining  part 
of  the  series  ultimately  vanishes,  and  we  have  ultimately 


or 


TT 
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where,  for  convenience  of  calculation,  the  terms  are  to  be  written 
in  such  an  order  that  n increases  continually,  and  ^^{D\n) 
really  stands  for 

Lt.  sbDIm), 

where  n assumes  all  positive  integral  values  which  are  prime  to 
2A,  and  such  that  Lt  (?^/m)  = 0,  when  m is  increased  without  limit. 

If  D — — 1,  we  must  write 


- X - (—  1 1 

IT  n 

As  a verification,  we  know  that  in  this  case  = 1,  so  that  we 
should  have 


1 = 


IT 


1 1 1 
3+5“7+- 


the  truth  of  which  is  well  known. 


204.  We  will  now  suppose  that  D is  positive.  In  this  case 
the  equation  — Du^  = I has  an  infinite  number  of  solutions,  so 
that  every  root  of  the  congruence  n^  = D (mod  m)  leads  to  an 
infinite  number  of  representations  of  m by  one  and  the  same 
form  of  a particular  class.  It  is  possible,  however,  to  assign 
certain  conditions  of  inequality  by  means  of  which  one  of  these 
representations  may  be  isolated  from  the  rest. 

It  has  already  been  proved  (Art.  89)  that  if  = f,  y = 'n  gives 
a representation  of  m by  the  properly  primitive  form  (a,  6,  c),  then 
the  complete  set  of  representations  may  be  obtained  from 

y = tr]  + u{a^-V  brj), 

where  (t,  u)  is  any  integral  solution  of  — Bu^  = I. 

This  leads  to 

ax  + (b+  \/B)  y = (^  + u^/B)  [a^  + (6  + sJB)  rj] 

= + (T  + U\/By^  [a^  + (&  + V -£))  rj], 
ax  + (b-^fB)y  = ±(T-  U^By^  [a^  -1-  (6  - ^B)  r)], 
where  T,  U have  their  usual  meanings,  and  n is  any  real  integer. 

We  may  suppose  that  a is  positive,  because  the  class  to  which 
(a,  b,  c)  belongs  will  certainly  contain  some  forms  with  a positive 
first  coefficient,  and  it  is  enough  to  consider  representations  by 
any  one  form  of  the  class. 
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The  different  values  of  ax  + (b-\-  \/D)  y,  taken  without  regard 
to  sign,  form  a geometrical  progression,  extending  to  infinity  both 
ways,  of  which  the  common  ratio  is  T+  U\/D.  Writing  S for  this 
ratio,  it  will  be  possible,  in  one  way  only,  to  choose  the  sign  of  the 
ambiguity,  and  an  integral  value  of  n,  so  that 

\/ am  < ax  + (h  + \/ D)  y < 0 \/ am, 

and  in  this  way  a particular  solution  is  isolated  from  all  the  rest 
of  the  same  set. 

Observing  that  [ax  + (b  + ^D)  y]  [ax  -\-(h  — \/D)y]  — am,  we 
see  that  it  follows  from  the  above  inequalities  that 

V am  >ax-\-{h  - \JD)y  > \/ am ; 

and  by  combining  these  results  we  infer  successively 

2/ >0 

and  6 [ax  + (6  — \/D)  y]  — [ax  + (6  + \JD)  y]  > 0, 
or  {6  — 6~^)  {ax  + by)  — (^  -f-  6~'^)  y^JD  > 0, 

which  reduces  to 

JJ  {ax  + by')  — Ty  > 0. 

Conversely,  if  the  conditions 

2/  > 0,  JJ  {ax  + by)  —Ty>0, 
are  satisfied,  it  will  follow  that 

V am  <ax-\-{b+  \JD)  y < 6 \/ am  ; 
because  we  have  at  once 

U [ax  + (b  -f  \JD)  y]>  dy  >0, 

a^  + (h  + my>aco  + {h-^D)y> 

whence  ax -{■(b+  \/D)  y>\l  am) 

while  since 

6 [ax  + {b  — \/D)  y}  - 0-^  [ax  + (6  + V-D)  y]  > 0, 
we  have,  by  multiplying  by  6 [ax  + (6  + \/D)  y],  which  is  positive, 
0^am  — [ax  + (6  + iJD)  yY  > 0, 
and  therefore  ax + (})  + ^D)  y <6 

205.  Consider,  now,  the  hyperbolic  sector  enclosed  by 
ax^  + 2bxy  + = m, 

y = o, 

JJ  {ax  + by)  —Ty  — 0, 
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By  changing  to  polar  coordinates,  it  is  easily  found  that  the 
area  of  the  sector  is 


A = T- 

2 Jo  ct 


dO 


0 to  cos^  ^ + 26  cos  ^ sin  ^ + c sin^  6 
where  a is  the  least  positive  angle  for  which 
(a  cot  a + 6)  — T = 0. 
m 


Hence 


A = 


4Vi) 

m 

m 

%JJl) 


since 


' a cot  ^ + 6 + s/D'~\  “ 

acot6>  + 6-Vi)Jo 

, T^UsJD 
T-  U^B 

log  (T+  U^D), 

T^-BU^  = \. 


The  argument  now  proceeds  exactly  as  in  the  case  of  definite 
forms,  except  that  instead  of  a number  of  equal  ellipses  we  have 
a number  of  equal  hyperbolic  sectors.  Thus  equation  (A)  of 
Art.  201  is  replaced  by 


and  the  final  result  is 


h = 


log(T+  CTVD) 


where  h is  the  number  of  properly  primitive  classes  of  determinant 
Z),  and  the  summation  applies  fco  all  positive  integers  prime  to  2i). 


As  a verification,  suppose  D = 3 ; here  /i  = 2,  the  representative 
forms  being  (1,  0,  —3),  (—1,  0,  3).  We  have  Z=2,  £/’=!,  and 

the  series  X - (D\n)  is 


5 17  IQ"'"'" 

^ f 1 1 1 1 ] 

“otl2n  + l 12n  + 6 12k  + 7 12n  + 11]  ' 

It  ought,  therefore,  to  be  true  that 

'S  = ;;^log(2  + V3); 

and  this  may  be  verified  as  follows. 
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log 


Putting 
\—x  1—  px 
1—x’l+px, 


p,  we  have 


2 \x  -\-\x^ \ 
o 0 


= 2 (1  - p)  - I pW  + + ... 

Suppose  x — ip\  then 

i«*  (r^?  t?D i' - ^ ^ n - 1 

= 2ip(l  -p)S. 

Now 


{l+ip)0--ip^)  2 + (2p  + l)i_2-V3^  1 

(l-ip)(l  + iy)  2-(2p  + l)t  2 + V3  (2  + v'3)*; 

and  2ip  (1  — p)  = 2i  (2p  + 1)  = — 2V3 ; 

therefore  — 2iSi  V3  = log  (2  + V3)“®  = — 2 log  (2  + \/3), 

or  ^ :73 

which  is  right. 


206.  It  will  now  be  shown  that  the  series 

upon  which  the  determination  of  h has  been  made  to  depend, 
may  be  expressed  in  finite  terms.  It  will  be  supposed  that  D 
is  not  divisible  by  any  square,  since  by  Art.  151  the  class-number 
for  a determinant  may  be  deduced  from  that  for  the  deter- 
minant D.  We  shall  therefore  have  to  consider  the  cases  when 
D = ±P  or  + 2P,  P being  the  product  of  different  positive  odd 
primes;  it  will  further  be  necessary  to  distinguish  each  case 
according  as  P = 1 or  3 (mod  4).  Altogether,  then,  there  will 
be  eight  different  cases. 

I.  Suppose  P = — P = 1 (mod  4). 

By  the  generalized  law  of  reciprocity 

{D\n)  = {-P\n)=^{n\P\ 

H = t-(n\P). 

n ^ ' 


so  that 
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Since  | F)  = {n\  P)  if  n = n (mod  2P),  and  {n'  | P)  = — | P) 

if  n'  =—n  (mod  2P),  it  follows  that 


where  the  summation  applies  to  all  odd  numbers  v which  are  less 
than  P and  prime  to  it. 


Now  by  logarithmic  differentiation  of 


1 ^ 2a;  ^ 

X 1 m ’ 


cot  x = 2 

X 1 


we  find  that 


hence 


This,  as  it  stands,  is  a finite  expression : it  may,  however,  be 
transformed  in  such  a way  that  the  circular  functions  disappear, 
and  are  replaced  by  purely  arithmetical  functions. 

We  have  z/  = P — 2ya,  where  //,  is  an  integer  prime  to  P and 
less  than  ; moreover 


(HP)  = (-2^*|P)=-(2|P)(/.|P); 
therefore  H = — ^ (2  | P)  2 (/-t  | P)  tan  ^ 


where  r = and  the  sum  is  taken  for  /*=1,  2,3...4(P-1) 
with  the  convention  that  (ya  | P)  = 0 when  ya  is  not  prime  to  P. 

If  we  write  P — ya  for  ya,  the  expression  remains  unaltered, 
so  that 


[\  = 1,2,  3,...(P-1)]. 

Now  if  <0  is  any  root  of  the  equation  — 1 = 0, 

ft)  — 1 _ ft)  (1  — ft)^“^) 


ft)  + 1 1 + ft) 

= ft)  — ft)^  + — ...  — ft)^“^ 

p-i 


= 2 (- 1)“-1  ft)“ ; 


1 


p-  = g(2|P)2^(-l)«->(x|P)P“. 


hence 
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But  by  Art.  191 

2(\lP)r"“  = (alP)S(XlP)r" 

=.{a\P)i>/P; 

therefore  IT  = ^ (2 1 P)  ^ (- 1)«  (a  | P). 

This  may  be  further  simplified : for  if  a is  even,  we  may  put 

a = 2a', 

whence  (2  | P)  (- 1)“  (a  | P)  = (a'  | P)  ; 

while  if  a is  odd,  we  may  put 

a = P-2a', 

and  then  (2  | P)  (— 1)“  (a  | P)  = (a' | P) 

as  before.  The  values  of  a!  in  each  case  are 


1,  2,  3...l(P-l): 


so  that  finally 


TT  HP-i) 


The  number  of  classes  is  therefore 


or,  in  words ; 


, 2H^/P 

ii  = 

TT 


= S(«'|P): 


When  P = — P = 1 {mod  4),  where  P involves  no  square  factor, 
the  number  of  properly  primitive  classes  for  the  determinant  D is 
equal  to  the  excess  of  the  number  of  positive  integers  a',  less  than 
JP,  for  which  (a'  | P)  = + 1 over  the  number  of  those  for  which 
(a'  I P)  = — 1 ; it  being  understood  that  (a  | P)  = 0 when  a!  is  not 
prime  to  P. 

When  P is  a prime  of  the  form  4^n  + 3,  the  number  of  properly 
primitive  classes  is  simply  the  excess  of  the  number  of  quadratic 
residues  of  P contained  in  the  series 


1,  2,3...i(P-l) 


above  the  number  of  non-residues. 


For  instance,  if  P = 11,  the  residues  are  1,  3,  4,  5,  while  there 
is  only  one  non-residue,  namely  2 ; hence  = 4 — 1 = 3,  which  is 
right,  the  positive  properly  primitive  classes  being  represented  by 
(1,  0,  11),  (3,  ± 1,  4). 

M. 


16 
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11.  Let  D = — P = S (mod  4). 

In  this  case  (D  | n)  = (—  (n  | P),  so  that 


ir=s 


(«iP) 


2(  I)*'- ‘’(»'l-P)|^  + 2p_j,  2P  + V 4P-k'^4P  + s/ 
= ^ 2;  (-  (1/ 1 P)  cosec 


+ ... 


2P 


= 2^(2lP)2(-l)-(plP)sec^. 

Writing  fju  = 2fi',  or  fjb  = P — 2fM'  according  as  fju  is  even  or  odd, 
this  easily  reduces  to 

2p  ^ P ’ 

where  ya',  like  fi,  assumes  the  values  1,  2,  8.. (P  — 1). 

Omitting  the  accent,  and  introducing  r,  we  have 

p-  = ^2(p|P)sec?^ 

= ^2(XlP)sec?^ 


Now,  if  o)  is  any  complex  root  of  — 1 = 0, 
« _ 1 
1 + ft)  + ft)~^ 


p-i 


1 + ft)^  4 ft)“^  + a)«  + ft)-®  + . . . + ft)^“^  + 


-p+i . 


therefore 


TT 


iy  = ^ S (A  I P)  {1  + 4 

k,a" 


or  since 

2 (A  I P)  = 0,  2 (A  I P)  = 2 ( A I P)  = (a"  \ P)  ^fP, 


we  have 


where  the  values  of  a"  are  1,  2,  3...^  (P  — 1). 

Finally  h==2X(a"\P). 

For  example  let  P = 77.  Here  {a"  | P)  = 0 when  a"  = 7,  11,  14, 
(a"|P)  = l when  a"=l,  4,  6,  9,  10,  13,  15,  16,  17,  19,  while 
(ol"\P)  = — 1 for  the  remaining  six  values  of  a" ; hence 

/t=2(io-c)  = a 
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The  representative  forms  for  the  determinant  — 77  are  in  fact 

(1,  0,  77),  (7,  0,  11),  (2,  1,  39),  (9,  2,  9),  (3,  ± 1,  26),  (6,  ± 1,  13), 

eight  in  all. 

III.  Let  D = - 2P  = 2 (mod  8). 

Here  {D\n)  = (-  {n\P),  and 

n ^ ^ 

Observing  that,  if  n is  odd, 

(4P  ± ny  — n^  = 16P^  ± 8Pn 
= i 8 (mod  16), 

we  see  that  the  expression  H may  be  written  in  the  form 

H = %<-  I'liC'"-'!  li  4 — i 

''  iP-v  4>P+v  SP-v 


8P+V 


+ ... 


= ^2(-lp'-MH-P)cosec|^ 

[i'  = l,  3,  5...(2P-1)]. 

By  adding  the  first  term  to  the  last,  the  second  to  the  last  but 


one,  and  so  on,  this  becomes 


H = 


'W 


cos 


cos 


. (P-3) 
sin 


(P-l)7r 

(3  IP) 

(P_l)^  (P-3)7r 

2P 

(P  - 7)  TT 

4P 


cos 


(5|P) 


(P  - 5)  TT 
4P 


2P 


COS 


(P  - 5)  TT 


COS 


2P 


Sin 


+ (7|P) 


COS 


{P-^)-rr 

2P 


Now  if  — is  an  integer,  it  is  evident  that 
'P  + v 


also 


(^^P)  = HP): 

{P  — v)  IT  . (P  + v)  TT 
COS  —^p-  = Sill  4p  ^ 

{P-v)ir  (P  + z/)7r 

^0^— 2^^-cos--  2p  ^ 


16—2 
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hence  the  above  expression  may  be  written 

(P  + 1)  TT 


H 


-( 


P+l 

4 


sin 


cos 


+ 


The  term 


sin 


4P  . /P-3 
(P  + l)7r'^l  4 
2P 

(P  + 5)7r 


. (P-3)7r 
sin 


cos 


(P-3)7r 

2P 


4P 


cos 


(P  + 5)  TT 
2P 


y . 


sin 


TT 


27r 

COS-p 


has  a coefficient  +1  or  — 1 according  as 


P = 7 or  3 (mod  8) : hence  we  have,  by  rearranging  the  terms, 

. LLTT 

cos-^ 

[^  = 1,2,  3..4(P-1)]. 

If  we  change  //,  into  P — fi,  (—  becomes  (—  1)'*,  and  (ya|P) 
becomes  — (/i|P),  while  the  trigonometrical  factor  is  unaltered: 
hence 

. Xtt 
~P 

^ = ^(2|P)2(-1)-(x|P)— ^ 

COS  -p 

[X  = l,  2,3...(P-1)]. 

Writing  2fjb  for  the  even  values  of  X,  and  P — 2/j,  for  the  odd 
values,  this  becomes,  after  some  easy  reductions,  similar  to  those 
employed  in  the  previous  cases, 

. 2ii7r 

sin 

P'=-^2(m|P)  ^ 


2P 


COS 


4/A7r 


[^  = 1,  2.3...i(P-l)]. 

If  we  write  P — fi  for  fi,  this  expression  is  unaltered,  so  that 
finally 


. 2X7r 
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_ i7rV2 


2 (xlP) 


/yt\  ^ — A. 

^2\  I ^*“2A  ^ 


where  r — e^^ri/p  and  the  values  of  \ are  1,  2,  3...(P  — 1). 
Now  if  ft)  is  any  complex  root  of  the  equation  ft)^  — 1 = 0, 

— — ^ = _ (ft,  _ ft,-i  — to®  + to"®  4-  ft)^  --  ft)“^  “ - 

ft)2  + ft)~^ 

where  the  series  ends  with  + (o^~^  + ft)“"^+^.  Hence 

iy=_’:|^S(X|P)  {r-r-'-r=  + r-=+...) 


= ^{1-(6|P)  + (9|P)-(13|P)  + .., 


where  the  series  ends  with  ± (P—  2|P). 
The  value  of  h is  therefore 


/t  = 2{l-(5|P)  + (9|P)-(13|P)+...±(P-2|P)}, 
where  it  must  be  remembered  that  (m|P)  is  to  be  put  equal  to 
zero  when  m is  not  prime  to  P. 

For  example  let  P = — 94  = — 2 . 47.  We  find  from  Gauss’s 
table  of  quadratic  characters  that 

1,  9,  17,  25P47,  33,  41  W47, 

5,  13,  29,  45i\r47,  21,  37P47, 
hence  /i  = 2 (8  — 4)  = 8. 


Or  again,  if  P = — 30  = — 2 . 15,  we  have 

/i,=  2{l  -(5|15)  + (9|15)-(13115)} 

= 2{l-0  + 0 + l}  = 4. 

The  expression  for  the  class-number  may  be  reduced  to  the 
form 

/i  = 2S(alP), 

where  the  summation  applies  to  all  integers  a for  which 

JP  < a < |P. 

For  suppose  P = 7 (mod  8)  : then  (2|P)  = 1,  and  the  quadratic 
characters,  with  regard  to  P,  of 

1,  -5,  9.. .(P-6),  -(P-2) 


will  be  the  same  as  those  of 

i(P  + l),  i(3P-5),  4(P  + 9),...i(2P-6),  i(2P  + 2). 
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Similarly  when  P = 3 (mod  8),  the  characters  will  be  the  same 
as  those  of 

i(3P-l),  i(P  + 5),  i(3P-9)...H2P-6),  i(2P  + 2), 
and  in  each  case  it  is  easy  to  see  that  h may  be  expressed  as 
above  stated. 

For  instance,  if  P = 23, 

/i  = 2 {1  - (5 1 23)  + (9 1 23)  - ( 13 1 23)  + (17 1 23)  - (21 1 23)) 

= 2 {(3 1 23)  + (8 1 23)  + (4 1 23)  + (7 1 23)  + (5 1 23)  + (6 1 23)} 

= 2S(a|P); 
and  if  P = 11, 

/t  = 2{l-(5|ll)  + (9lll)) 

= 2{(4|ll)  + (2|ll)  + (3|ll)i 
= 2S  (a|P) 

as  before. 


IV.  Let  P = - 2P  = 6 (mod  8). 

Proceeding  as  in  last  case,  we  find  that 


H 


{n\P) 


n 


= ^ S (-  l)K'''-ii+i(--i>  {v\P)  cosec  ^ 

[v  = \,  3,  5...(2P-1)] 


^^  (2|P)  2 (-!)<* (^..IP) 


COS 


fji/ir 


cos 


2/47r 


[/.  = !,  2,  3...i(P-l)] 


7ry^  ^ 

4P 


cos 


2X7r 


(X|P) 


cos 


4X7r 


[X  = l,  2,  3...(P-1)] 

- 2 A I P'l 

~ 4P  -I-  ‘ 

Now  if  on  is  any  complex  root  of  — 1 = 0, 

ft)  + fti~^ 

■"v; = ft)  + ft)  ^ — ft)’"^  — ft)”'^  + ft)^  + ft)~*^  — . . . + + ft)”-^"*""*)  4-  1. 

ft)-^  + wT^  “ ^ ' 
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7'^  _|_  — A 

Expanding  - ^ ^ by  this  formula,  and  remembering  that 
2 (X I P)  = 0,  we  obtain 


H = 


\/2P 


{1-(5|P)  + (9|P)-...±(P-4|P)}, 


and  therefore  /t  = 2 {1  — (5|P)  + (9|P)  —-~rr.}.  — 

This  is  the  same  formula  as  in  last  case  ; the  only  difference  is 
that  the  number  of  terms  is  J (P  — 1)  instead  of  | (P  + 1). 

By  reasoning  exactly  similar  to  that  employed  for  case  III., 
the  expression  for  h may  be  reduced  to  the  form 

/.  = 2{2(a|P)-2(^|P)}, 

where  the  summations  apply  to  all  values  of  a and  /S  such  that 
0 < a < AP,  I P < ^ < ^P. 

It  may  be  convenient  to  exhibit  the  results  for  a negative 
determinant  in  the  following  tabular  form : 

1.  P = — P=  I (mod  4),  ^:=2(a|P), 

0 

II  P = -P  = 3(mod4),  h = 2X(a\P), 

0 

III  P = — 2P  = 2 (mod  8),  ^ = 22(a|P), 


IV.  P = -'  2P  = 6 (mod  8), 


/t  = 2{2(a|P)-2(a|P)}. 

0 3 


Here  the  symbol  2 (a  | P)  is  used  to  express  that  the  sum  is  to 


be  taken  for  all  integral  values  of  a such  that 
(Cf  Dirichlet,  Zahlentheorie,  p.  275.) 


pP  qP 


<a< 


207.  The  remaining  four  cases  relate  to.  a positive  deter- 
minant. 

V.  Let  P = P = 1 (mod  4). 

Here  i7  = S(H|»)  i = 2 HP)  h 

Multiply  both  sides  by 

^P  = X(\\P)P 

[r  = e2.*/p.  2,  :3...(P-1)], 
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then,  observing  that  S (A|P)  = (/?  |P)  S (A|P)  P,  we  have 

1 


^ ^ + . . . I . 


^VP  = 2(X|P)|r-*+i 

Now  if  07  = pe^\  when  p is  positive  and  less  than  1, 

1,1..  In  1+^ 

= 1 [ l + 2pcosg  + p^  + itan-i 

4“^l-2pcos6>  + p^^  * l-p“  ’ 

and  the  limit  of  the  real  part  of  this  when  p = 1 is 
1,  l+costi  1,  1, 

= 2 = 2*°«  °°*2|- 

Since  H\/P  is  real,  it  is  unnecessary  to  consider  the  limiting 
value  of  the  imaginary  part,  and  we  have 


H 


2VP 


2 (X|P)  log 


cot 


Xtt 


Consequently 

h\og(T+  U^D)  = msJP  = S (A I P)  log 


log 


cot 


Xtt 


n 

^ air 
cot 

J_j 

n 

&1T 

cot^ 

where  the  product  applies  to  all  values  of  a between  0 and  P for 
which  (a|P)  = 1,  and  to  all  values  of  /3  between  0 and  P for  which 
(^iP)=-i. 

If  we  write  a = P — a',  and  /3  = P — /3',  when  a or  ^ exceeds 
•jP,  the  formula  is  reduced  to 


h log  (P+  U^jy)  = 2 log 


TT  4- 

11  cot 


n cot 


hir  ’ 


with  the  conditions 

0<a<iP,  (a\P)=l;  0 < 6 < JP,  (6lP)  = -l. 
For  instance,  if  P = 5,  then  a = 1,  6 = 2,  and 


cot 


TT 


27r 

cot 

o 


and  therefore 


2 + V5,  P+ PV5  = 9 + 4Vo, 


h = l. 


VI. 

Here 
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D = P = S (mod  4). 
H=l(- 
*V-P  = 2(\|P)P, 

iH^/P  = S (X I P)  |p  - i P*  + i P*  - . . 
and  II\/P  is  equal  to  the  real  part  of 

-5;(X|P)|ir  + + ...| , 


x = ^r 


where 

As  before,  this  is 

-2(x]P)log 


2\7r\  , 

_ .VA  — / * 


cot  1 V 


(-  _L  ' 

U pyl’ 


and  therefore,  with  the  same  notation  as  before. 


n 


h\og{T+  U\/D)  = \og' 


tang  + ^) 


n 


This  may  be  written  in  a somewhat  simpler  form  if  we  observe 
that  the  series  of  numbers  P + 4a  are  congruent  (mod  4P)  to  all 
the  integers  m between  0 and  4P  which  satisfy  the  conditions 
m = 3(mod4),  (m|P)  = l;  while  the  integers  —P  + 4/3  are  con- 
gruent (mod  4P)  to  all  the  integers  n between  0 and  4P  which 
satisfy  the  conditions  w = 1 (mod  4),  (ii,  P)  = — 1.  Hence  if  h 
stands  for  any  one  of  the  odd  integers  between  0 and  4P  for 
which  (P|6)  = — 1,  this  will  comprise  all  the  numbers  m and  n, 
so  that 


H 

tan  1 

(it  a7r\ 
(4+ p; 

H 

tan  1 

(TT  BTr\ 

U p) 

= n 


H 


tan 


(4a  + P)  TT 


4P 


. H tan 


(4ye-P)7r 


4P 


tan 


hir 


Hence 


4P 

A log  (P+Pv'P)=logn 


tan 


hir 

4P 


Thus  when  P = 3,  the  values  of  h are  5 and  7 ; whence 
hir  , Stt  , Ttt 
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VII.  D = 2P=2  (mod  8). 

In  this  case  H=%{—  1)* (?^| P) i . 

V'P  = S(A|P)P, 

and  therefore 

H\/P  = S (X|  P)  |p  ~ I ~ ^ ^ + . . . 

Now  it  is  easily  proved  that  if 


and  \x\  < 1, 


1 3 


6>  = 


2_±i 

V2 


^^74^ 


5 ^7  •••“2V2  ^(l-fe)(l-6>-iiE)' 


Putting  x — P,  and  attending  only  to  the  real  part  of  the 
logarithm,  we  find  that 


H=: 


1 

2V^ 


2(x|P)l0g 


cot 


} 


and  consequently 


n 


^log(P+PVi))  = log- 


, , OLTT  TT 

cot  ( -p  + g 


cot 


/air 

\P"~ 


n 


cot 


f/^TT  TT 

Ip  8 


\ (^ir  IT 


, hiT 
tan^ 


This  may  be  reduced  to  the  form 

/tlog(P+PVi>)  = logn 

with  the  conditions 

0<6<8P,  (2P|6)  = -1. 

Thus  if  P = 5,  the  values  of  b are  7,  II,  17,  19,  21,  23,  29,  33 ; 
and  hence 


h\og{T  + U\/D)  = log  l^tan^  ^ tan^  tan^  tan^ 


2l7r\ 


= log  (19  + 6\/10)^ 
and  therefore  h = 2. 

It  may  be  observed  that  4iP  — b is  congruent  (mod  8P)  to 
a number  a such  that 

0<a<8P,  (2P|u)=l, 
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hence 


hir  . aiT  1 
cos  ^ 


n sin 


h log  (T  + U\ID)  = log 


hiT 

8P 


. aiT 

n sm^ 


[0<a<8P,  (2P|a)  = l;  0<6<8P,  (2P|6)  = -1]. 

The  formula  is  not  applicable  when  P = 2 : it  is  easily  found 
that  in  this  case  h = \. 

VIII.  P = 2P=  6 (mod8). 

The  work  is  so  much  like  that  of  the  last  case  that  it  is 
needless  to  give  it  in  detail.  The  result  is  that,  with  the  same 
notation  as  in  the  last  case, 

/ttTT 


n 


A log  (P  + P VP)  = log 


cot 


f aiT  7r\ 

\T~^I 


tan 


\p 


n 

= iogn 


cot  ('y 

^ hiT 
tan^ 


/^TT  TT 
8 


^ tan  ^ 


^TT  TT 
^8 


log 


TT  • 

n sm^ 

^ . air 

nsin^ 


For  example  when  P = 6,  the  values  of  b are  7,  11,  13,  17,  so 


that 


and  hence 


n tan  = tan^  ^ tan"^  = (6  + 2^6)" 

A = 2. 


Many  other  forms  may  be  given  to  the  expression  for  A ; those 
which  have  been  found  above  appear  to  be  the  simplest.  It  will 
be  convenient  to  collect  them  in  the  following  tabular  form. 

P = 1 (mod  4), 


A log  (P+  PVP)  = log 


n 

, bir 
tan^ 

n 

tan  ^ 

[0  < a < P,  (ulP)  = 1 ; 


0<b<B,  (61P)  = -1]. 
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i)  ^ 1 (mod  4), 
h log  (7^4-  U\/D)  = log  IT 


, hir 

tan 

4Z) 


n sin 


= log 


hir 

45 


n sin 


aiT 

45 


where  a,  b denote  odd  integers  such  that 

0<a<45  (n\a)  = l;  0<6<4A  (^Ib) 


-1. 


208.  The  method  of  last  article  may  also  be  applied  when  D 
is  negative.  The  work  is  much  the  same,  except  that  in  the 
logarithms  which  occur,  it  is  the  imaginary  parts  which  have 
to  be  retained,  and  since  these  are  many- valued,  some  care  is 
necessary  to  ensure  the  correct  values  being  taken. 

For  a discussion  of  this  point,  and  for  a somewhat  different 
way  of  effecting  the  summation,  the  reader  is  referred  to  Dirichlet 
(Recherches,  etc.  § 10,  or  Zahlentheorie,  §§  102 — 6)  and  Smith 
{Report,  Art.  104).  It  may  be  added  that  the  value  of  h,  ob- 
tained in  this  way,  presents  itself  in  a form  different  to  that 
given  above;  but  there  is  no  difficulty  in  showing  that  the 
results  of  the  two  methods  are  in  agreement. 


209.  There  are  many  reasons  in  favour  of  adopting  as  the 
typical  expression  for  a primitive  quadratic  form 

-I-  bxy  -f  cy'^ 

with  a determinant  D = b^  — 4ac, 

where  a,  b,  c are  integers  without  any  common  divisor  except 
unity. 

It  is  clear  that 

D = 0 or  1 (mod  4), 

and  that,  conversely,  if  D satisfies  one  of  these  conditions,  there 
will  be  primitive  forms  of  determinant  D. 

We  may  put  D = 

where  5o  = 0 or  1 (mod  4),  and  A involves  no  square  factor, 
except  when  A = 0 (mod  4),  and  J A of  form  4A;  + 2 or 
4fk  -1-  3,  in  which  case  the  square  fixctor  4,  but  no  other,  is 
retained  in  A-  Thus  A satisfies  one  or  other  of  the  conditions 
A=  A l(mod4), 

A = 4P,  P = - 1 (mod  4), 

P„  = 8P,  P = ± 1 (mod  4), 
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where  P involves  no  square  factor.  Numbers  such  as  Dq  may  be 
called  (after  Kronecker)  fundamental  discriminants.  This  being 
so,  the  number  of  classes  of  primitive  forms  for  a fundamental 
discriminant  Dq  may  be  expressed  by  the  following  formulae. 

I.  Po<0, 
h=^t(D,\h)h  [*  = 1,2,  3,. . .(-A - 1)1 

where  r = 3 for  Po  = — 3,  t = 2 for  Po  = — 4,  t = 1 for  Po  < — 4. 

II.  Po  > 0, 

h log  E (Po)  = - S (Po  I h)  log  (1  - 
[^=1,  2,  8...(Po-l)], 

where  E{D^  denotes -|■(P+  T,  U being  the  least  positive 

integers  such  that  — — 4. 

It  is  to  be  remembered  that  {D(\k)  is  to  be  put  equal  to  zero 
when  k is  not  prime  to  Pq. 

As  in  Arts.  150,  151,  it  may  be  proved  that  if 

where  Po  is  a fundamental  discriminant,  the  number  of  primitive 
classes  for  the  determinant  P'  is 

where  h is  the  number  of  primitive  classes  for  the  determinant  Po, 
and  the  product  applies  to  all  prime  factors  of  Q which  do  not 
divide  Po. 

These  results  are  taken  from  Kronecker’s  researches  on  elliptic 
functions  {Zur  Theorie  der  elliptischen  Functionen,  Berlin  Sitz- 
ungsberichte  for  April,  1885,  p.  768).  It  is  easy  enough  to 
prove  that  they  are  in  agreement  with  the  ordinary  theory ; 
the  simplification  which  is  gained  is  obvious.  It  may  be  specially 
noticed  that  in  the  modified  theory  improperly  primitive  forms  do 
not  occur. 

The  discussion  of  Kronecker’s  very  important  memoirs  must 
be,  for  the  present,  postponed;  and  in  the  rest  of  this  chapter 
only  quadratic  forms  of  the  ordinary  type  will  be  considered. 

210.  It  is  unnecessary  to  enlarge  upon  the  very  remarkable 
character  of  the  foregoing  investigation,  whether  it  be  regarded 
as  the  direct  determination  of  the  class-number,  or  as  the  ex- 
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pression,  in  terms  of  the  class-number,  of  the  sums  of  certain 
infinite  series.  There  are,  however,  two  points  which  deserve  to 
be  emphasized.  The  first  of  these  relates  to  the  distribution  of 
the  residues  and  non-residues  of  a given  number.  For  simplicity 
take  the  case  of  a prime  negative  determinant  D = —p,  where  p 
is  a prime  of  the  form  4n  -t-  3.  The  formula  (p.  247) 

h^i{a\p), 

0 

combined  with  the  remark  that  h is  necessarily  a positive  integer, 
leads  to  the  conclusion  that  in  the  series 

1,  2,  3...i(p-l), 

there  are  more  quadratic  residues  of  p than  non-residues.  It 
does  not  appear  that  any  independent  proof  of  this  proposition 
has  ever  been  discovered.  If  any  such  proof  could  be  found,  it  is 
not  impossible  that  it  might  lead  to  a determination  of  h without 
. the  use  of  infinite  series.  Similar  remarks  apply  to  the  other 
formulae  for  negative  determinants. 


The  other  point  to  be  noticed  is  that  when  D is  positive  we 
are  able  to  construct  a solution  of  the  Pellian  equation  by  means 
of  trigonometrical  formulae ; the  solution  thus  obtained  being  not 
the  fundamental  solution,  but  one  of  which  the  place  in  the  series 
of  solutions  depends  upon  the  value  of  h.  Dirichlet  has  verified 
a posteriori  that  the  trigonometrical  expressions  which  occur  in 
the  determination  of  h do  in  fact  lead  to  integral  solutions  of  the 
Pellian  equation.  For  the  complete  discussion  the  ^ reader  is 
referred  to  his  memoir  {8ur  la  maniere  de  resoudre  Veqiiation 
t^  —pn?  = 1 au  moyen  des  fonctions  circulaires,  Crelle,  xvii.  (1837), 
p.  286);  it  will  be  sufficient  to  consider  here,  by  way  of  illustration, 
the  case  when  D=  p,  a,  prime  of  the  form  -f  1,  so  that 


h log  (T  -I-  U^p)  = log 


n 

hiT 

tan  — 

V 

II 

^ arr 
tan  — 

V 

With  the  notation  of  Chap,  vii.,  we  have 


X —1  ^ 

Y 4-  Zf^/p  = 20  {x  — r^),  Y — Zsjp  — 211  {x  — r^), 

n'  z=. 


where 
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Let  f,  g be  the  numerical  values  of  F,  Z when  x—\:  then 
f^-pg'‘  = 4ip. 

Hence  / is  a multiple  of  p,  and  if  we  put 
f=P9'’ 

then  f'y  g'  will  be  integers,  and 

P-vg'^=-^-  ~~ 

Similarly,  if  g"  are  the  values  of  F and  Z when  x = —l, 
Hence 

f-g'^p  r^f^P ^ n(i-r^) n (i  + r») . 

/ + g'^p  ■/"  - g">Jp  n (1  - r“)  n (1  + r*')  ’ 

hiT 


H tan 


that  is, 


H tan 


^ = Y^{.f-g'^pyU"^g"^py 


p 


f'f'-pgY  JY-fg' 


+ 


^pj. 


V 4 ■ 4 

Now  if  p = 1 (mod  8)  it  is  easily  seen  that  f,  g',  f',  g"  are  all 
even  ; for  if  we  suppose  g'  to  be  odd,  g'^  = 1 (mod  8),  and 

P — Pg'^  — 4 = 5 (mod  8) 

which  is  impossible ; and  similarly  for  f",  g".  Hence  f'f"  — pg'g" 
and  f'g"  — f'g'  are  both  multiples  of  4,  and 


H tan  — 


H tan 


air 

~P 


where  (^',  u)  is  an  integral  solution  of  P — pu'^  = — 1. 
Consequently  {t'  + u'^^pY  = t-\-  usjp, 

where  {t,  u)  is  an  integral  solution  of  P — pu^=  1. 

Next  suppose  p = 5 (mod  8).  Then  from  the  equations 
Vp  (/ + g'^/p) = 2n  (1  - r“>), 

(/"  + p'Vp)  = 2n(i+n 

it  follows  that 

Vp  (/'  + 5-Vp)  (/"  + p'Vp)  = 40  (1  - r^“) 

= pTl{l-'P>), 
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since  (2 1 p)  = — 1 ; therefore 

•JP  (/'  + S'ViJ)  (/'  + 9''‘Jp)  = 2 Vp  (/'  - /Vp), 

and  hence  - 2 (/"  + p'Vp)  = (/'  - S' Vp)“, 

{f-9''Jpnr+9"^lpy  ^ _ ^/"+sVpy 
16  12/'- 


It  may  easily  be  shown  that  whether  f",  g"  are  both  even  or 
both  odd, 

+S  Vp^  =i  + MVp, 

where  (^,  ?i)  is  an  integral  solution  of  t^  — pu^  = 1.  This  is  obvious 
when  f",  g"  are  both  even : if  they  are  both  odd,  it  follows  from 
the  fact  that,  to  modulus  8, 


r ir + w'o =/'  (1 + 3 . 5 . 1) = 0, 

and  similarly 

S"  (PS"*+ 3/'0  = s"  (5 . 1 + 3 . 1)  H 0. 

It  is  evident  that  f \ g"  cannot  be  one  even  and  the  other  odd ; 
hence  in  every  case  when  p = l (mod  4) 


n tan  — 



n tan 


air 

V 


t + u\/p, 


where  {t,  u)  is  an  integral  solution  of  — pu^  =■■  1. 

It  may  be  observed  that  when  p=l  (mod  8),  f"  = 2 and 
g”  = 0 ; consequently  F—  2 and  Z involve  the  factor  /rq- 1.  For 
instance,  when  p = l7, 

Y —2  = x{x  + V)  {2c(^  — 3^^  ■\-^x+  ] ) 

=zx{x-\-l)  (of  -\-2x-\-l)  i2x^  — x^-\-  2x  + 1), 

Z=x{x  + 1) {x^^  + 1) {x^  q- 1). 

It  may  also  be  noticed  that  it  follows  from  the  foregoing 
analysis  that  when  p=h  (mod  8),  and  the  equation  — pu^  = 4 
does  not  admit  of  odd  solutions,  the  class-number  is  divisible  by  3. 
This  agrees  with  the  results  of  Art.  153. 


CHAPTER  IX. 


Applications  of  the  Theory  of  Quadratic  Forms. 

211.  In  order  to  acquire  complete  familiarity  with  the  theory 
of  quadratic  forms,  it  is  indispensable  to  work  out  a considerable 
number  of  special  cases.  The  student  should  have  no  difficulty  in 
doing  this,  with  the  help  of  the  examples  which  have  been  already 
given ; and  he  cannot  do  better  than  draw  up  a complete  classifi- 
cation for  a series  of  positive  and  negative  determinants,  afterwards 
comparing  his  results  with  the  tables  of  Gauss  or  Cayley.  It  is 
not  easy  to  construct  a large  variety  of  exercises  distinct  from  these 
direct  applications:  in  fact,  in  the  present  state  of  the  theory, 
every  problem  of  a distinctly  new  type  is  apt  to  present  unex- 
pected difficulties,  and  its  solution  often  requires  the  invention  of 
new  methods,  and  even  of  new  principles.  There  are,  however,  a 
few  problems  of  great  interest  to  which  the  theory  of  quadratic 
forms  has  been  successfully  applied,  and  some  of  these  will  now  be 
considered. 


212.  The  first  is  the  discovery  of  all  the  integral  solutions,  if 
any  exist,  of  the  general  indeterminate  equation 

<j)  = ao)^  + ^hxy  -I-  hif  + 2gx  -h  2fy  + c = 0. 

Following  the  notation  usually  employed  in  analytical  geometry, 
we  shall  write 


A = 

A=hc— 


a h g 

h b f , 

9 f c 

B = ca  — g‘^,  C = ah  — h-, 


F = gh-af,  G^hf-hg,  H=fg-ch. 


M. 


17 
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Suppose,  first,  that  neither  h nor  G is  zero,  and  that  G is  not  a 
negative  square.  Then  the  proposed  equation  may  be  multiplied 
by  hG,  and  the  result  written  in  the  form 

{Gx—  Gy  + C (hx  + by  +/  y = — bA. 


(1), 


If  we  put 

Gx-G=X 
hx  + by  +/=  Y 

then  whenever  (x,  y)  is  an  integral  solution  of  (/>  = 0,  {X,  Y)  is  an 
integral  solution  of 

X^-\-GY^  = -bA (2), 

and  conversely,  if  (X,  F)  is  an  integral  solution  of  this  equation, 

X + G 

(3), 


X = 


G 


y 


GY-hX  + bF 
bG 


gives  a solution  of  (/>  = 0,  provided  these  values  of  x and  y are 
integral. 

If  G and  bA  are  both  positive,  there  are  no  real  solutions  of  (2), 
and  the  proposed  equation  is  insoluble.  If  G is  positive  and  bA 
negative,  there  will  be  only  a limited  number  of  integral  solutions 
of  (2),  if,  indeed,  there  are  any  : so  that  it  may  be  discovered  by  a 
finite  number  of  trials  whether  there  are  any  integral  values  of  x 
and  y. 

If,  on  the  other  hand,  G is  negative,  and  (Xo,  Fo)  is  any  integral 
solution  of  (2),  there  will  be  associated  with  this  an  infinite  number 
of  solutions,  expressed  by  the  formulae 

±X  = tX,-riGY,^ 

+ Y = tY,-vuX,'  \ ^ 

where  (t,  u)  is  any  integral  solution  of  + Gu^=  1,  with  t positive, 
and  the  ambiguities  are  independent. 

If  the  upper  sign  is  taken  in  each  ambiguity,  the  corresponding 
values  of  x,  y are 

tX,-uGY,-\-G 

= G ’ 


t 0 — bX^  + uG Q-\-  li  Fo)  + bF 
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With  respect  to  the  modulus  hC,  the  residues  of  the  values 
{Tn,  which  satisfy  the  equation  = 1 form  a recurring 

series  (see  Art.  87);  the  same  will  therefore  he  true  of  the  residues 
of  the  numerators  of  the  expressions  for  x and  y.  Consequently,  a 
limited  number  of  trials  will  determine  whether  any  of  the  values 
of  X and  y are  integral.  The  process  of  trial  has  to  be  applied 
separately  to  each  case  arising  from  (4)  by  variation  of  sign  in 
the  ambiguities. 

By  way  of  illustration,  take  Gauss’s  example 
x^  + 8xy  + y^  -h  2x  — 4<y  + 1 = 0. 

Here  A = — 36,  C=  — 15;  and  it  is  easily  seen  that  all  the 
integral  solutions  of 

Z2-15F2  = 36 

are  given  by  ± X=6t,  ±Y  = 6u, 

where  (t,  u)  is  any  positive  solution  of  — 15?/^  = 1. 

We  have  = 4,  f/i  = 1,  and  the  series  of  residues  of  (7k,  Ck)  to 
modulus  15  is  (4,  1),  (1,  0). 

The  general  values  of  y are  by  (3) 

(i)  x = \ (2t  + 3),  2/  = - 1 (4^  ± mi  + 1) ; 

(ii)  x = -^(2t-S),  y = ^(4t±lou-l); 

and  these  are  integral  if  we  suppose  that  t is  chosen  in  (i)  so  that 
^=1  (mod  15),  and  in  (ii)  so  that  ^=4  (mod  15).  For  instance 
t = l,  u = 0 gives  x=\,  y = — 2]  and  ^ = 4,  u = l leads  to  ^ = — 1, 
y — Oov  12. 

If  h happens  to  be  zero,  the  equation  (^  = 0 may  be  multiplied 
by  aC,  and  the  work  proceeds  as  in  the  former  case. 

If  a,  h are  both  zero,  and  h is  not  zero,  the  equation  may  be 
written 

oh 

(hx  +/)  (%  + g)  =fg  - 2 ; 

hence  ch  must  be  even,  and  if  this  condition  is  satisfied,  then 
putting  fg  — ^ch  = m,  we  break  up  m into  the  product  of  two 
factors  a,  ^ in  all  possible  ways,  and  find  by  trial  all  the  integral 
solutions  (if  any)  of 

kx+/=a,  hy  + g = ^ 
hx  +/  =13,  hy  + g = a. 
ap  = m. 


and 

where 


17—2 
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Returning  to  the  general  case,  suppose  G=  — m\  a negative 
square  : then  supposing  b is  not  zero,  the  equation  in  X,  Y is 
(Z  + mF)(X-mF)  = ~6A; 
and  this  is  solved  by  putting 

X + mF=a,  X — mY=l3, 

where  a^  = — hA,  and  examining  all  the  different  cases  to  see 
whether  integral  values  of  X and  F can  be  found.  If  this  is 
the  case,  the  corresponding  values  of  x and  y have  to  be  examined. 
A particular  case  of  G being  a negative  square  is  when  a or  6 is 
zero,  or  again  when  a and  h both  vanish : these  cases  have  been 
already  considered. 

Suppose,  now,  that  (7=0;  then 

ax^  + 2hxy  ■\-hy^  = m {ax  + ^yY 
where  m,  a,  ^ are  integers ; and  if  we  put 


ax = z, 

we  have  mz’^  + ^gx  + %fy  + c = 0 ; 

and  hence  m^z^  + 2g^x  -\-2f{z—  ax)  + c/8  = 0 

_ mpz^  4-  2fz  + c/S 

The  solutions,  if  any  exist,  of  the  congruence 


or 


m^z^  + 2/^  + c/3  = 0 [mod  2 {foL—g^)^ 
will  make  x integral ; and  then  these  solutions  must  be  examined 
separately  to  see  whether  the  corresponding  values  of  y are  in- 
tegral. 

Here,  again,  there  are  various  special  cases  which  may  occur  : 
it  is  not  worth  while  to  discuss  them  in  detail,  but  the  following 
example  may  serve  to  illustrate  the  general  method. 

Let  the  equation  be 

^x^  -j-  12xy  -1- 12^/^  4-  — 2j/  — 85  = 0. 


Putting  x-\-2y  = z,  we  find  that 


3^^  4-  5ir  — — 85  = 0 ; 

hence  we  must  have  3^^  — ^ = 0 (mod  5), 
leading  to  z — bt  or  bt  4-  2. 

First,  suppose  z = bt;  then 

os  = — Ibf-]-  t + VJ 


2y  = 15^2  + 4^  - 17  = ^ _ 1 2), 
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therefore  t must  be  odd  : let  ^ = 2?t  — 1,  then 
x = — + 62^t  + 1 

y = 2t0u‘^  — 26^^  — 3, 

where  u may  be  any  integer. 

If  ^ = 5^  + 2,  then 

a;  = -15^2-ll!5+15 
xy=  15^2  + 16^  — 13 

and  here  again  t must  be  odd;  so  that  putting  ^ = 2w  — 1,  we 
obtain  the  second  set  of  solutions 

^ = — 60^2  + 38^  + 11 

y = 30t(^2  _ 14^^  _ 7 . 

If,  in  the  general  case,  A = 0,  the  equation  (^  = 0 assumes  the 
form 

{cLx  + /3y  + 7)  {ol'cc  + /3'y  + 7')  = 0, 

and  its  solutions  are  found  by  solving  separately  the  linear  in- 
determinate equations 

+ /Sy  + 7 = 0,  oi!x  + ^'y  + 7'  = 0. 

It  is  hardly  necessary  to  add  that  if  a,  h,  h all  vanish  the 
equation  </>  = 0 is  not  of  the  second  degree. 

213.  Another  problem  to  which  the  theory  of  quadratic  forms 
may  be  applied  is  that  of  finding  out  whether  a given  number  is 
prime  or  composite.  Theoretically  the  question  may  be  answered 
by  trying  whether  the  number  is  divisible  by  any  integer  less  than 
its  square  root ; but  when  the  given  number  is  very  large  this 
method  becomes  impracticable. 

The  principle  of  the  method  which  we  are  about  to  explain 
consists  in  discovering  by  trial  a quadratic  form  by  means  of  which 
the  given  number  m,  or  any  multiple  of  m,  may  be  represented ; the 
determinant  of  this  form  is  a quadratic  residue  of  m (Art.  59),  and 
therefore  of  every  prime  factor  of  m.  All  possible  factors  of  m 
must  therefore  belong  to  a certain  set  of  linear  forms  (Art.  46),  and 
it  is  therefore  unnecessary  to  try  any  divisors  not  contained  in  the 
set.  If  another  quadratic  form,  with  a different  determinant,  can 
be  found,  by  which  m,  or  a multiple  thereof,  can  be  represented, 
the  number  of  trial  divisors  may  be  still  further  reduced ; and  by 
proceeding  in  this  way  we  may  at  last  reduce  the  trial  divisors  to 
a sufficiently  small  set. 
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Before  going  into  the  general  theory,  it  is  advisable  to  give  an 
example.  Let  = 173279;  then  it  will  be  found  that 
' 2m  = 589^-3.  IP. 

Hence  3 is  a quadratic  residue  of  m,  and  thefifore  every  prime 
divisor  of  m must  be  of  the  form  12n  + 1 or  12n  + 11.  Moreover 
\Jm<  417,  and  the  only  numbers  below  this  limit,  comprised  in  the 
above  linear  forms,  and  exclusive  of  those  which  are  obviously 
composite,  are 

13,  23,  37,  47,  59,  61,  71,  73,  83,  97 
107,  109,  131,  133,  157,  167,  179,  181,  191,  193 
227,  229,  239,  241,  251,  263,  277,  311,  313,  323 
337,  349,  359,  373,  383,  397. 

If  these  divisors  are  tried  successively  it  will  be  found  that  241 
is  a factor  of  m ; in  fact 

173279  = 241.719. 

Since  there  are  78  odd  primes  less  than  417,  the  number  of 
trial  divisors  is,  by  this  method,  reduced  by  more  than  one-half 

It  happens,  in  this  case,  that  the  resolution  may  be  effected 
much  more  easily  by  observing  that 

3m  = 72P  - 4 = 723 .719  = 3. 241 . 719, 

whence  m = 241 . 719  as  before.  It  will  often  be  found  that  the 
methodical  application  of  the  process  leads  to  the  required  resolu- 
tion into  factors  in  some  such  simple  way  as  this  : the  advantage 
of  the  general  theory  is  that  each  trial  gives  some  information  as 
to  the  character  of  the  factors,  and  thus  reduces  the  number  of 
trial  divisors. 

In  general,  if  we  can  express  any  multiple  of  m in  the  form 
km  — ax^  -P 

where  it  may  be  supposed  that  a and  h are  free  from  square  factors, 
and  X,  y are  integers,  one  or  both  of  which  may  be  unity,  it  follows 
that 

— abx'^  = ¥y'^  (mod  m), 

and  hence  that  — is  a quadratic  residue  of  every  prime  factor 
of  m.  By  means  of  decompositions  of  this  kind,  taken  separately 
or  in  combination,  it  is  usually  not  difficult  to  find  a number  of 
small  quadratic  residues  of  m;  each  of  these  imposes  certain 
conditions  upon  the  linear  forms  of  the  divisors  of  m,  and  the 
number  of  trial  divisors  is  correspondingly  reduced. 
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Suppose  that,  by  any  method,  we  have  discovered  a number  D 
which  is  a quadratic  residue  of  the  odd  number  m ; then  the 
number  of  the  solutions  of  the  congruence 

x^  = D (mod  m), 

is  equal  to  2^^  where  (ju  is  the  number  of  different  prime  factors 
of  //-  (see  Art.  35). 

The  congruence  may  be  solved  by  the  method  of  exclusion 
explained  in  Art.  47,  and  then  from  the  number  of  solutions  we 
may  at  once  infer  the  number  of  different  prime  factors  of  m. 
Moreover  if  and  x = are  two  solutions,  we  have 

— ^2  — (^1  + ^2)  (^1  — ^2)  = 0 (mod  m), 
so  that  if  Xi_  + X.2,  is  not  a multiple  of  m,  it  must  involve  a factor  of 
m,  and  this  can  be  discovered  by  finding  the  greatest  common 
divisor  of  m and  (^1  + x.^.  Thus  the  method  not  only  enables  us 
to  decide  whether  m is  prime  or  composite,  but  helps  us  to  find 
the  factors  of  m when  it  is  not  prime.  It  should  be  observed, 
however,  that  when  m is  a power  of  a single  prime,  we  are  unable 
in  this  way  to  detect  the  composite  character  of  m. 

Instead  of  solving  the  congruence  x^  = D (mod  m),  it  is  usually 
more  convenient,  to  find  by  trial  all  the  representations,  or  at 
least  all  the  groups  of  representations  of  m by  reduced  forms 
of  determinant  D.  Supposing  that  D is  negative,  say  Z)  = — A, 
there  will,  in  general,  only  be  two  representations  {x,  y),  (—  x,  — y) 
in  each  group  ; and  it  is  obviously  advantageous  to  choose,  if 
possible,  a value  of  A such  that  there  are  only  a few  classes  in 
each  genus.  The  particular  genus  which  has  to  be  considered  can 
be  found  at  once  by  determining  the  generic  character  of  m. 

If  possible,  a value  of  A should  be  chosen  for  which  there  is 
only  one  class  in  each  genus.  Of  such  determinants  sixty-five  are 
known,  and  are  given  in  the  following  table ; the  Roman  numeral 
prefixed  to  each  group  denotes  the  number  of  genera. 

I.  I,  2,  3,  4,  7. 

II.  5,  6,  8,  9,  10,  12,  13,  15,  16,  18,  22,  25,  28,  37,  58. 

IV.  21,  24,  30,  33,  40,  42,  45,  48,  57,  60,  70,  72,  78,  85, 
88,  93,  102,  112,  130,  133,  177,  190,  232,  253. 

VIII.  105,  120,  165,  168,  210,  240,  273,  280,  312,  330,  345, 
357,  385,  408,  462,  520,  760. 

XVI.  840,  1320,  1365,  1848. 
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It  is  highly  probable,  but  has  not  been  proved,  that  there  are 
no  other  values  of  A which  satisfy  the  condition  in  question. 

214.  Gauss  has  explained  (D.  A.  Arts.  323 — 6)  a tentative 
method  for  finding  all  the  integral  solutions,  if  any  exist,  of  the 
equation 

ax^  + hy^  = m, 

in  which  a,  h,  m denote  given  positive  integers,  without  any 
common  divisor  except  unity. 

Let  jp  be  any  prime  which  does  not  divide  a,  and  let  p'  be  the 
highest  power  of  p which  divides  h.  Take  any  power  of  p,  say 
p^,  and  let  ^^2,  ^3,  etc.  be  the  quadratic  non-residues  oi p^. 

Let  the  solutions  of  the  linear  congruences 
az-\-hrh  = m,  az  -p  hn.2  = m,  az  + hn^  = m,  etc,  (mod 
be  = z = Z2,  z = z^,  Qic.  {moAp^'^^). 

Then  it  is  clear  that  if  zi  is  a quadratic  residue  of  and  if 
x^  = Zi  (modpf^+*'),  the  value  of 

m — axP- 

I ’ 

is  an  integer  congruent  to  ni  (mod  p^),  and  therefore  cannot  be  a 
square.  Conversely,  if  we  suppose  that 

g = Ui  (modp'"), 

we  have  ax?  =m  — hni  (mod 

= azi, 

and  therefore  x‘^  = Zi. 

If,  then,  5",  etc.  are  those  of  the  numbers  Zi  which  are 

quadratic  residues  of  and  if  + f,  ±f',  + f",  etc.  are  the  solu- 
tions of  the  congruences 

f = f',  x^  = f",  etc.  (mod 

it  follows  that  no  values  of  x which  are  congruent  (mod  to 

any  of  the  numbers  ± f , ± f ± etc.  can  possibly  lead  to  integral 
solutions  of  the  proposed  equation. 

In  most  cases  v will  be  zero ; and  in  applying  the  method  we 
may  put  successively  yu,  = 1,  2,  3,  etc.,  and  then  for  any  particular 
value  of  fjb  it  is  sufficient  to  retain  those  non-residues  (%•)  of  p*^ 
which  are  residues  of  lower  powers  of  p,  since  those  which  are 
non-residues  of  lower  powers  lead  to  values  of  x which  have  been 
already  excluded. 
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The  value  of  x must  in  any  case  be  less  than  \/mla\  and  by 
the  process  of  exclusion  just  explained  the  number  of  values  which 
have  to  be  tried  may  be  reduced  to  any  extent  that  may  be 
desired. 

As  an  application,  let  it  be  required  to  factorise  781727.  It 
will  be  found  that  this  number,  which  is  of  the  form  + 3,  is  a 
non-residue  of  3 and  a residue  of  59  : this  agrees  with  the  generic 
character  of  the  form  (3,  0,  59),  for  which  A = 177,  one  of  the 
sixty-five  special  determinants  given  above. 

We  now  proceed  to  find  all  the  positive  integral  solutions  of 
59^2^31/2  = 781727. 

It  will  be  observed  in  the  first  place  that  a;  <116,  and  that 
= 1 (mod  3),  or  a?  = + 1 (mod  3).  Within  the  prescribed  limits 
there  are  77  numbers  of  these  forms,  namely 
1,  2,  4,  5. ..113,  115. 

Now  take  the  ‘ excluding  number  ’ 5 ; then  since  59  = — 1 
(mod  5)  and  781727  = 2 (mod  5),  while  the  non-residues  of  5 are 
2 and  3,  we  have  to  solve  the  auxiliary  congruences 

— £^+6  = 2,  — .s-f  9 = 2 (mod  5), 
whence  = 4,  ^2=2  (mod  5). 

The  first  of  these  leads  to  the  exclusion  of  all  values  of  x which 
are  of  the  forms  5n  + 2. 

In  a similar  way  the  excluding  numbers  7,  11,  13  lead  to  the 
rejection  of  all  values  of  x which  are  of  the  forms 

7n,  7n±2;  \ln±\,  lln±2\  13?^,  13?i  ± 5,  137^  + 6 ; 
after  which  only  the  following  twelve  remain : — 

4,  11,  25,  29,  41,  71,  74,  80,  94,  95,  106,  115. 

It  is  easily  seen  that  x cannot  be  a multiple  of  4,  so  that  4 and 
80  may  be  rejected;  then  by  actual  trial  of  the  remaining  values 
we  find  that 

781727  = 59. 292 -f- 3. 4942 
= 59.7424-3.3912 
= 59.1152  + 3.222. 

Since  these  representations  are  all  primitive,  we  conclude  that 
781727  is  the  product  of  three  different  primes. 
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To  lind  the  actual  values  of  the  factors,  we  observe  that  since 

3.494-^  + 59.292  = 0]  , . 

3 . 22^^  + 59 . 115=  = 0]  781727), 

it  follows  that  3 (494= . 1 1 5=  - 22= . 29=)  s 0. 

Now  494.115  — 22.29  = 56172,  and  it  will  be  found  that 
(56172, 781727)  = 4681.  Hence  also  781727  -4-  4681  = 167,  which 
is  a prime.  The  other  prime  factors  may  be  found  in  a similar 
way,  and  the  final  result  is  that 

781727  = 31.151.  167. 


215.  In  general,  suppose  that 

+ hy'^  = m, 
ax'^  + hy'^  — m, 

where,  as  before,  a,  b are  positive  and  prime  to  each  other  and  to 
nt.  For  simplicity,  take  x,  y,  x\  y'  all  positive.  Then 

a {xy'  + xy')  (xy  — x'y)  = {y'^  — m 
= 0 (mod  m) 

Therefore  one  of  the  numbers  {xy'  + x'y),  {xy'  — x'y)  is  a 
multiple  of  m,  or  else  each  of  them  has  a factor  in  common 
with  m. 

Now  = {ax‘^  + hy‘^)  {ax'^  -1-  hy'^) 

= {axx  — hyy'Y  + ah  {xy'  + x'yY  ; 

therefore,  except  when  a6  = 1,  {xy  4*  x'y)  is  certainly  less  than 
m,  and  hence  dv  (m,  xy'  + x'y)  is  a factor  of  m. 

If  ah  = 1,  then  a = 6 = 1,  and 

= {xx'  — yy'y  + {xy'  + odyy, 
and  here  again  xy'  + cdy  < m except  when 

x :y'-=y  \x, 

which  leads  to  x —y,y'  — x.  If  we  consider  that,  from  our  present 
point  of  view,  the  representations  m^x"^  + y^  and  m — y’^-\-  x^  are 
not  distinct,  we  maj^  say  that  in  every  case  two  distinct  positive 
solutions  of  ax^  + hy‘^=m  lead  to  the  determination  of  a factor 
of  m. 

The  more  general  equation 

ax^  + 2hxy  -f  cAf  = 
may  be  replaced  by  {ax  4-  hy'f  + Ay-  = 
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and  then  treated  by  the  method  already  explained.  If  {x,  y),  (x\  y') 
are  two  different  positive  solutions,  then  it  may  be  shown  that 
dv  ixy'  + x'y^  m)  is  a factor  of  m. 

It  should  also  be  observed  that  in  finding,  by  this  method  of 
trial,  all  the  solutions  of  ax^  + ’ibxy  + = m,  derived  as  well  as 

primitive  solutions  are  included.  Every  derived  representation 
gives  a square  factor  of  m ; and  moreover,  if  (or,  6,  c)  is  a form  by 
which  m may  be  primitively  represented,  and  if  is  any  square 
factor  of  m,  the  genus  to  which  {a,  h,  c)  belongs  will  certainly 
contain  a form  by  which  mjP  can  be  primitively  represented,  or,  in 
other  words,  which  will  give  a derived  representation  of  m.  There- 
fore by  applying  Gauss’s  method  to  all  the  representative  forms  of 
the  genus,  we  are  able  to  detect  all  the  square  divisors  of  m,  and 
the  factorisation  of  m is  completely  effected. 

Gauss  has  given  an  auxiliary  table  (Werke,  ii.  pp.  507 — 9)  to 
facilitate  the  solution  of  ax^  + hy'^  = m ; and  in  the  Disquisitiones 
{1.  c)  will  be  found  some  practical  rules  for  still  further  shortening 
the  work. 

Tables  of  definite  forms,  suitable  for  the  factorising  of  large 
numbers,  are  given  by  Seelhoff  {Amer.  Journ.  vii.  p.  264,  and  viii. 
p.  26).  In  another  paper  (ibid.  viii.  p.  89),  Seelhoff  has  explained 
a method  of  reducing  a given  number  m to  the  form  x^  ± Dy‘^,  which 
is  substantially  as  follows. 

Let  a be  the  greatest  integer  in  /y/m,  and  put 
m = + 6. 

Find  an  odd  prime  p of  which  m is  a quadratic  residue : then 
m is  also  a quadratic  residue  of  p‘^,  and  the  solution  of 

x^  = m (mod  p^), 

will  be  of  the  form  os  - (mod  p^). 

More  generally,  if  711  is  a quadratic  residue  of  the  different  odd 
primes  p,  g,  r,  etc.,  and  if  P involves  no  other  prime  factors  but 
these,  it  will  be  possible  to  solve  the  congruence 

x'^  = in  (mod  P^), 

and  if  x = P^y  + ^ 

is  any  solution  of  it,  in  — x^  = ()  (mod  P^), 
and  therefore  in  = P ± nP'^ 
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where  n is  some  integer.  It  will  generally  be  most  convenient  to 
choose  X so  that  m — may  be  as  small  as  possible,  in  order  that 
n may  be  comparatively  small.  In  other  words,  y must  be  taken 
so  that  the  numerical  value  of  P'^y  + f is  as  near  as  possible  to  a. 

So  long  as  < 2a,  it  will  be  possible  to  make  x less  than  a, 
and  the  corresponding  representation 

m = x^  + nP^ 

is  one  to  which  Gauss’s  method  may  be  applied.  In  every  case  we 
obtain  a quadratic  residue  of  m,  and  this  may  be  utilised  as  already 
explained. 

Seelhoff ’s  method  is  especially  valuable  when  m is  very  large ; 
and  it  should  be  observed  that  it  may  be  applied  to  multiples  of  m 
as  well  as  to  m itself. 

216.  Tchdbicheff  has  shewn  (Liouville  (1),  xvi.  p.  257)  that  if 
a number  m can  be  represented  by  an  indefinite  form  + {x^  — Dy"^), 
the  determination  of  the  factors  of  m may  be  effected  by  con- 
sidering all  the  representations  in  which  the  variables  x^  y are 
restricted  within  certain  limits. 

Suppose  that  — Drf  — m 

is  any  representation  of  m by  the  form  (1,  0,  — D),  and  that  f,  are 
taken  to  be  positive. 

Then  if  (T,  U)  is  the  fundamental  solution  of  — DU^  = 1, 
we  obtain  another  representation 

by  putting  — ±{T^  — D Urf) 

v'=^±{Ui-Ty). 

Now  T^  — DUt}  = V(1  + DU^)  (m  + Drf)  — DUrj  > 0 ; 
so  that  to  make  positive  we  must  take  the  upper  sign  in  the 
ambiguity. 

The  condition  that  f ' may  be  less  than  f gives 
DUrj>(T-l)^, 

and  therefore  DU^  — m)>  (T  — If 

leading  to  2(T -1)  >mDU^ 


and  hence 
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Conversely,  if  this  condition  is  satisfied,  — T^  — DUrj  will  be 
positive  and  less  than  f ; so  that  if  the  equation  = m is 

capable  of  solution  there  will  be  a suitable  value  of  x which  is 

positive  and  less  than  ^ . The  corresponding  value  of 

y will  be  less  than  that  given  by 

/(T^~\^7yh 

that  is,  it  will  be  less  than  y ^ . 

In  the  same  way,  if  the  equation 

x^  — By^  — — m 

admits  of  solution,  then  by  writing  it  in  the  form 
{Byf  — Bx^  = mB, 

we  see  as  before  that  there  will  be  a value  of  x which  is  positive 
and  less  than  y/ ^ 

value  of  y is  less  than  ' 


, and  that  the  corresponding  positive 


Suppose,  now,  that  there  are  two  representations 
x^  — By^  = m,  x^  — Byi  — m. 


such  that 


0 < 


i</\J 


{T+l)m 


2 > - 'i,*  '.y  2D  ’ 

/(T+l)m  /(^— l)m 

0 < X2<  /y/  2 > 9 ^2  < /y/  22)  ’ 

then  (x^X2  + (^1^2  + ^2^1)'  = 

and  if  we  suppose  that  (xiy^  + x^i)  is  a multiple  of  m we  have 

\ m J \ m J ' 

and  therefore  {x^os^-^  By^y^jm  is  an  integer. 

But 


hence  if  we  put 


< mT ; 

x^X2  + By^y^  _ ^ x^y^  + x^y^  _ ^ , 
— f > 


m m 

we  have  — Bu^  = 1,  with  t<  T,  and  u not  zero ; but  this  is  im- 
possible, therefore  x^y^  + x^yx  cannot  be  a multiple  of  m. 
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In  the  same  way  it  may  be  inferred  from 

(^1^2  - - D (a\2/2  - ^22/1)"  = 


that  {x^y^  — Xc{y^  cannot  be  a multiple  of  m. 
But 


{x^y,  + x^y^)  (j?i2/2  - sc.y^)  = x^yi  - x^y^- 

= (m  + Bxj^)  yi  - (m  + Dy^^)  y,^ 

= 0 (mod  m), 

therefore  m must  be  composite,  and  dv  {x^y^  + x^y^,  m)  gives  a factor 
of  m. 

The  same  reasoning  applies  when  there  are  tWo  different  solu- 
tions of  a?'  — Dy^  = — m.  The  investigation  may  be  summed  up  as 
follows : — 


If  the  equation  x^  — Dy^  = ±m  admits  of  two  distinct  'positive 
solutions  {x-^ , 2/1)  {x^ , y^)  such  that 


{T  ± 1)  m 

2“ 


yi< 


(T  + l)m 

W 


the  number  m is  certainly  composite,  and  dv  {x{y^  + ^22/1,  w)  will  he  a 
factor  of  m. 

In  the  memoir  above  quoted,  Tchebicheff  has  given  a list  of 
quadratic  forms  + (of  — Dy‘^)  with  the  linear  forms  of  m which  are 
appropriate  to  each.  When  a suitable  form  has  been  found,  the 
representations  of  m within  the  prescribed  limits  may  be  discovered 
by  a tentative  method,  such  as  that  of  exclusion. 

In  spite  of  all  that  has  been  done  hitherto,  the  determination 
of  the  factors  of  a very  large  number  is  extremely  laborious.  It  is 
possible  that  the  development  of  the  theory  of  arithmetical  forms 
of  higher  degrees  may  throw  some  additional  light  upon  the 
subject. 


On  the  general  indeterminate  equation  of  the  second  degree,  the  reader 
may  consult : 

Euler:  Resolutio  cequationis  Ax^-\-%Bxy-\-Cy'^  + ^Dx-\-'^Ey-\-F=0  per 
numeros  tarn  rationales  qnam  integros  (Nov.  Comm.  Petrop.  xviii.  (1773), 
p.  185,  or  Comm.  Arith.  i.  p.  549),  with  the  supplementary  paper  De  resolntione 
irrationalium  per  fraetiones  continvas,  etc.  (ihid.  p.  218,  or  Comm.  Arith.  i. 
p.  570). 
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Lagrange  : Sur  la  Solution  des  Prohlemes  Indetermines  du  second  degre 
(Hist,  de  I’Acad.  de  Berlin  for  1767,  vol.  xxiii.  p.  165),  and  Nouvelle  Methode 
pour  resoudre  les  Prohlemes  Indetermines  en  nombres  entiers  (ibid.  vol.  xxiv. 

p.  181). 

On  the  earlier  researches  on  the  discovery  of  prime  factors,  see  Fermat’s 
correspondence  with  Mersenne  and  others  : also  the  following  papers  by 
Euler  : — 

■ Quomodo  numeri  prcemagni  sint  explorandi,  utrum  sint  pHmii^necne  (Nov. 
Comm.  Petr.  xiii.  (1768),  p.  67,  or  Comm.  Arith.  i.  p.  379). 

De  formulis  speciei  mxx-\-nyy  ad  numeros  primos  explorandos  idoneis, 
earumque  mirahilihus  proprietatihus  (Nov.  Acta  Petrop.  xii.  p.  22,  or  Comm. 
Arith.  ii.  p.  249). 

Extrait  dhme  lettre  d M.  Beguelin  (Noiiv.  Mem.  de  I’Acad.  de  Berlin,  1776, 
p.  337,  or  Comm.  Arith.  ii.  p.  270). 

Many  other  of  Euler’s  memoirs  relate  more  or  less  to  the  same  subject ; 
see  the  analytical  index  prefixed  to  the  Commentaries. 


CHAPTER  X. 


The  Distribution  of  Primes. 

217.  The  reader  will  have  observed  that,  in  connexion  with 
the  theories  of  congruences  and  arithmetical  forms,  prime  numbers, 
speaking  generally,  present  themselves  rather  as  data  than  as 
qucesita;  so  that,  from  this  point  of  view,  the  arithmetician  regards 
a table  of  primes  principally  as  a record  of  experimental  facts, 
which  he  can  use  for  the  purpose  of  numerical  applications,  or  in 
order  to  discover  by  induction,  if  possible,  new  arithmetical 
theorems.  But  the  law  of  the  succession  of  prime  numbers  has 
itself  been  the  object  of  repeated  inv3stigation,  and  has  led  to 
researches  of  great  interest  and  novelty  ; i"^  seems  right,  therefore, 
to  give  some  account  of  what  has  been  done  in  this  direction, 
although,  from  the  nature  of  the  case,  the  present  chapter  must 
appear  out  of  harmony  with  its  surroundings. 

The  tabulation  of  primes  is  effected  by  a merely  mechanical 
process,  which  is  equivalent  to  that  of  writing  down  the  series  of 
natural  numbers  in  order,  and  successively  erasing  the  multiples 
of  2,  of  3,  of  5,  etc.  after  which  the  numbers  which  remain  are 
obviously  primes.  For  an  account  of  the  actual  method  by  which 
this  'sifting’  is  carried  out,  the  reader  may  consult  a paper  by 
J.  W.  L.  Glaisher  in  the  Report  of  the  British  Association  for  1878 
(p.  173) ; the  introductions,  by  J.  Glaisher,  to  the  factor- tables 
for  the  4th,  5th,  and  6th  millions,  contain  additional  information 
bearing  upon  the  subject,  and  a valuable  bibliography. 

A question  of  greater  theoretical  interest  is  that  of  determin- 
ing, without  previous  tabulation,  the  number  of  primes  which  do 
not  exceed  a given  limit ; and  this,  again  breaks  up  into  two 
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problems  which  are  practically  distinct.  The  first  is  that  of 
actually  calculating  the  number  of  primes  which  do  not  exceed 
a certain  assigned  integer,  say  10,000  or  1,000,000  ; the  other  is 
that  of  discovering  an  analytical  formula  which  shall  exactly  or 
asymptotically  represent  the  number  of  primes  which  do  not 
exceed  an  indefinite  integer  n.  The  distinction  is  much  the 
same  as  that  between  the  numerical  and  the  algebraical  solution 
of  equations;  as  might  be  expected,  the  problem  first  stated  is 
the  easier,  and  will  therefore  be  discussed  in  the  first  place. 


218.  The  method  which  has  been  adopted  by  Meissel,  and  in 
some  respects  generalized  by  Rogel,  depends  upon  a simple  ob- 
servation, which  is  apparently  due  to  Legendre ; namely,  that  if 
Pi,p2r'-Pr  denote  different  primes,  and  if  m is  any  integer,  then 
the  number  of  integers  contained  in  the  series  1,  2,  8...m  which 
are  not  divisible  by  any  of  the  primes  is 


m 


[ml  fm  1 r ml 

Pi\  ~ LSJ  ~ LW 


+ [—1 + r 

IP^P2]  IP1P2 


m 


.P1P2P2 


1 + r — 1 

J Ip^Ps] 

J LPiWJ  L 


+ 


m 


P2PsPa_ 


+ 


[^lYh  I lYh 

— J means  the  integral  part  ~ similarly  for  the 
rest.  For  convenience,  this  may  be  written 

w(‘-s)(‘-s)  ■■■('-?;)■ 

on  the  understanding  that  the  product  is  to  be  expanded  and  then 
the  integral  part  of  each  term  taken. 

To  prove  this,  it  is  sufficient  to  observe  that  if  n is  any  integer, 

[7Yh\ 

— is  the  number  of  integers  less  than  m which  are  multiples  of 

n ; and  that  if  an  integer  k,  which  is  less  than  m,  is  divisible  by 
exactly  X different  primes  out  of  the  set  p^,  p^-.-Pr,  it  has  to  be 
reckoned  as  a multiple  of  each  of  these  primes,  and  of  each  of 
M.  18 
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their  products  2,  3...X  at  a time:  so  that  corresponding  to  it  we 
have  in  the  expression 


a contribution 

X — ^X  (X  — 1)4"  ^ — 1)  — 2)  — . . . = 1. 

It  follows  from  this  that  the  sum  above  written  is  equal  to  the 
number  of  integers  less  than  m which  are  divisible  by  one  at  least 
of  the  selected  primes;  subtracting  this  from  m,  the  remainder 
expresses  the' number  of  integers  in  the  series  1,  which  are 

not  divisible  by  any  of  the  primes.  (Compare  Art.  7). 

For  example,  the  number  of  integers  not  greater  than  50 
which  are  prime  to  2,  3,  5,  7 is 

50-25-16-10-7  + 8 + 5 + 3 + 3 + 2 + 1 
_l_l_0-0  + 0 = 12; 

they  are,  in  fact, 

1, 11,  13,  17,  19,  23,  29,  31,  37,  41,  43,  47. 

It  will  be  sometimes  convenient  to  write 

for  the  number  of  integers,  including  unity,  which  do  not  exceed 
m,  and  are  not  divisible  by  any  of  the  primes p2,...pr»  With 
this  notation,  we  have 

p„p,...pr)  = [m]n(l-  (1). 

1 \ Pi/ 

It  should  be  observed  that  when  Pup^-^-Pr  are  the  different 
prime  factors  of  m,  this  expression  coincides  with  (/>  (m)  as  defined 
in  Art.  7 ; and  also  that  the  value  of  the  expression  is  not  altered 
by  adding  to  the  series  of  selected  primes  any  number  of  primes 
which  exceed  m,  because  these  additional  primes  only  contribute 
zero  terms  to  the  sum  which  has  to  be  calculated. 

It  will  now  be  supposed  that  p^,  p^,  ps,  etc.  denote  the 
successive  primes  in  their  natural  order,  so  that 

Pi  = 2,  p2  = 3,  Ps  = 5, 

and  so  on.  Instead  of  <^(m;  pi,p2,--.pr)  we  shall  write  r), 

and  we  shall  use  F (oo)  to  denote  the  number  of  primes  which  do 
not  exceed  cc.  (Observe  that  oc  need  not  be  an  integer.) 
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It  follows  at  once  from  the  definitions  that 

<I>  (m,  F (m))  = 1 (2), 

because  every  number,  not  greater  than  m,  except  unity,  is 
divisible  by  one  at  least  of  the  primes  pi,  p2,---PF(m)‘ 

More  generally,  if  n is  any  positive  integer, 

0 (m,  F (m)  + n)  = 1. . (3). 

Let  pa+i  be  the  first  prime  which  exceeds  \/m,  or  which  is  the 
same  thing,  let  a=F  {\/m) ; then  since  the  only  numbers  in  the 
series  1,  2,...m  which  are  not  divisible  by  any  of  the  primes 
Pi,P2---Pa  unity  and  those  primes  which  exceed  fs/m  but  not 
m,  and  the  number  of  these  primes  is  F (m)  — F that  is, 

F(m)  — a,  we  have 

F (m)  — a + 1 = ^ (m,  a) (4). 

It  is  easily  seen  that  this  relation  continues  to  hold  good, 
provided  that  a is  an  integer  satisfying  the  conditions 

F (m) ^a^F {\Jm) (5)  ; 

the  argument  is,  in  fact,  the  same  as  before. 

For  example,  if  m = 50,  F {sjm)  = F(7)  = 4,  and 
^ (m,  F (Vm))  = ^ (50,  4)  = 12  : 
hence  i^(50)  = 12  + 3 = 15. 

Thus,  in  general,  the  tabulation  of  primes  up  to  pa  enables  us 
to  calculate  the  value  of  F(m).  The  calculation  of  F{fsjm)) 

is,  however,  impracticable  when  m is  very  large  ; it  is  therefore 
necessary  to  make  use  of  a few  transformations  to  obtain  a 
manageable  formula. 

We  observe,  in  the  first  place,  that  if  x,  y are  positive  and 

from  which,  and  the  identity 

w n (i  - i ) - w -f  (i  - n‘  (i  - 1) ; 

it  follows  that 

^ (m,  n)  = ^ (m,  — 1)  — <I>  ’ 

Put  n — a = F{s/m) : then  by  (4)  and  (6) 

F(m)  — a — 1 + <l>(m,  a — 1)  — <I>  , a — 1^  . 

18—2 


n 


) 


.(6). 
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Let  a 


then,  in  general, 


and  consequently  another  application  of  (4)  gives 

F(m)==a-l  + ^(m,a-l)-F(^y^  + a-2 

= {a  — l)  + (a  — 2)  — F [— ')  + <I>  (m,  a — 1). 

\Pa/ 

Provided  that 

this  may  be  again  transformed  in  the  same  way  into 

• F(m)  = (a-1)  + {a-2)  + (a-S)  - f(^)- f(~^) 

\ Pa/  \ Pa—i/ 

-f  ^ (m,  a—2), 

and  so  on,  until  at  last  we  obtain 

i^(m)  = (a-l)  + (a-2)  + ...  +(a-7.'-l)  "j 

i 

^PaJ  \Pa-J  \Pa-v+J  j 

+ ^ (m,  a — v)  ) 

with  the  conditions 

F(-^\^a-v^F(J 
\pa-,+i)^  ^ VV  Pa-w^J 

while  the  inequalities 


\Pa- 

are  not  satisfied. 

Now  since  we  have 

m 


so  that  if 


Pa-vJ  \Pa-p+J 

F{-^)^.a-v, 

\Pa-^+J 


it  follows  a fortiori  that 
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Consequently  the  only  way  in  which  the  process  of  transformation 
can  be  stopped  is  when 


while 


a—v— 1 <F 


(^/£) 


Suppose  now  that  v is  determined  by  the  conditions 


P^a—v 


Pa—v+x 


Pa—v+i) 


then 
and  consequently 

\ * Vcb—v+x/ 


+ 1, 


/m 

y ^Pa-vi 


{'Jit. 


Pa—v 

■^F{p 

a—v 


while,  since 


Pa—vJ 

> a — V — 1. 

Thus  the  conditions  of  inequality  cease  to  hold  good  when 
a — v = F 

or  v — F{\/m)  — F{^m)\ 

and  it  is  easily  seen  that  they  do  not  break  down  before,  because 
whenever 


m 


a 


Pa—v+i 


it  follows  a fortiori  that 


a 


v + 1^fU 

VV  Pa-v+J 


If,  then,  we  put  F (^n)  = h,  and  suppose  that  in  (7)  v has  its 
critical  value  (a  - h),  we  obtain  finally 

F (m)  = — 6 + 1)  (a  + 6 - 2)  + <I>  (??^,  h) 


- t f{~\ 

6+1  \Pi' 


6+1  \Pi 

\a  = F {^Jm),  h=^F{^m)\. 


(8), 
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As  an  illustration  of  this  result,  suppose  m = 50  ; then 
a = 4,  6 = 2, 


and  the  formula  gives 

i^(50)  = i.3.4  + ^(50,  2) 
-{i^(10)  + i^(7)} 


= 6 + 17-(4  + 4)  = 15, 


which  is  right. 


In  applying  the  formula  to  a large  number  m,  ^ (m,  6)  is 
calculated  by  the  repeated  application  of  equation  (6).  For  the 
details  of  the  actual  computation,  the  reader  is  referred  to 
Meissel’s  papers;  the  following  table  gives  his  results: 


n 

F{n) 

20000 

2262 

100000 

9592 

200000 

17984 

300000 

25997 

400000 

33860 

500000 

41538 

600000 

49098 

700000 

56543 

800000 

63951 

900000 

71274 

1000000 

78498 

10000000 

664579 

100000000 

5761460 

219.  In  a memoir  presented  in  1850  to  the  Academy  of 
St  Petersburgh,  Tchebicheff  determined,  in  an  explicit  analytical 
form,  a superior  and  an  inferior  limit  to  the  number  of  primes 
between  the  limits  a and  /3,  both  of  which  are  assumed  to  be 
greater  than  1.  Before  we  give  an  account  of  Tchebicheff ’s 
investigation,  it  may  be  as  well  to  trace  the  connexion  of  ideas  by 
which  it  was  probably  suggested. 

Let  > a > I,  and  let  //.  be  the  number  of  primes  which  exceed 
a but  do  not  exceed . /? ; also  let  6 {x)  denote  the  sum  of  the 
logarithms  of  all  the  primes  which  do  not  exceed  x.  Then 
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is  the  sum  of  the  logarithms  of  all  the  primes  p which  satisfy  the 
conditions  _ 

a<p<^, 

and  since  the  least  of  these  primes  exceeds  a,  while  the  greatest 
does  not  exceed  /5,  it  is  clear  that 

p\oga<O(0)-e  (a) < p log ^ 

and  therefore 

e(^)-6(a)  e(^)-6(a) 

log  /3  ^ log  a 

The  problem  is  therefore  reduced  to  the  determination  of  a 
superior  and  an  inferior  limit  of  6{a))',  and  this  is  ultimately 
made  to  depend  upon  Stirling’s  asymptotic  value  of  lix  or 

r(a;+l). 

220.  Besides  the  function  6 (x)  which  has  been  already 
defined,  Tchebicheff  considers  the  function  T(x),  which  denotes 
the  sum  of  the  logarithms  of  all  the  integers  (prime  and  com- 
posite) which  do  not  exceed  x.  If  we  write,  for  convenience, 


e 


{-y ' 

\mj 


instead  of  0 


good 


the  following  relation  will  hold 

-T-  \ioj  T ly 


T{x)  = 6 {x)  4-  6 {xf  4-  0 {x)^  4-  0 (oof  4- . . 


= 2 0 (-)\ 

m,  i \mj 

in  which  all  the  terms  are  to  be  retained  which  do  not  vanish. 

To  prove  this,  consider  any  prime  p ; its  logarithm  will  occur 

1 

once,  or  not  at  all,  in  the  sum  represented  by  0 according  as 

that  is,  according  as  x is  or  is  not  less  than  mp\  Hence  the 
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number  of  times  \ogp  will  occur  in  the  column  of  the  above- 


written  double  sum  is 


will  appear  in  the  double  sum  is 


^ J , and  the  total  number  of  times  log  p 


[5] + [5]  + - 


where,  as  usual,  I - 
.P. 


'■[: 


is  the  integral  part  of  - , and  the  series  is  to 


be  continued  until  the  terms  vanish. 

But  this  is  precisely  the  power  in  which  p occurs  in  the 
product  of  all  the  integers  which  do  not  exceed  x.  In  fact  this 
product  is  [^] ! , and  the  highest  power  of  p which  occurs  in  this  is 

now,  since  n > 1,  I ^1  = r-^1  , and  therefore  the  two  sums  last 

Ip"j  Ip"] 

written  have  the  same  value. 

Since  p was  any  prime  whatever,  the  proposition  follows,  and 
we  have 

1 

T(x)^logU[x]=  2 

m,  i 

It  is  convenient  to  write 

'xjr  (x)  = 6 (x)  + 6 (xy  -f  6 (x)^  + . . . 

= X0(xy; 

i 

and  with  this  notation,  we  have 


221.  We  now  come  to  the  application  of  Stirling’s  theorem. 
By  an  analysis,  which  need  not  be  reproduced  here,  Serret  has 
proved  (Alg.  Super.  2nd  ed.  p.  212,  or  Todhunter  Int  Calc.  Chap. 
16) that 

log  log  27r  — ^ -f  (ii?  4-  i)  log  X 

log  Ux  < 4 log  27r  - -f  i)  log  . 


and 
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In  the  first  of  these  inequalities  change  x into  (^  + 1),  and 
subtract  log  (aj  + 1)  from  both  sides  ; thus 

log  \ log  2it  — {x  + 1)  + {x  log  {x  + 1) 

> \ log  27r  + («  + 1)  {log  + 1)  - 1}  - log  (^  + 1). 
Now  it  will  be  found  that  the  expression—  , 

y{\ogy-l)-l\ogy, 

increases  with  y,  if  y>^  \ and  hence,  observing  that  [^r]  + 1 > x, 
we  find  that,  supposing  x>\, 

T {x)  = log Il[x]>^  log  27r  + ^ (log x — 1)—^  log x. 

Moreover  from  the  second  inequality,  since  1 < [a?]  < x,  and 
iy  + 2)  log  2/  — y increases  with  y,ii  y>  1,  we  infer  that 

T{x)<^  log  2-77  - + («  + i)  log  ^ 

< J log  27r  + ^ (log  x-l)  + ^\ogx  + -^. 

Consider,  now,  the  expression 

= (®)  + j 4- + . . . 

+ >^  (^) + 1 (^) (^) + 1 (^) + 

- (i)  - (o)  - (o)  - (o)  - - 

This  may  evidently  be  reduced  to  the  form 

[«  = 1,2,3...], 

and  it  is  easily  proved  that 

An—X,  if  n is  prime  to  2,  3 and  5, 

= 0,  if  ^ is  divisible  by  one  only  of  the  factors  2,  3,  5, 

.4^  = — 1 in  all  other  cases. 
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For  in  the  first  case,  yjr 


occurs  in  the  top  line  only,  and 


with  a coefficient  -f  1 ; in  the  second  case,  it  occurs  in  the  top  line 
with  a coefficient  4- 1,  and  in  one  and  only  one  of  the  other  lines 
with  a coefficient  — 1.  If  is  divisible,  say,  by  2 and  3,  but  not 

by  5,  yjr  will  appear  in  the  first,  third  and  fourth  rows  with 

coefficients  +1,  — 1,  — 1 respectively,  so  that  on  the  whole  the 
coefficient  is  — 1,  and  so  in  the  other  similar  cases ; while  if  n is 

divisible  by  2,  3 and  5,  i/r  occurs  in  each  row  with  a coefficient 

+ 1,  +1,  —1,  —1,  —1  respectively,  and  therefore  = as 
before. 


Adopting  Sylvester’s  convenient  notation,  the  first  thirty 
coefficients  may  be  represented  by  the  scheme 

looooliool  liioioliil  ooiiooooii 

where  i is  printed  for  — 1. 

Written  out  in  full,  the  first  part  of  the  expression  is 

- ■K"’* -+ S) ++(?)-’>•  (S +'<' (n)  ■+©+■■  ■ 

It  is  to  be  observed  that  if  m^n  (mod  30),  = An ; and 

that  the  coefficients  which  do  not  vanish  are  alternately  + 1 and 
-I. 


When  the  variable  t diminishes,  the  function  (t)  never 
increases,  but  decreases  down  to  zero  by  a series  of  abrupt 
curtailments ; hence  the  value  of  the  expression  on  the  right- 
hand  side  of  the  identity  above  written  cannot  exceed  yjr(w)  or 

fall  short  of  yjr  (a;)  — yfr  ; therefore 

+ w - + (I)  + IT  M + T (g  - T g)  - T g)  - 1-  (I)  + + (.). 

It  has  already  been  proved  that 

T {x)>  I log  X log  x — x—^  log  X, 

T{x)<^  log  2tt-^x  log  x-x  + ^ log  tV  5 
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hence 

T{x)-\-T  > log  S'TT  + U ® log  a;  - ^ log  30  - fi  a; 

— log  if?  + J log  30, 

T(x)  + T < log  277-  + fl  a;  log  a-’  - ^ log  30  - ji  x 

+ loga;-|log30  + i 

^ (I)  ^ (I)  ^ (I ) ^ ^ 27r  + aj  log  X 

- a:  [i  log  2 + J log  3 -f  i log  5}  - a;  - 1 log  a;  + ^ log  30, 

+ ^S)  + ^(3  27r  + Uxlogx 

-«(i log2-l- Jlog3+|log5)-f^a:  + |loga;--|;log30  + i. 
From  the  first  and  last  of  these  four  inequalities 

> ^ {I  log  2 + i log  3 + i log  5 — gL  log  30} 

.1  1 1 450  , 

-flog^  + ilog i, 

TT 

and  from  the  other  two, 

(s))-’'©-=^6)-''(0 

< ® (i  log  2 J log  3 -f  J log  5 - jL;  log  30) 

+ f log  ic  — ^ log  ISOOtt  + 

We  shall  write  A for 

1 log  2 + i log  3 + 1 log  5 - ^ log  30  = -92129202. . 

then  it  is  clear  that  it  follows  a fortiori  from  the  above  in- 
equalities that 

^a7  + tloga7>2’(a7)  + y(g-r(|)-2’(|)-r(|) 

> Ax  — I log^r  — I. 

Strictly  speaking,  these  results  are  only  proved  for  values  of  x 
which  exceed  30;  but  it  is  easily  verified  that  the  two  last  in- 
equalities hold  when  x lies  between  1 and  30 ; therefore  they  are 
true  for  all  values  of  x which  exceed  1. 
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222.  By  combining  these  formulae  with  those  previously 
obtained  (p.  282)  we  infer  that 

yfr  (w)  > Ax  — I log  X — 1 


'\lr(x)-yfr  ^ < Ax ^ log  X. 


The  first  of  these  inequalities  gives  an  inferior  limit  for  i/r  (x) ; 
to  deduce  from  the  other  a superior  limit,  we  put 


then  we  have 


or 


/ (®) = I + 47^  (log  + 1 log  ® ; 
/ (®)  < -^  (I ) -/  (g) 


< 


♦ (I) -/(!.)■ 

where  n is  any  positive  integer. 

Now  choose  n so  that  x lies  between  and  6’^ ; then 


and  it  can  be  proved  that 


< 1 


in  fact,  we  have  identically 


_ 5 log  6 


16 


4 log  6 
5 log  6 


Hence  it  follows  that 


that  is, 


16 

< 1 a fortiori. 


(log  z + ilog  Qf  -^Az 
, if  ^ is  positive. 


(w)  < i Ax  + g (log  + I log  « + 1 ; 
and  a superior  limit  of  y{r  (x)  has  therefore  been  found. 


THE  DISTRIBUTION  OF  PRIMES. 


285 


223.  It  is  now  possible  to  assign  limits  to  the  value  of  6 {x). 
By  definition, 

'\jr(x)  = 6 (x)  + 0 (xy-^  + 0 (ooy  + . . . 

and  therefore 

'\jr{x)  — yjr  (x^)  = 0 (x)  + 0 {xY  + 6 (xY  + . . . 

and 

^ir  (w)  - {x^)  =^e{x)-{e  {xf  - e {xf]  - {e  {xf  - e . 

>e{x). 

As  already  proved, 

yfr(x)  > Ax  - I log  /r  — I, 

-f  (®*)  <iAx^  + (log  »)=  + 1 log  « + 1 ; 

hence 

(x)  — 2^lr  (x^)  >Ax  — ^Ax^—  (log  — -T  log  x — S, 

o 

and  comparing  this  with 

0(x)iylr(x)-2f'(x\ 

we  have 

0 (x)  >Ax-^iAx^-  g-j^  (log  log  x-3. 

In  a similar  way  it  will  be  found  that 

0(x)<iAx-Ax*  + (log *)"  + 1 log ® + 2. 

For  convenience  let  these  last  inequalities  be  written 

0 (x)  > (x),  6 {x)  < ^2  {x) ; 

then  if  a,  /3  are  two  positive  integers  such  that  1 < a < /5, 

0{^)-0  (a)  > <^1  (/8)  - <^>2  (a). 


It  has  been  remarked  at  the  beginning  of  the  investigation 
that  if  jjb  is  the  number  of  primes  between  a and  ^ 

0(13) -0(a) 


fi  > 


log^ 

0(^)-0(a) 

log  a 
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consequently 

log/9  “ ’ 

loga 

By  putting  a = 2,  we  obtain  superior  and  inferior  limits  for 
F(I3);  but  in  order  to  secure  a practical  approximation,  it  is  best 
to  suppose  that  a and  ^ are  both  large.  The  expressions  for  the 
limits  of  ya  are  very  complicated  ; the  essential  point  is  that  (^i  (/S) 
and  (^2  (13)  are  of  the  form  + R (log  /S),  where  P,  Q are 

constants,  and  R (log  w)  is  a quadratic  function  of  log  x with 
numerical  coefficients. 


There  will  be  more  than  k primes  between  a and  yS  if 
A;  log  /3  < <f>,  (/3)  - </>2  (a). 

Now 

<^>1  (/3)  - (f)2  (a) 

= A(^-^a)-A(^0^-ai) 


~ 8'iog  6 + 2 (log  - 1 (3  log  /9  + 2 log  a)  - 5 

1 K 

> ^ (^  - I «)  - (log^y log  ^ - 5, 

since,  by  hypothesis,  yS  > a. 

A fortiori,  therefore,  ya  will  exceed  k,  if 
k log  ^ < A(^  — fa)  — A^^ 


or 


a < I y8  - 2/3i  - (log 


In  particular,  putting  k — 0,  there  will  be  at  least  one  prime 
between  a and  y8  if 


. 2/8^ 


224.  Tchebicheff  employs  this  result  to  prove  a theorem  the 
truth  of  which  was  conjectured  by  Bertrand  (Journ.  de  rfJcole 
Polyt.  cah.  30);  namely  that  there  is  always  at  least  one  prime 
between  a and  2a  — 2 if  a > |. 
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In  the  inequality  at  the  end  of  last  article,  put  /3  = 2a--3; 
then  it  becomes 

OK 


a<|(2a-3)-2  V2a-3- 


125  , „ 25 


6A 


Since,  when  oo  becomes  indefinitely  large,  (log  xyj^  ultimately 
vanishes,  it  is  easily  seen  that  this  inequality  holds  good  for  all 
values  of  a which  exceed  a certain  finite  value.  This  limiting 
value  is  found  by  changing  the  inequality  into  an  equation  and 
finding  its  greatest  positive  root.  According  to  Tchebicheff,  this 
lies  between  159  and  160;  Bertrand’s  postulate  is  therefore  proved 
for  all  values  of  a which  exceed  159,  and  it  is  easily  verified  for 
all  smaller  integral  values  except  1,  2 and  3 by  actual  experiment. 


225.  The  crucial  point  of  the  investigation  is  where  the 
inferior  and  superior  limits  of  ^lr(x)  are  deduced  from  the  ex- 
pression 

for  convenience  this  may  be  denoted,  after  Sylvester,  by 

[1,  30;  2,  3,  5], 

and,  in  general, 

[tti,  0,2,... dm] 

may  be  written  for 

m 

XT 


The  advantage  derived  from  the  use  of  the  combination 
[1,  30;  2,  3,  5] 

is  twofold ; in  the  first  place,  when  the  expression  is  written  in  the 


form 


the  coefficients  which  do  not  vanish  are  alternately  + 1 and  — 1, 
and  this  leads  to  the  determination  of  a superior  and  an  inferior 
limit  of  -v/r  (x) ; and  in  the  second  place,  on  account  of  the  relation 

1 + sV  = 2-  + ¥ + i’ 

the  term  x\ogx,  which  occurs  in  the  limiting  expressions  for 
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T {x),  etc.,  is  eliminated.  The  expressions  for  the  limiting  values 
of  [1,  30 ; 2,  3,  5]  or  consequently  assume  the  forms 

Ax  + (log  x), 
and  Ax-\-  R,{]og  x), 

where,  as  above, 

4 = 4 log  2 + 1 log  S + i log  5 - 3*5  log  30, 
and  Ri  (logic),  R^  (logic)  are  rational  linear  functions  of  logic. 


It  is  evident  that  similar  results  may  be  obtained  from  the 
expression  a.2,...am’,  ^i,  62>-**^n]  provided  that 

ml  w 1 

S- ; 

1 Cti  1 Oi 

in  fact,  it  will  be  found  that 

771/  “4“  H 

[(Xi , 0/2,  ‘ j j ^2 > • • • ^n\  Ax  — log  X R 


< Ax  -1 log  ic  + , 

where  A log  — S log  , 

and  B,  B'  are  certain  numerical  constants,  which  may,  if  we  think 
fit,  be  replaced  by  positive  or  negative  integers,  appropriately 
chosen. 


The  function  [a^,  a2,...a^;  6i,  62, [^5  maybe 

expanded  in  the  form 

[r  = l,  2,  3....], 


where  the  coefficient  Or  will  depend  upon  the  relation  of  7"  to  the 
cc’s  and  the  6’s ; in  fact,  if  r is  divisible  by  p of  the  a’s  and  by  q of 
the  6’s,  Cr—p  — q.  Hence  if  p is  the  least  common  multiple  of 
tti,  a2,...am,  hi,  h2,...bn  it  follows  that  Gs=  Or  when  s = r (mod  p). 
Consequently  the  coefficients  form  a recurring  series  with  p terms 
(or  fewer)  in  its  period.  The  sum  of  the  first  r coefficients  is 
easily  seen  to  be 
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Call  this  Sr : then 

^ fl  1 111  11 

Sfj,  = 1 h ...  H j j- •••“"tTi 

^ (tti  a2  am  62  bn) 

= 0. 

Therefore  in  the  series 

S,,S2. ^ 

there  will  be  one  term  which  is  negative,  and  numerically  greater 
than  any  of  the  negative  terms  which  precede  it,  while  it  is  not 
numerically  less  than  any  of  the  terms  which  follow  ith  Let  this 
be  Sfi ; then  it  is  easy  to  see  that  none  of  the  expressions 

^h+l,  ((^h+l  + C^/i+2)»  (^h+i  + Gh+2  + C/1+3) 

(Gh+i  + C/i+2  + . . . + Gh+fj), 

can  be  negative.  Remembering  that  yfr  (z)  is  never  negative,  and 
cannot  increase  when  ^ diminishes,  we  infer  that 

!!?/'+(?)• 

In  the  same  way  the  sum  of  the  next  group 


r'k  (-)  . 


cannot  be  negative, 
of  fjL  terms,  namely 

2 a 

7i+/x+l 

is  not  negative,  and  so  on.  Therefore 

[a;  6]=|c',t  (g+P, 
where  P is  certainly  not  negative. 

Comparing  this  with  the  inequality 

[a;  Ax-\-^  log  x + B', 


we  conclude  that 


-]<Ax  + ''^^\ogx  + B' 


.(i). 


In  the  same  way,  if  S^  is  the  first  of  the  sums  S^,  S^,  >83... to 
attain  the  maximum  positive  value,  we  find  that 


[a;  r -0, 


where  Q is  not  negative ; and  hence  that 


> Ax 


m + r? 


log  x + B 


.(ii). 


^ It  may  exceptionally  happen  that  = 0 : this  is  the  case,  for  instance,  with 
[1,  30 ; 2,  3,  5]. 

M. 
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226.  We  will  now  suppose,  for  simplicity,  that  ai  = 1.  Each 
of  the  inequalities  (i)  and  (ii)  involves  i/r  (x),  and  a certain  finite 

number  of  terms  besides.  For  these  other  terms  may 

be  substituted  their  inferior  or  superior  limits  as  found  by 
previous  approximations ; the  inferior  or  superior  limit  being  put 
in  for  each  term  in  such  a way  as  to  leave  each  inequality  valid. 

For  instance,  if  in  (i)  a particular  term  Gr'\jr  is  positive 


we 


must  substitute  for  \^-j  its  inferior  limit,  while  if  0^  is  negative 

the  superior  limit  of  ^|r  must  be  inserted.  Exactly  the  oppo- 
site rule  must  be  applied  in  (ii). 

When  this  has  been  done,  the  resulting  inequalities  give  two 
new  superior  and  inferior  limits  for  yfr  (x),  and  these  may  afford 

yjf  (x) 

closer  asymptotic  values  for  — - than  any  previously  obtained. 


When  h and  h are  inconveniently  large,  simplicity  is  gained  by 
first  suppressing  on  the  left-hand  side  of  (i)  any  group  of  terms 
(not  including  i/r  (^))  which  is  known  by  previous  approximations 
to  be  ultimately  positive  when  x is  very  large ; and  in  the  same 
way  in  (ii)  we  may  suppress  any  group  of  terms  the  value  of 
which  is  known  to  be  ultimately  negative. 

If,  as  we  suppose,  the  first  asymptotic  limits  adopted  are  those 
of  Tchebichefif,  derived  from  [1,  30 ; 2,  3,  5],  it  is  evident  that  the 
result  of  any  finite ^ number  of  applications  of  the  process  just 
explained  will  be  of  the  form 

(x)  > Ax  + (log  x) 

<A'x-\-Q^  (log^), 

where  A,  A'  are  constants,  and  Qi(log^),  Q2(log^)  are  rational 
integral  functions  of  log  x not  exceeding  the  second  degree. 

Since  log  x and  (log  x^  are  both  negligible  in  comparison  with 
X,  when  x is  very  large,  we  may  consider  that  A and  A'  are 

asymptotic  limits  of  and  the  nearness  of  the  approximation 

may  be  estimated  by  the  approach  of  A' j A to  unity.  This  ratio 
A' I A is  called  by  Sylvester,  to  whom  this  extension  of  Tch6bi- 


1 We  finite,  in  order  to  avoid  the  risk  of  the  coefficients  of  (?j(log.'r)  or 
(^2  (log  x)  becoming  infinite. 
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cheff’s  theory  is  due,  the  regulator  of  the  appro ximatiou.  Thus 
Tchebicheff’s  original  process  gives  a regulator  | = 1‘2. 

227.  The  choice  of  groups  of  selected  terms  which  may  be 
omitted  from  Sylvesters  inequalities  is  much  facilitated  by  the 
following  considerations.  Suppose  that  at  any  stage  of  the 
approximation  we  have  obtained  asymptotic  values  for  o/r  {x) 
in  the  form 

\jr  (x)  > Ax  + Qi  (log  x) 

< q Ax (log  x), 

so  that  q is  the  regulator. 

Let  m,  fjb  be  positive  integers,  and  m < /jl.  Then  we  have 

where  Q (log  x)  is  a new  quadratic  function  of  log  x. 

Now  if  is  positive,  or  which  is  the  same  thing,  if 

fi>qm,  we  thus  obtain  an  inferior  limit  for  yjr  (xjm)  — '\lr(xl/jL) 
which  is  ultimately  positive  when  x is  large  enough ; while  if 
< qm,  the  expression  on  the  right-hand  side  of  the  above  in- 
equality is  ultimately  negative  when  x is  very  large.  But  the 
expression  yjr  (xjm)  — ^fr(x|/Ji)  can  never  be  really  negative;  and 
the  explanation  of  the  above  result  is  that  the  regulator  q 
differs  too  much  from  unity  to  give  any  inferior  limit  to 
(xjm)  — 'ijr  {x/fi)  except  zero.  Consequently,  in  the  left-hand 
side  of  the  inequality  (i)  we  may  (and  should)  omit  any  com- 
bination of  terms  (xjm)  — i/r  {xjg)  with  m<  /ju  and  g < qm  ; 
and  in  the  same  way  in  the  left-hand  side  of  (ii)  we  may  omit 
any  combination  — (^/m)  + (^///,)  subject  to  the  same  con- 

ditions. This  principle  may  obviously  be  extended:  for  instance 
in  (i)  we  may  omit  any  combination 

if  m,  m'  are  both  less  than  g,  while 

1 1 2o 
— I — -,<  — , 
m m g 

and  so  on.  It  may  be  shewn,  however,  that,  in  order  to  use  a 
given  regulator  q to  the  best  advantage  for  the  next  approxima- 
tion, only  those  groups  of  terms  should  be  omitted  which  can  be 
arranged  in  pairs  such  as  {xjm)  — 'yjr  {xjg)  with  m<  fjL<  qm. 

19—2 
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228.  Sylvester  has  also  explained  a method  of  successive  ap- 
proximation which  may  be  applied  to  one  and  the  same  inequality, 
before  attempting  to  find  other  more  favourable  sets  (a^;  hi). 
The  principle  of  this  will  be  best  illustrated  by  applying  it  to 
Tchdbicheff’s  original  result 

[1.  30 ; 2,  3,  (|)  + f (f)  - f (~)  + ... 

or,  as  we  may  write  it  for  convenience, 

(1)  - (6)  + (7)  - (10)  + (11)  - (12)  + (13)  - (15) 

+ (17)  - (18)  + (19)  - (20)  •+  (23)  - (24) 

+ (29) -(30) + (31)-... 

Taking  Tchdbicheff’s  asymptotic  limits,  with  the  regulator 
1*2,  and  omitting  the  groups 

-(6)  + (7),  -(10) + (11),  -(12)+ (13),... -(20) + (23), 

which  are  certainly  not  positive,  although  the  regulator  1*2  gives 
us  no  asymptotic  value  for  them  below  zero,  we  infer  that 

F=(1)-(24)  + (29)-6, 
where  e is  certainly  not  negative. 

Now  F > Ax  — I log  X —1) 

therefore 

(is)  > - f log  iS  - 1 + . 

Ax 


Also 


> ^ - 1 (log  ® - log  24)  - 1, 


+ 


(log  X — log  29)^ 


5 . 29  4 log  6 

+ 1 (log a? -log  29) + 1, 

therefore  a fortiori 

yjr  (x)  > Pj^Ax  + qj  (log  xy  + r^  log  x-\-Si, 

where  pi,  rj,  are  certain  numerical  constants,  and  in  par- 
ticular 

44  — 1 4.  J 6_  = 3 4 81 

JJl  -*-“‘2  4 4 5 3480* 

In  a similar  way,  since 

FH:  (1)  - (6)  + (7) -(10), 


we  have 


'«|r(a.’)<4«+ §log.-e4--f  --f  (7)  + 
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and  hence 

yjr  (w)  < tiAx  + Ui  (log  xy  + Vi  log  X + Wi, 
where  Ui^,  Vi,  Wi  are  numerical  constants,  and  in  particular 

= 1 + l(i  + iV)  — f = ttI  • 

We  may  now  repeat  the  process,  employing  the  new  asymptotic 
values  of  , etc. ; and  it  is  clear  that  after  i succes- 

sive applications,  we  shall  obtain  results  of  the  form 
{x)  > piAx  + qi  (log  xf  + Ti  log  x-\-  Si, 
yfr  (x)  < tiAx  -f-  Ui  (log  xy  + Vi  log  X + Wi. 

To  determine  the  coefficients  we  have  a set  of  linear  difference 
equations  with  constant  coefficients  ; these  have  been  completely 
worked  out  by  Hammond.  It  will  be  sufficient  here  to  consider 
those  which  are  satisfied  by  the  coefficients  pi,  ti.  It  is  easily 
seen  that 

Pi+l  ~ 

ti+i  = (i  + tV)  ti-Tpi  + ^ 

= YsU  — Y Pi -\-  l. 

The  initial  values,  obtained  from  Tchebicheff’s  inequalities,  are 
Po=l,  ^0  = 1; 
and  the  complete  solution  is 

Pi  = MSII  + Pp"  + Qpi"> 

ti 


where  P,  Q,  R,  S are  numerical  constants,  and  p,  p^  are  the  roots 
of  the  equation 


F- ¥4 


1 

Jy 


^9 

P-t\ 


0. 


It  may  be  verified  that  p and  pi  are  both  proper  fractions,  so 


that  the  asymptotic  limits  of 
ultimately 


■f  w 


obtained  in  this  way  are 


i^«4=MI!4  = l-0765779... 

M = -9226107.. . 

By  applying  this  process  to  the  schemes 
[1,  6,  70;  2,  3,  5,  7,  210] 

and  [1,  6,  10,  210,  231,  1155  ; 2,  3,  5,  7,  11,  105], 
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Sylvester  has  succeeded  in  reducing  the  inferior  and  superior 

asymptotic  limits  of  j ^ to 

oc 

•9461974...  and  1-0551851... 

each  of  which  is  more  nearly  equal  to  unity  than  the  corresponding 
value  obtained  by  Tchebichelf.  The  scheme 

[1,  6,  10,  14,  105 ; 2,  8,  5,  7,  11,  13,  885,  1001] 
leads  to  still  closer  limits,  namely 

•95695...  and  1-04428... 


It  appears  to  be  very  probable  that  the  true  asymptotic  value 

'v/r  ( iC ) 

of  is  unity ; of  course,  we  cannot  expect  to  prove  that  it  is 

oc 

so  by  any  approximative  process  such  as  that  which  has  been 
described. 


229.  It  must  be  carefully  borne  in  mind  that  it  has  not  been 
'\lr  ( oc\ 

proved  that  ^ - approximates  to  a definite  limit  when  x becomes 

X 

infinite ; it  has  indeed  been  proved  that  for  all  values  of  x 

X 

where  A — 1'04423...,  A'  = -95695...  and  rj,  rj'  are  quantities  which 
are  very  small  when  x is  large ; but  this  is  quite  consistent  with 

the  hypothesis  that  I— ^ continually  oscillates  between  two  finite 

X 

limits,  without  tending  to  a single  definite  value  when  x=  (x> . 


It  may,  however,  be  shewn  that  if  does  converge  to  a 

definite  limit,  this  limit  can  only  be  unity.  This  is  effected  by 
proving  that  if  a is  any  assigned  quantity  which  is  greater  than  I, 
there  is  an  indefinitely  large  number  of  positive  integers  x for 
which 


(x)  < ax, 

and  also  that  if  a'  is  any  assigned  quantity  less  than  1,  there  is  an 
indefinitely  large  number  of  positive  integers  x for  which 

yjr  (x)  > a!x. 


Poincard’s  proof  of  this  proposition  is  extremely  simple  and 
elegant.  To  avoid  confusion  in  the  use  of  brackets,  we  shall  write 
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E (x)  instead  of  \x]  to  denote  the  greatest  integer  which  does  not 
exceed  x. 

Then  if  the  function  a {x)  is  defined  to  mean  1 or  0 according 
as  <|:  1 or  ^ < 1,  we  shall  have 


E{x)  = a.{x)  + oL{^]  + 


in  fact,  since  a 


1 for  ?^  = 1,  2,  3 . . . E(x),  while  a f - j = 0 for 


all  integral  values  of  n which  exceed  E (x),  the  series  is  simply 

14-1  + 1 + ... 

to  E {x)  terms  : that  is,  it  is  E (x). 


Now  let  Sn  — l + 2'  + x'l'***~l — ) 


then  since,  if  p > 1, 


s +...+^ 


E^) 

V 


-1<E 


it  follows  that 


^E(x) 

.pi  p 


Again 


Sn- E (x)  - n-\- 1 < V (x,n)  < Sn.  E (x) (1). 

1 u + 1 1 , p 

® p p ^ p — 1 

and  therefore  log  (ti  + 1)  — log  2 < >Si^  — 1 < log  n, 
whence  a fortiori 

log  {n  + 1)  < < 1 + log  n. 

From  this  and  the  inequalities  (1)  we  conclude  that 
E {x)\og  {n  1)  - n -\-l  < V {x,  n)<  E (x)  {1  + log  ?i}....(2). 

Let 


then  since  E 


V{x)=E{x)-^Em  + ,.,-[-Ei-)  + .,. 


= XE 
1 


0 if  n>  E (x),  it  is  clear  that 
V(x)=V  {x,  E (a;)) ; 


consequently  by  (2) 

E {x)\og  [E  {x) E {x)  \ < V {x)  < E{x){l-\-  log  E {x)]. 
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Dividing  by  x log  x,  and  making  x infinite,  we  see.  that 
x=00  xiogx 


Now  let  a be  any  assigned  quantity  which  is  greater  than  1, 
and  suppose,  if  possible,  that  there  is  only  a finite  number  of 
positive  integers  Xy  for  which 

{x)  < ax. 


Let  Xq  be  the  greatest  of  these ; then  for  all  integral  values  of 
X which  exceed  x^y  we  shall  have 


(x)  ax. 

It  will  be  possible  to  choose  a finite  positive  integer  h such 
that  for  all  positive  integral  values  of  x 

{x)  > a {x  — h ] 

we  might,  for  instance,  take  h = E [a  {xq-\-  1)}  1. 

We  may  infer  from  this,  that,  for  all  positive  values  of  x which 
exceed  unity, 

ix^  > aE  {x)  — ha  (x) : 

in  fact,  if  x>ly  we  have  E(x)  < x + ly  and  a{x)  = 1 ; on  the  other 
hand  if  ic  < 1 we  have 


'\jr(x)  = E (x)  — a{x)  — 0. 

In  the  inequality 

y\r  {x)  > aE  {x)  — ha  (x) 


change  x successively  into 


X 

2’ 


X 

8’ 


and  add ; then  since  the 


inequality  only  fails  when  yjr  (x),  E {x),  a {x)  all  vanish,  we  have 

that  is,  T {x)  > aV {x) — hE  {x)y 

A.x.  c T{x)  V{x)  , E{x) 

and  thererore  , - > a - - — b — v - . 

X log  X X log  X X log  X 

But  from  Tchebicheff’s  inequalities  it  appears  that 


a:=oo^’log^ 

also  the  limit  of  E {x)lx  \ogx  is  zero,  and  that  of  V {x)lx\ogx  is  1; 
we  are  therefore  led  to  the  absurd  result  that  I > a.  Consequently 
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it  is  impossible  to  assign  a finite  value  of  such  that  whenever 
x>  {x)  <j:  ax^ ; the  inequality 

t/t  ix)  < ax 

is  therefore  satisfied  by  an  infinite  number  of  positive  integers. 

It  may  be  proved  in  exactly  the  same  way  that  if  a!  is  any 
assigned  quantity  less  than  1,  the  inequality — 

i/r  (pc)  > ax 

is  satisfied  by  an  infinite  number  of  positive  integers.  Consequently 
if  yjr  (x) I X has  a definite  limiting  value,  it  must  be  unity. 

Perhaps  the  argument  becomes  clearer  with  the  help  of  a 

ylf* 

geometrical  figure.  Suppose  the  curve  y = ----  - - to  be  constructed ; 

X 

then  if  A,  A'  are  Sylvester’s  limits,  and  k,  k'  assigned  proper 
fractions,  however  small,  it  has  been  proved  that  as  we  proceed  to 
infinity  along  the  axis  of  x,  the  curve  ultimately  lies  wholly 
between  the  lines  y = A -{-k,  y = A'  - k'  \ and  also  that  however 
far  we  may  proceed  along  the  strip  enclosed  between  the  lines 
y=l  + m,  y=l  — m',  where  again  m,  m'  are  assigned  positive 
quantities,  we  shall  always  find  points  of  the  strip  which  belong  to 
the  curve,  no  matter  how  small  m and  m'  may  be.  Therefore  if 
the  asymptotic  form  of  the  curve  is  a straight  line  parallel  to  the 
axis  of  X,  this  line  must  be  y = 1. 


230.  It  is  now  easy  to  prove  that  if 


e(x) 


has  a definite  limit 


when  X is  infinite,  that  limit  must  be  unity.  For  suppose  a is  any 
assigned  quantity  greater  than  1 ; then,  by  last  article,  the  in- 
equality (x)  < ax  is  satisfied  by  an  infinity  of  integral  values  of 
X ; but  6 (x)  < yjr  (x)  always  (Art.  220) ; therefore  the  inequality 
6(x)<ax  will  also  be  satisfied  by  an  infinity  of  integral  values  of  x. 

Again,  for  sufficiently  large  values  of  x, 

6 (x)  >ylr  (x)  — 2yjr  (\/x), 


and 

consequently 


or 


0(x)  >^|r  (x) 
e (x)  ^ f (a:) 

X X 


12 

b\fx' 


Now  if  a is  any  assigned  quantity  less  than  1,  there  will  be  an 
infinity  of  integral  values  of  x for  which  > a,  and  among 
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these  there  will  be  an  indefinite  number  for  which  is  less  than 

six 

assigned  quantity  however  small;  therefore  there  will  be  an 
indefinitely  great  number  of  positive  integral  values  of  x for 
which 


^5) 

X 


>a  — 7^. 


Now  if  a'<l,  we  may  always  put  a' = a — ri,  where  a is  also 
less  than  1 and  ij  is  positive ; consequently  if  a'  is  any  assigned 
quantity  less  than  1,  the  inequality 

6 (x)  > a'x 

will  be  satisfied  by  an  infinite  number  of  positive  integers. 

It  follows,  therefore,  that  if  converges  to  a definite  limit, 

X 

this  must  be  unity. 


231.  Let  F {oc)  denote  the  number  of  primes  that  do  not 
exceed  x\  then  from  the  definition  of  Q {x)  it  is  obvious  that 

F (x)  log  x>B  {x), 

consequently  whenever  6 {x)  > ax,  we  shall  have 


F(x)> 


ax 


\ogx' 


Combining*  this  with  the  result  of  last  article,  we  infer  that 
whenever  a<  1,  there  is  an  infinity  of  integers  for  which 

rr/  \ 

F{x)>. . 

log  X 

We  may  also  prove  that  if  a > 1,  there  is  an  infinity  of  integers 
for  which 

F{x)<. . 

log  X 

To  shew  this,  write,  for  the  moment,  F{x)  — n;  then  because 
the  nth  prime  number  in  order,  say  is  greater  than  n,  we  have 


n n 

6 {x)  = S log^y  > log  r 
1 1 

that  is  T\F{x)'\  < 6 {x?). 

Now  for  all  values  of  x which  exceed  a certain  limit 
T (x)  > hx  log  X, 
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where  h is  any  assigned  quantity  less  than  1 ; consequently  for  all 
such  values  of  x 

6 (x)  > hF  {x)  log  F (x). 

But,  as  already  proved,  F (x)  log  x>0  {x),  and  therefore 
log  F {x)  > log  6 {x)  — log  log  ^ ; 
hence  6 (x)  > bF (x)  {log  6 {x)  — log  log 

1 e{x) 


or 


F{x)< 


Let 


y 


h ’ log  6 (x)  — log  log  X * 

-f{y)  ; then  f {y)  has  the  same  sign  as 


log  y — log  log  X 

log  y — log  log  x—1, 
and  is  therefore  positive  if 

log  y >1+  log  log  Xy 
that  is,  if  y>& log 

Provided,  then,  that  this  inequality  is  satisfied,  f{y)  increases 
with  y {x  remaining  constant). 

Now  since  when  x is  large,  logi^;  is  negligible  in  comparison 
with  X,  it  is  easily  seen  that  both  6 (x)  and  ax  (where  a is  positive) 
exceed  e log  x for  all  values  of  x beyond  a certain  limit.  Hence 
whenever  x is  sufficiently  large  and  6 {x)  < ax  we  shall  have 

<f{ax), 

6 (oc)  ax 


that  is, 


log  6 (x)  — log  log  X log  (ax)  — log  log  x ' 


and  therefore 


• log  {ax)  — log  log 


When  X increases  indefinitely,  we  may  write 

ax  _ . 

15^0+4 


ax 


log  (a^r)  — log  log^c 
where  e ultimately  vanishes.  Hence  if  6 (cc)  < ax,  and  a'  > a,  it 
will  always  be  true  that 

provided  that  x exceeds  a certain  definite  value. 

Now  if  c is  any  assigned  quantity  greater  than  1,  it  will  always 
be  possible  to  assign  values  to  a,  a',  b so  that 


>a  > 1 > b. 
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and  since  the  inequality  6{x)<ax  is  satisfied  by  an  infinity  of 
integers  whenever  a > 1,  it  follows  that 

cx 


F{x)< 


log^p 


for  an  infinity  of  integers,  whenever  c has  an  assigned  value 
which  exceeds  unity. 

We  conclude,  therefore,  that  if  ^ ^ converges  to  a 

definite  limit  when  x becomes  infinite,  that  limit  must  be  1. 

232.  Legendre,  in  his  Theorie  des  Nombres,  proposed  the 
empirical  formula 


F(x) 


where 


log  X — A' 

= 1-08366. 

This  agrees  very  fairly  so  long  as  x does  not  exceed  a million  ; 
but  as  X increases,  the  approximation  becomes  more  and  more 
imperfect.  Tchebicheff  has  proved  that  the  least  inaccurate 
formula  of  Legendre’s  type  is 

F{x)=  ^ 

log  X — 1 

on  the  assumption  that  there  is  an  asymptotic  expression  for  F(x) 
of  the  form 

b 


X 


+ 


+ ... 


[log  X (log  xy  (log  xy 

he  has  also  shewn  that  the  only  possible  formula  of  this  latter 
type,  carried  as  far  as  x/(\og  xy,  which  shall  not  involve  an  error 
comparable  with  x/(\ogxy^,  where  m < n,  is 


F(x)  = x 


I i-y  I ...  I 


[logiu  (log^c)^  (legacy  (log^-)’ 

Thus,  for  instance,  Legendre’s  corrected  formula  is  certain  to 
differ  ultimately  from  F(x)  by  quantities  comparable  with 

a;/(log  xy. 

The  infinite  series 


+ 


1 


2! 


+ ... 


[log  X (log  xy  (log  xy 
is  ultimately  divergent,  however  great  x may  be ; but  if  x is  very 
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large,  the  sum  of  the  first  n terms  will  be  an  approximation  to  the 
integral 

r dx 
Ja  log^r’ 

where  a is  any  finite  quantity  greater  than  1 and  small  in  com- 
parison with  iP.  In  fact,  by  integration  by  parts. 


dx  __  r 

Jjogoc~~  [_ 


X X 2\x 

log  X (log  xy  (log  xy 


+ ...+ 


{n-iy 

(log  x) 


Ixl^ 

Fja 


+ n 


dx 


(log  ’ 

and  the  last  term  on  the  right  is  equal  to 

n\(x  — a) 


[log  {oL+  6{x  — ’ 

where  ^ is  a proper  fraction.  When  x is  very  large,  values  of  n 
can  be  found  for  which  this  is  a very  small  fraction  of  x.  If,  then, 
we  stop  at  a suitable  place  in  the  infinite  series,  we  shall  obtain  a 
value  which  differs  from 

dx 


f 


a log^ 

only  by  a very  small  fraction  of  itself ; x,  of  course,  being  supposed 
very  large,  and  a comparatively  small. 

It  is  usual  to  define  the  logarithmic  integral  li(x)  by  the 
equation 

dx 


li  (x)  = f - 

J 0 


0 log  ^ ’ 

and  say  that  when  x >1  the  principal  value  of  the  integral  (in 
Cauchy’s  sense)  is  to  be  taken.  It  is  not  very  clear  how  this 
principal  value  is  defined ; however,  there  will  be  no  objection  to 
writing 

’’X 

li(x)-l{(a), 


J a 


log^ 


where  x and  a are  both  less,  or  both  greater  than  1.  There  will,  of 
course,  be  no  difficulty  in  understanding  what  is  meant  by 

dx 


/: 


olog^ 

taken  along  any  path  of  integration  which  does  not  go  through 
the  point  = 1,  provided  that  the  particular  value  of  log  0 with 
which  we  start  is  definitely  assigned. 
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Gauss,  in  a letter  to  Encke  (Werke,  ii.  p.  444),  states  that  the 

f doc 

number  of  primes  which  do  not  exceed  x is  approximately 


log  x' 


the  integral  being  given  without  any  indication  of  the  limits.  In 
his  tables  of  the  frequency  of  primes,  a comparison  is  made 

between  the  values  of  F (/3)  — F (a)  and  I , for  successive 

J a log  X 

intervals  of  100,000  beginning  with  a = 1000,000,  and  ending  with 
a = 2900,000 ; the  comparison  is  also  made  for  the  intervals 
10®...  2.10®  and  2 .10® ...  3.10®.  It  should  be  observed  that  Gauss’s 
enumerations  of  the  actual  number  of  primes  in  the  different 
intervals  are  not  very  accurate. 


233.  The  mere  fact  that,  so  far  as  the  enumeration  of  primes 
has  been  hitherto  effected,  the  formula 


dx 


2 log  X 

is  approximately  correct,  does  not  in  any  way  prove  that  this  is  a 
proper  asymptotic  formula.  It  seems  clear  that  Gauss  was  led  to 
it  simply  by  observation,  and  it  does  not  appear  that  he  ever  ac- 
counted for  it  in  any  theoretical  way.  The  only  satisfactory 
attempt  to  determine  a general  analytical  formula  for  F (x) 
appears  to  be  that  contained  in  Riemann’s  celebrated  memoir. 
This  is  confessedly  incomplete,  and  the  analysis  which  it  contains 
is  very  peculiar  and  difficult : but  because  of  its  great  import- 
ance, some  account  of  it  ought  to  be  given.  On  the  properties  of  the 
function  V {2)  for  a complex  variable,  which  will  have  to  be  assumed 
in  the  course  of  the  investigation,  the  reader  may  consult  Prym, 
Zttr  Theorie  dev  Qammaf unction  (Crelle,  Ixxxii.  165)  and  various 
papers  by  Bourguet  and  Mellin  in  vols.  i.  ii.  iii.  and  viii.  of  the 
Acta  Mathematica. 


If  X and  8 are  complex  quantities,  we  may  define  a?  to  mean 

gSloga;  _ 1 5 log  + 2 


and  since  log  is  a many-valued  function,  is  many- valued  also. 
If  we  write 


where  the  integral  is  to  be  taken  along  a path  from  1 to  a?  which 
does  not  surround  the  origin,  the  general  value  of  log^*  is 
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Log  X + 2k7r%  where  k is  any  integer,  and  the  general  value  of 
of  is  therefore 


In  what  immediately  follows  we  shall  suppose  that  ^ stands 
for  gQ  ^}iat  for  instance  when  x is  real  and  positive,  and 

s = a + 

_ g(a+/3i)  Logic 


_ gaLogic  jcQg  Log  x)  + ^ sin  (/?  Log  x)] 

where  Log  x is  the  ordinary  real  logarithm  of  x. 

This  being  so,  then,  whenever  the  real  part  of  s is  positive  and 
greater  than  1,  we  have 

1 


n 


1 —p~ 


= ^n- 


where  the  product  on  the  left  applies  to  all  positive  primes  p,  and 
the  sum  on  the  right  to  all  positive  integers  n.  This  is  easily  seen 
by  observing  that,  under  the  conditions  stated,  we  may  write 

1 


1 -2-" 


1 -I-  2-«  + 2-"«+  ... 


1 

1-3-^ 


= 1 -f  3-®  + 3-2^ 


+ ... 


where  the  series  are  absolutely  convergent;  and  since  n~^  can  be 
expressed  in  one  way  only  in  the  form 


72-5  = p^^^  pfy^ . . . 

where  pi,  p2,  Ps  etc.  are  different  primes,  and  this  term  occurs  once, 
and  once  only,  in  the  expansion  of  (1  + 2“®  +...)(!  + 3~®  + ...)... 
(1  -\-p~^  + ...)...  the  proposition  follows. 


Now  if  n is  a positive  integer,  and  x a real  variable,  we  may 
write 


and  hence 


|.oo  -00 

I x^~^  dx.—  n~^  | e~y  dy  = n~^  T (s) 
Jo  Jo 

(s) . X)r~^  = I dx  = I — — - . 

Jo  j 0 e""  - 1 


304 


THE  DISTEIBUTION  OF  PRIMES. 


We  will  now  suppose  the  integral 

j e^-1 

to  be  taken  first  along  the  axis  of  real  quantities  from  a?  = + oo  to 
x=  €,  where  e is  a very  small  positive  quantity,  then  in  the  positive 
direction  along  the  circumference  of  a small  circle  of  radius  e,  with 
its  centre  at  the  origin,  and  finally  along  the  axis  of  real  quantities 
from  x = e to  x = -\-QO. 


After  going  round  the  small  circle,  log  x increases  by  27^^,  and 
if  we  take  to  mean  (as  above) 

( p dx\ 


it  is  evident  that,  after  describing  the  circle, 


x^~'^ 

e^l 


becomes 


. — — - . It  is  easily  seen  that  if  the  real  part  of  s exceeds  1, 

the  integral  round  the  circle  vanishes  ultimately  when  e is 
infinitesimal : and  therefore  the  whole  integral  is 


(1 


,,  f»  af-^doc 


= (gSTTiS  _ 


x^~'^  dx 


f 


x^~'^  dx 

e^-1  * 


Comparing  this  with  the  previous  result,  we  have 


2 sin  TTS  r (5) 


af~^  dx 


xy~'^  dx 
e^-1 

( — dx 
e^-1 


the  integral  on  the  right  being  taken  along  the  path  above  defined. 
Observe  that  ( — xy~'^  is  to  be  taken  as  e~^  where  is  to 

have  the  same  determination  as  in  the  equation 

r (s)  = [ e~^  s(f~^  dx. 

Jo 


For  convenience  we  may  suppose  x^~^  = e('?-i)Loga;.  other 

determination  might  be  adopted,  provided  that  the  proper  corre- 
sponding value  of  r (s)  be  taken. 
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The  path  of  the  integration  denoted  by  I may  be  modified  in 

00 

any  way  consistent  with  not  including  any  of  the  zeroes  of  the 
function  {f'  — 1). 

If,  now,  we  define  the  function  ^ (s)  by  means  of  the  equation 

2 sin  TTS  r (s)  ?■(«)  = tj  ^ 

f(s)  is  a one-valued  function  of  s which  is  finite  for  all  finite 
values  of  s except  5=1,  and  vanishes  when  5 is  a negative  odd 
integer.  Moreover  when  the  real  part  of  s exceeds  1,  ^(s)  = 2^“^. 

When  the  real  part  of  s is  negative,  the  point  oc  = + go  (a  real 
quantity)  is  not  a pole  of  the  integral 

r(—  xy~'^  dx 

J e^-1 

and  consequently  the  value  of  this  integral,  taken  as  above 
explained,  is  equal  to  the  sum  of  the  values  of  the  same  integral 
taken  in  the  negative  direction  round  infinitesimal  circles  each 
surrounding  one  of  the  poles  ±27^^,  +47^^,  etc. 

The  value  of  the  integral  taken  round  the  pole  2n7^^  is 
- 2« . Lt  = - 2m  (-2nmy-' ; 

x=2n7ri  ^ J- 

and  in  the  same  way  that  round  the  pole  — 2n7ri  is 

— 27^^  (2n7riy~K 

Substituting  these  values  in  the  equation  which  defines  ^ (s), 
we  have 

2 sin  TTS  r (s)  f (s)  = (27r)®  + (— 

= (27r)®  -1-  (—  iy-^}  f (1  - 5) 

or  2 cos  Y r (5)  f (s)  = (27ry  ? (1  - 5). 

If  in  Legendre’s  formula 

r (®)  r . . .r  = (27r)^*  n»-~  T (««) 

we  put  = 2,  ir  = 2 > we  obtain 

= 2^-^  Tri  r (5). 


M. 


20 
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Also 


l + s 


1- 


TT 


1 + 


and  therefore,  eliminating  T ^ 

2r(s)r(^-^) 

Hence  the  relation  connecting  ^ (s)  and  f (1  - 5)  may  he 
written  in  the  form 


. (1  — 5)  TT  STT 
^ cos  — 


ly 


cos^  = 2%ir 


or,  which  is  the  same  thing, 

^-1  r (I)  r (s)  = r r(i  -4 

This  naturally  suggests  the  introduction  of  the  function 
7r~2  r ^(s)  instead  of  ^(s);  this  function  is  unaltered  by  the 
change  of  5 into  1 — 5. 

Since  n~^  ^“2  T = j doc 

it  follows  that  7r"2  F j f (5)  = j (oc)  dx, 

where  yjr  (x)  = ze~^ 


The  function  yjr  (x)  is  one  of  those  which  occur  in  the  theory 
of  elliptic  functions;  in  fact,  writing  K'jK  for  x,  and  putting 

q-ttK'IK  _ 

l + 2i/r(ir)  = l + 2g+2^4  + 2g®+... 


Interchanging  the  moduli,  so  that  x becomes  - , we  have 

X 


and  hence 


^ © = \/^ = (®)} ; 

--1  f*  --1 

I '^{x)x^  dx=  '{[r  (x)  x2  dx+  yjr  (x)  X2  dx 
-'0  Jo  J 1 

= J ^ — -l-l  X2~^  dx-hj  xjr  (x)  X2~^  dx 

f°°  s _s  1 1 

= J '\lr(x){x2  -\-X  a~2j  dx  + 


s{s-iy 
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Now  write 


s(s-l) 

2 


s = i + ti, 

j)?(s)=n0; 


4 2 -\-X  4 


8 ti 


dx 


then,  on  substitution,  we  find 

r(0=i-4(i^+i)/V(®){« 

= i — + i)J  00  l^fr  (x)  cos  {^t  log  x)  dx 

where,  of  course,  the  determination  of  cos(^nogi!?)  must  be  in 
accordance  with  that  of  7r~2  F , in  order  that  f {s)  may  be 
one- valued. 

In  order  that  the  real  part  of  s may  be  greater  than  1,  so  that 
may  converge,  we  must  have 
t = OL  — 

with  l3  > h 


If,  in  the  expression  for  ^ (t),  we  suppose  the  integration  to  be 
taken  along  the  axis  of  real  quantities,  and  log  x to  denote  the  real 
logarithm  of  x,  we  obtain  an  expression  of  the  form 
^{t)^Ao  + A,f  + A,P+... 

where  A^  Ai  A.2. . . are  real  coefficients.  This  particular  value  of  f (t) 
is  always  real  when  ^ is  a pure  imaginary,  or,  which  is  the  same 
thing,  whenever  s is  real  If  5 is  a real  quantity  greater  than  1, 
this  value  of  coincides  with  the  real  value  of 

The  coefficients  Ai  depend  upon  integrals  of  the  type 
x'i  l/r  (x)  . (log  dx, 

and  it  is  easy  to  see  that  these  diminish  very  rapidly  as  r increases, 
and  that  the  expansion  of  f (^)  converges  absolutely  for  all  finite 
values  of  t 

Since,  when  the  real  part  of  s exceeds  1,  the  function  of  5 with 
which  f (#)  then  coincides,  never  vanishes  for  finite  values  of  s,  it 
follows  that  the  finite  roots  of  the  transcendental  equation  ^(t)  = 0 
must  all  be  of  the  form 

T = a ±j8  i 

with  /S  >>  J. 

20—2 
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Now  the  number  of  roots  of  ^(t)  = 0 contained  within  any 
simple  contour  is  equal  to 

taken  in  the  positive  direction  round  the  contour.  Riemann 
states  without  proof  that  the  number  of  roots  of  ^ (t)  = 0 contained 
within  the  rectangle  bounded  by  the  lines  x — 0,x  = T,y—  ± is 
found  by  this  method  to  be  approximately 


when  T is  large;  the  error  being  comparable  with  It  follows 

from  this  that  the  frequency  (or  ‘density’)  of  the  roots  in  the 
neighbourhood  of  the  line  x=T  asymptotically 

and  hence  we  may  write 

log  f (0  = S log  (^1  - ^ j + log  f (0) 

where  the  summation  applies  to  all  the  roots  r of  the  equation 
^(^)  = 0.  Riemann  adds  that,  although  he  has  not  succeeded  in 
proving  it,  it  seems  very  probable  that  all  the  roots  of  — 0 are 
real. 

Let  us  now  denote  by  F (x)  the  number  of  primes  which  are 
less  than  x,  when  x itself  is  not  a prime ; when  ir  is  a prime  let 
F (x)  stand  for  the  number  of  primes  less  than  x,  increased  by  J, 
so  that  at  every  point  where  F (x)  changes  abruptly 

F(x)  = i {F(x  - 0)  + F(x  + 0)). 

Let  5 be  a quantity  of  which  the  real  part  exceeds  1 ; then 
log5'(s)  = - S log(l  -p-^) 

= + . . .. 

poo  poo 

Now  p~^  = s x~^~^dx,  p~^^  = s x~^~^  dx, 

J p J 

and  so  on ; and  if  these  values  are  substituted  in  the  expansion  of 
log  f (s)  we  obtain  an  expression  of  the  form 

s f{x)  x~^~'^  dx. 
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where  f{x)  is  obtained  by  taking  1 for  every  prime  which  is  less 
than  X,  ^ for  every  square  of  a prime  which  is  less  than  x,  J for 
every  cube  of  a prime  which  is  less  than  x,  and  so  on  ; that  is 

/(«)  ^F{x)  + iF (ai)  + iF(x^)  + ..., 

because  if  < x,  it  follows  that  p < x^,  and  the  number  of  primes 
for  which  this  condition  is  satisfied  is  and  similarly  for  the 

other  terms.  There  will  of  course  be  abrupt  changes  in  f{x)  when 
X is  a prime  or  a power  of  a prime,  but  since  these  critical  values 

are  separated  by  finite  intervals,  the  expression  I f (x)  x~^~^  dx  is 

J 2 

perfectly  definite. 


When  X is  less  than  2,  fix)  = 0,  so  that  we  may  write 
= j /(*)  x-‘-^  dx 

provided  that  s = a + hi,  with  a > 1. 

Observing  that  f{x)  is  real  throughout  the  integration,  we 
have 

log_f^  _ r y J(3Qg  Qy  log  ^ ^Qg  ^ \Qg 

s Jo 

and  from  this,  by  Fourier’s  theorem,  it  follows  that 


27rx' 


j'+co 

-/(*)  = 

J —00 


log  ? (s) 


{cos  (b  log  x)  + i sin  (b  log  x)]  db, 


and  therefore,  multiplying  both  sides  by  ix^, 

J a—ioo  S 

the  integration  being  taken  along  a straight  line,  so  that  the  real 
part  of  s remains  constant. 

From  the  way  in  which  F (x)  was  defined  it  will  be  seen  that 
this  formula  holds  good  for  all  real  values  of  x,  including  those  for 
which  f{x)  changes  abruptly. 


Since  vanishes  when  s = a + x we  find  by  partial 

integration  that 
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From  the  definition  of  ^ (t) 


r(s)= 


-1) 


m 


r - 

V2, 


Ht). 


and  therefore 


log  ?(«)  = ! log  77  - log  (s  - 1)  - log  r (^1  + l)  + log  |(t) 
= I log  77  - log  (s  - 1)  - log  r (^1  + 1 ) 


Hence 

d /log  f(«) 
ds 


+ 21og^l+^^]  + logf(0). 


) = - s ^ (I  + 0}  - i {? 


ds 


Slog  Jl  + 


{s-h) 


log  HO)  ^ 


Now 


and  therefore 


^ (I  + + S)  - 1 » 

ore 


d 

ds 


Also 


jlogj 


1 + 


{s-ir 


ds 


1 - 


i + Tl 


:•  +- 


hog(i- 


Consequently 

js^s 


1 7 T“  + i 
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where  (7  = log  f (0)  + X log  ^1  + 

The  integral 

J d—Qoi  S J Of-ooi  S 


+ 00 


= log  X 

= 2{x^  lo^  X I 
^ io 


cos  (b  log  x)  + i sin  (6  Jog  x) 
a + ih 

a cos  (6  log  x)  db 


db 


o?  + 

= 2ix^  log  X . = 27^^  log  x 

(as  may  also  be  seen  by  replacing  the  straight  line  of  the  original 
integration  by  a small  circle  round  the  pole  5 = 0). 

All  the  other  integrals  in  the  expression  for  2irif{x)  log^  may 
be  reduced  to  the  type 


Call  this  </)  ; then 


ra+ooi  ^ 


— 00  i ds  |/3  (^  s) 


x^ds 


_ log  a?  x^ds 


/3 


ra+^t 

J a-'T^i  ^ ' 


on  integrating  by  parts. 

Now  if  the  real  part  of  ^ is  less  than  the  real  part  of  s,  so  that 
the  point  ^ is  on  the  left  of  the  line  along  which  the  integral  is 
taken,  we  may  change  the  path  of  integration  into  a small  circle 
described  in  the  positive  direction  round  the  pole  5 = /5.  Hence 
the  value  of  the  integral  is 

^Trix^  log  X 


. r ^ 

= 27^^  log  X j x^~^  dx  or  27r^  log  x j x^~^  dx, 

according  as  the  real  part  of  /3  is  negative  or  positive. 

Hence  in  the  first  case 

(j)(^)  = 27rilogxi^j  ^dx  + A 
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and  in  the  second 


(/3)  = 27ri  log  a:  dx  + b|  , 

where  A and  B are  constants  depending  upon  the  way  in  which 

log  is  defined  and  on  the  paths  along  which  the  integrals 

are  taken.  In  the  second  integral  the  path  from  0 to  must  not 
go  through  the  critical  point  x = \.  We  may,  if  we  like,  suppose 
that  the  integration  from  0 to  is  taken  along  the  axis  of  real 
quantities  from  0 to  1 — e,  then  along  a semicircle  of  radius  e from 
(1  — e)  to  (I  +e)  and  then  along  the  axis  of  real  quantities  from 
1 + 6 to  Similarly  we  may  suppose  the  integration  from  go  to 
X to  be  taken  along  the  axis  of  real  quantities. 


The  values  of  /3  are  — 2,  — 4,  — 6,  etc.,  unity,  and  the  different 
values  of  J + T^ ; and  since  a,  the  real  part  of  5,  is  supposed  greater 
than  1,  we  have  finally 


-h+ri  q.  ^-h-r 

\ogx 


dx 


iogx 

_ dx  x~^  {t  log  x)  dx  p dx 

~Jologx  7 Jo  iogx  x(x^-l)logx' 

C'  being  a constant,  the  value  of  which  will  depend  on  the  deter- 
mination of  log  X in  the  integrals. 


Hx-^ 

J X 


X~^ -\r  . . . ) 


rx  _ rx 

Observing  that  J (f>{x)dx  only  differs  from  J <^{x)dx  by  a 

constant,  and  that /(2)  = J,  we  may  write,  for  x > 2, 

dx  f^X~icOS(Tlogx)dx 

— 


dx 


+h 


\x{x^  — 1)  logi:r  ' ^ 

and  take  log  x to  mean  throughout  the  real  logarithm  of  x ; the 
integrations,  also,  being  taken  along  the  axis  of  real  quantities. 

Neglecting  terms  which  are  comparatively  very  small  when  x 
is  large. 


/W  = 


log  X 


2S 


x~'^  cos  (r  log  x) 


log  X 
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It  will  be  remembered  that 

f{x)  = F{x)  + \F{c^)  + f . . . , 

and  from  this  it  may  be  inferred  that 

F (x)  =f(w)  - y\x^)  - y^{x^)  - if(x*) 

where  m assumes  all  positive  values  not  divisible  by  any  square, 
and  /X  is  the  number  of  different  prime  factors  of  m. 

To  prove  this,  let  n be  any  positive  integer  greater  than  1,  and 
let  m,  m'  be  any  two  conjugate  factors  of  n so  that  mm'  = n : then 
1 1 T. 

the  coefficient  of  F(^x'“')  in  2 (—  ly  —f{x^y  is 
^ mm  n 

where  the  sum  is  obtained  by  calculating  fju  for  every  divisor  of  n, 
1 and  n inclusive.  But  if  n contains  k prime  factors,  it  is  obvious 
that 


2(-I)'--  1-A;  + 


k{k-l){k-2) 

2 3! 


+ 


(1  _!)/<=  = 0, 


because  there  is  one  factor  of  n for  which  ya  = 0,  there  are  k for 
which  /X  = 1,  — for  which  /x  = 2 and  so  on. 


1 

Thus  all  the  functions  F (x'^)  disappear  except  F (x),  which 

occurs  once  with  a coefficient  1 : and  this  proves  the  theorem. 

Substituting  the  values  of  f(x),  etc.  in  the  formula,  we 

obtain  an  expression  for  F {x). 


Let 


B 


dx 


X iaP'  — 1)  log  X ' 


and  let  A denote  the  constant 


A = B{1  - 

= E%{-  ly-; 

^ m 
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then 


if  we  neglect  the  integrals  J - — we  obtain 


log 

the  approximate  value 

F(a^)  = A + S(-iy^l(J) 


where 


(«)= [ 
J 2 


2 l0g^‘ 

Since  J.  is  a finite  quantity,  it  may  be  omitted  without 
sensibly  affecting  the  formula  when  £c  is  very  large. 


We  conclude  from  this  result  that  Gauss’s  approximate  value 
is  ultimately  too  large ; and  this  is  confirmed  by  the  comparisons 
given  by  Gauss  for  the  second  and  third  millions. 
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1.  Prove  that  if,  to  the  base  10, 

, 1025  , 1024^  , , 81^ 

1024  “ 1 023 . 1025  80.82  “ 

19^2  QQ2 

12026  =‘^-  = 
then  196  log  2 = 59  + 5a  + 85  — 3c  — 8c?  + 4e  ; 

and  find  log  3 and  log  41  in  terms  of  the  same  quantities.  (See 
Gauss,  Werke  ii.  p.  501.) 

2.  Verify  that  2^/^+^  + 1 = + 2^+^  + 1)  (22^^+!  - 2/^+1  + 1), 

and  hence  factorise  2®®  + 1. 

(This  application  of  a familiar  algebraical  identity  appears  to  be  due  to 
Aurifeuille:  see  Lucas,  Theorie  des  Nomhres,  i.  p.  326.) 

3.  From  the  facts  that  lO’’^  = 1 (mod  9)  and  10'^  = (—  1)’^ 
(mod  11)  deduce  the  ordinary  criteria  for  the  divisibility  of  any 
number  by  9 or  by  11. 

Prove  that  a number  expressed  in  any  scale  of  notation  is 
divisible  by  a given  number  m if  a certain  linear  combination  of 
its  digits  is  divisible  by  m ; and  shew  how  the  simplest  combination 
in  question  may  be  discovered. 

For  example,  prove  that  a number  anan-i . . . a-^a^  expressed  in 
the  scale  of  7 is  divisible  by  19  if 

(cti  + a4  + 0^7  + . . . ) + 7 (c^2  + 0-5  + Ctg  + •••)“"  ^ (^3  + + ^^9  +••• ) 

= O(mod  19). 

4.  If  p is  an  odd  prime  (except  5),  and  a<p,  the  fraction  a/p 
may  be  expressed  as  a pure  circulating  decimal,  and  the  number  of 
figures  in  the  period  is  equal  to  the  exponent  to  which  10  apper- 
tains, mod  p. 

Calling  this  exponent  /,  the  expansions  of 
1 2 p~l 

p ’ p p 

will  give  rise  to  (p  - l)/f  groups  of  periods,  the  periods  of  each 
group  being  derived  from  each  other  by  cyclical  permutations  of 
the  digits : hence  if  one  period  of  each  group  is  known,  and  also 
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the  index  of  10  to  any  primitive  root  of  p,  the  index  of  any 
number  may  be  determined.  {D.  A.  Arts.  312 — 318.) 

5.  If  + 3 and  87^  + 7 are  both  primes,  then  2^'^+=^  - 1 is 

divisible  by  8^1  + 7.  (Euler.) 

The  numbers  2/^—1,  where  p is  prime,  are  known  as  Mersenne’s  numbers. 
According  to  Mersenne  {Cogitata  Physico-Mathematica,  (Paris,  1644)  prtefatio 
generalis.  Art.  19)  the  only  values  of  p,  not  exceeding  257,  for  which  2^^-  1 is 
prime,  are  1,  2,  3,  5,  7,  13,  17,  19,  31,  67,  127,  257.  Seelhoff  has  proved  that 
2®i  - 1 is  prime,  but  this  is  the  only  exception  to  Mersenne’s  statement  yet 
discovered.  See  W.  W.  Rouse  Ball  On  Mersenne^ s Numbers  (Mess,  of  Math, 
xxi.  (1891)  p.  34)  and  Lucas,  Tlieorie  des  Nomhres,  i.  p.  374. 

6.  Prove  that  if  2^  — 1 is  a prime,  then  2^~^  (2^  — 1)  is  equal 

to  the  sum  of  its  aliquot  parts.  (Euclid  ix.  36.) 

A number  which  is  equal  to  the  sum  of  its  aliquot  parts  is  called  a perfect 
number.  No  method  of  finding  perfect  numbers,  except  Euclid’s,  has  been 
discovered:  it  is  not  even  known  whether  any  odd  perfect  numbers  exist. 
Euclid’s  formula  includes  all  even  perfect  numbers : of  these  the  first  six  are 
6,  28,  496,  8128,  33550336,  8589869056,  . 

and  three  others  have  been  calculated  (Rouse  Ball  and  Lucas,  as  above). 

7.  A pack  of  52  cards  is  shufEed  in  the  following  way.  The 
top  card  is  removed,  and  the  card  originally  second  is  placed  above 
it;  then  the  card  originally  third  is  placed  below  the  two  cards 
already  removed,  and  so  on ; the  card  which  is  at  the  top  of  the 
unshuffled  part  of  the  pack  at  any  stage  of  the  process  being 
placed  at  the  bottom  or  top  of  the  other  packet  according  as 
its  place  in  the  whole  pack  was  odd  or  even  originally.  Prove 
that  when  this  process  has  been  repeated  12  times  the  cards  come 
back  to  their  original  places. 

In  general,  for  a pack  of  2n  cards,  the  original  order  is  first 
restored  after  m shuffles,  where  m is  the  least  number  for  which 
2’^  = ± 1 (mod  4 1 ). 

(On  the  history  of  this  problem,  known  as  ‘ Monge’s  shuffle,’ 
see  Bourget,  Liouv.  (3)  viii.  (1882)  p.  413.) 

8.  Deduce  from  the  theorem  S</)  {d)  = n (Art.  8),  that 


1000  0 1 

1 1 0 0 0 2 

10  10  0 3 

110  10  4 

1 0 0 0 1 5 


^ (»») = 
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where  there  are  m rows  and  columns,  the  last  column  consisting  of 
the  natural  numbers  1,  2,  3 ...  m,  and  the  elements  of  the  7’th 
column  (r  < m)  being  all  zeroes  with  the  exception  of  those 
elements  whose  places,  reckoned  from  the  top,  are  multiples  of  r, 
in  which  case  the  corresponding  element  is  1.  (Hammond.) 

9.  If  a,  n are  any  integers,  and  (mod  n)  iov  x = n—l, 

but  not  when  x is  an  aliquot  part  of  {n  — 1),  the  integer  n is  a 
prime.  (Lucas,  Theorie  des  Nomhres,  i.  p.  441.) 

10.  If  m is  any  number,  the  product  of  all  the  integers  prime 
to  m,  which  remain  prime  to  m when  increased  by  1,  is  congruent 
to  1 (mod  m).  For  instance,  if  m = 15,  the  numbers  are  1,  7,  13 
and  1.7.13=1  (mod  15). 


(Schemmel,  Crelle  Ixx.  (1869)  p.  191.) 

11.  Every  divisor  of  is  of  the  form  2”^+^  n + l. 

(Euler,  Comm.  Arith.  i.  p.  55.) 


12.  The  sum  of  the  rth  powers  of  the  (j)  (m)  numbers  less  than 
m and  prime  to  it  is 


4! 


m’’“^n(l  — ^^)+  ... 


where  the  products  refer  to  the  different  prime  factors  of  m; 
•^1  = F’  -^3  = 3Fj  etc.  are  the  numbers  of  Bernoulli ; and  the  series 
on  the  right-hand  is  to  be  continued  so  long  as  the  terms  involve 
positive  powers  of  m (exclusive  of  mP). 

Verify  the  theorem  for  m = 10,  r = 7. 

13.  If  g and  p = 2’^+^  ^ where  m > 0,  are  both  odd  primes, 
then  3 is  a primitive  root  of  p,  provided  that  2^^+^  q > 9^’^. 


(Tchebicheff.) 


14.  If  = 4?i  + 3 is  a prime  number. 


{2n  + 1)  ! ^-  (—  l)'^  = 0 (mod  p), 


where  p is  the  number  of  quadratic  non-residues  of  p which  are 
less  than  Jp. 


(Jacobi,  Crelle  ix.  p.  189  : the  problem  is  Dirichlet’s.) 
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15.  Verify  the  following  congruences: 

2!  + l = 1.3  (30,  12!+ 1 = 0 (130,  28  ! + 1 = 18 . 29 (290, 

4!+l=0  (50,  161  + 1 = 5.17(170,  301  + 1 = 19.31(310, 

61  + 1 = 5.7  (70,  181  + 1 = 2.19(190,  401  + 1 = 16.41(410. 

101+1  = 1.11  (IP),  221  + 1 = 8.23(230, 

Can  any  rule  be  discovered  for  finding  primes  p such  that 
(^  — 1)  1 + 1 = 0 (mod  pO  ^ 

16.  If  2n  + 1 is  an  odd  prime  p, 

(2?^)  1 = (—  l)’^  2^^^  (?^  1)^  (mod  p^). 

17.  Can  any  rule  be  assigned  for  deciding  a priori  whether 
the  diophantine  equation  — Dy‘^  = + 4 admits  of  integral  solutions 
in  which  x,  y are  both  odd  ? 

(Cf.  Art.  153  and  Cayley,  Crelle  liii.  p.  369.) 

18.  If  m and  n assume  all  positive  integral  values,  the 
expression 

(m  + ??  - 1)  (m  + n—  2) 

m + ^ Y ^ 

assumes  all  positive  integral  values  without  exception  and  each 
value  only  once.  (Cantor.) 


19.  The  rth  series  of  polygonal  numbers  being  defined  by  the 
m2_(^_2)?ij/'prove^that  the  series  will  contain  an 
infinite  number  of  squares,  unless  r is  the  double  of  a square 


formula  ^ 


number. 


(Euler,  Comm.  Arith.  i.  p.  9.) 


20.  If  E {x)  denote  the  integral  part  of  x,  then  (i)  on  and  n 
being  any  two  positive  integers  such  that  n is  not  a factor  of  m, 


e{^ 

\n 


mil  . ^konir  ^ kir 

o ^ ^ sin cot  — 

n ^ zn  01  01 


(ii)  m and  n being  any  two  odd  positive  integers  prime  to  each 
other, 


k=l[n  -1) 

S E 

k=\ 


km\  _ n~ 
n )~ 


— 1 on  01  - I 1 kooiTT  . 2k7r 

_ 7-  —7^  ^ tan- cot 

o 01  4 zoi  k=i 


(iii)  if  001  and  oi  are  prime  to  each  other,  and  both  = 1 (mod  fi), 


h=i  V n 


+ E 

k=l 


koi\ 

on) 


(on  — 1)  (^1  — 1) 


(Eisenstein,  Crelle  xxvii.  p.  281.) 
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I 

i 


21.  If  is  an  odd  prime,  and  a an  odd  number  prime  to  p, 
prove  that  {a\p)  = (—  1)^,  where 

T=—  kam  2fe| 

2p|  4 k^T.  ' p p )■ 

(Eisenstein  1.  c.) 

22.  Let  6 {h)  denote  the  excess  of  the  number^ of  divisors  of  k 
which  are  of  the  form  4?2  + 1 above  the  number  of  those  which  are 
of  the  form  4?^  + 3 ; then 

%e{k)  = E{m)-E{fj+Ei^)-E{^)+..., 

the  summation  on  the  left  extending  from  k = \ io  k = E (m). 

Deduce  from  this  that  the  number  of  points  whose  coordinates 
are  integers  (exclusive  of  the  origin)  contained  within  the  circle 
oc?-\-y^  — m is  four  times  the  number  contained  within  the  area 
bounded  by  the  line  x — 0 and  the  hyperbolas 

y {^x  + 1)  = m,  y {4^x  + 3)  = m. 

(Eisenstein,  Crelle  xxvii.  p.  248  and  Gauss,  Werke  ii.  p.  292.) 


23.  Prove  that  when  y assumes  all  positive  integral  values 

/ \ 'Yflj 

from  1 to  ( — j , the  number  of  the  quantities  — of  which  the 

' u 

fractional  part  is  less  than  f but  not  less  than  \ is 


Generalise  this  proposition,  and  shew  its  connexion  with  last 
example. 

24.  Kronecker  has  stated  the  following  proposition : — ' 

Let  p = 471  + 3 be  a prime,  and  let  (ai,  6i,  Ci),  Cg),  etc.  be 

the  properly  primitive  reduced  forms  of  all  those  negative 
determinants  — A for  which  p is  representable  by  the  principal 
form  x^  + Ay^  with  y uneven ; then  the  roots  of  the  congruences 

aiX^  + "ibiX  + = 0 (mod  p) 

will  all  be  real,  and  will  form  a complete  system  of  residues  to 
modulus  p\  double  roots  being  reckoned  once  only.  Verify  this 
forp  = 7,  11,  19,  etc.  (Berlin  Monatsber.  1862,  p.  304.) 


I 
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25.  Prove  that  the  sign  of  the  symbol  where  m,  n are 

both  odd,  is  the  same  as  that  of 


I— 1 

■A=l,  2,  3 .. 

\n  111)  m 2/ 

_/c  = l,  2.3., 

. . \{m  - l)_ 

and  deduce  the  law  of  reciprocity.  (Kronecker.) 


26.  If  is  a large  positive  integer,  we  may  write  asymptoti- 
cally 


%{m)  = ~ (3^  + A, 

where  A < (J  log  + 1)  + 1, 

G being  Euler’s  constant.  (Mertens,  Crelle  Ixxvii.  p.  289.) 


27.  Representing  by  A (A)  the  number  of  positive  properly 
primitive  classes  of  determinant  — A,  then,  when  G is  large, 
we  have  asymptotically 


^ ^irG^ 

1 


21>Sf. 


where 


cv  . 1 1 1 

'Sa=l  + ^3  + 3i+4,+ 


(Mertens  1.  c. ; and  Gauss,  D.  A.  Art.  302,  Werke  ii.  p.  284.) 
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Serret,  186,  280 

Smith,  30,  130,  131,  142,  182 

Staudt,  229 

Stieltjes,  229 

Stirling,  279,  280 

Sylvester,  30,  282,  287,  290,  292,  314 
Tch^bicheff,  268,  270,  278,  286,  300, 
314,  317 
Waring,  31 
Wilson,  16,  31 
Zeller,  56 
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Abelian  equations,  186 
Absolute  value  of  a complex  quantity, 
103 

Adjacent  forms,  68 

Algebraical  solution  of  cyclotomic  equa- 
*tions,  190,  etc. 

Ambiguous  forms,  68,  79,  100 

classes,  100;  number  of  171,  etc. 
Argument  of  a complex  quantity,  103 
Associated  forms,  79 
Automorphic  substitutions,  88,  etc.,  100, 
123 

Binomial  congruences,  22 ; analogy  to 
binomial  equations,  184,  199 
Binomial  equations,  184,  etc. 

Canon  Arithmeticus,  31 
Characters,  generic,  134,  etc. ; table  of, 
135 ; how  determined,  136 ; half  the 
assignable  characters  impossible,  138, 
176 

Circle,  division  of  the,  184,  etc. 

Classes  of  quadratic  forms,  66,  etc.; 
number  of  ambiguous,  171 ; number  of 
properly  primitive  classes,  230,  etc., 
247,  251,  253 

Complex  numbers,  103,  etc. 

Composite  numbers,  2;  their  resolution 
into  prime  factors,  3 
Composition  of  substitutions,  63,  117 

of  forms,  140,  etc. ; direct  or  in- 
verse, 142 
of  classes,  148 
of  genera,  170 
Congruences  defined,  7 

elementary  theorems  concerning, 
7,  8 

limit  of  the  number  of  solutions 
of,  9 

linear,  10;  simultaneous  linear, 
13 

quadratic,  32,  etc.;  number  of 
solutions  of  a quadratic  con- 
gruence, 36 

associated  with  the  cyclotomic 
equations,  199 

Conjugate  complex  quantities,  104 
Continued  fractions,  81 
Critical  points,  110 
forms,  120 


Cubic  character,  224 

equation  of  periods,  219 
Cyclotomy,  184,  etc. 

Definite  and  indefinite  forms,  59 
Derived  forms,  60 

Determinant  of  a quadratic  form,  59 
Diophantine  equation  of  the  second 
degree,  257 

Discriminants,  fundamental,  253 
Divisors  of  a number,  2;  methods  of 
discovering,  261,  etc. 

Divisors  of  a quadratic  form,  52 
Duplication  of  forms  and  classes,  145; 
every  class  of  the  principal  genus  may 
be  obtained  by  duplication,  178 

Elliptic  substitutions,  106 
Equation  of  the  periods  (in  cyclotomy) 
194,  200,  219 

Equivalence  61,  etc.;  proper  and  im- 
proper, 62;  geometrical  theory  of, 
103,  etc. 

Euler’s  function  0 (w)  4,  30;  the  formula 
S0  {d)  = n,  6 

Exclusion,  method  of,  53 
Exponent  to  which  a number  appertains, 
17 

Factors  of  large  numbers,  methods  of 
discovering,  261,  etc. 

Fermat’s  Theorem,  15,  18;  Euler’s  ex- 
tension of,  16,  18 ; history  of,  30 
Forms,  defined,  57 ; properly  and  im- 
properly primitive,  60;  definite  and 
indefinite,  59;  equivalent,  61;  sim- 
plest representative,  87 

Genera  of  quadratic  forms,  132,  etc. ; 
composition  of,  170 

Geometrical  representation  of  complex 
quantities,  103 

Geometrical  applications  of  the  theory  of 
numbers,  184,  191 

Hyperbolic  substitutions,  106 

Identical  congruence,  9 

transformation  of  4 (x^’  - l)l{x  - 1), 
215 

Improper  equivalence,  62,  100 
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Improperly  primitive  classes,  their  num- 
ber, 167 
Indices,  21,  etc. 

Infinite,  infinitesimal,  112 
Irrationalities  essentially  connected  with 
an  equation,  190 

Irreducibility  of  {x^  when  p 

is  prime,  186, 188;  of  the  equations  of 
I the  periods,  194 

I Irregular  continued  fractions,  81;  de- 
\ terminants,  178,  etc. 

Irregularity,  exponent  of,  180 

Jacobi’s  extension  of  Legendre’s  symbol, 
42 

Laws  of  operation,  1,  104 
Least  residues,  7 

Legendre’s  symbol  of  reciprocity,  38 
Linear  divisors  of  a quadratic  form,  52 
( Logarithm  of  a complex  quantity,  104 
I Loxodromic  substitutions,  106 

I Mobius’s  circular  relation,  106 

Modular  functions,  58,  131 
Modulus  of  a congruence  defined,  7 
of  a complex  quantity,  103 

Nets,  124,  etc. 

Nodes,  124 

Norm  of  a complex  quantity,  103 
of  a net,  125 

Normal  form  of  hnear  substitution,  105 

Opposite  forms,  68, 157 
Orders  of  quadratic  forms,  67 ; number 
of  classes  in  different  orders  com- 
pared, 158 

Pellian  equation,  90,  etc. , 130 ; trigono- 
metrical solution  of,  254 
Periods  of  reduced  forms,  77,  121 

of  properly  primitive  classes,  178 
of  the  roots  of  the  cyclotomic 
equation,  191,  etc. 

Polygons,  regular,  which  may  be  con- 
structed by  Euclidean  methods,  191 


Powers,  residues  of,  17,  30 

Prime  numbers,  2 ; enumeration  of,  273; 

distribution  of,  278,  etc. 

Primitive  roots  of  a prime,  19,  etc. ; of 
a composite  modulus,  26 ; of 
unity,  185 

representations  of  a number,  59 
quadratic  forms,  60 
Principal  form,  class,  genus,  138 
Proper  and  improper  equivalence,  61 

Quadratic  residues  and  non-residues,  17, 
etc. 

equation  of  periods,  201 

Reciprocity,  law  of  quadratic,  38,  44, 
176,  212;  history  of,  55 
Reduced  forms,  66,  etc.;  geometrical 
theory  of  reduction,  103,  etc.,  124 
Relative  primes,  2 

Representation  of  numbers,  58,  65,  97 
Representative  forms,  72,  87 
Residues  with  respect-  to  a modulus,  7 ; 
quadratic,  32,  etc. 

Resolution  of  a number  into  prime  fac- 
tors, 3 

Roots  of  a congruence,  8 
of  unity,  184,  etc. 

Sheafs  of  equivalent  triangles,  123 
Stationary  points  of  a linear  transfor- 
mation, 105 

Substitutions,  linear,  61,  etc.,  88,  105, 
etc. ; bilinear,  140,  etc. 

Summation  of  Gauss’s  series,  202,  etc. 
Supplementary  formulae  in  the  law  of 
reciprocity,  37 
generic  characters,  135 
Symbol  of  reciprocity,  33,  42 

Transformation  (see  Substitution) 
Triangles,  equivalent,  116 

Unitary  substitutions,  61 
Unity,  roots  of,  184,  etc. 

Wilson’s  Theorem,  16,  30 
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